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2nueiopo

YuvETaga aVTEG TIG ONUELMCELS, TPOS YAPY TOV UaONTAOV LoV, TO GYOMKO £TOG
1998-1999 6tav didacka 6to 3° Avkelo N. Zpbdpvrg .

Oevpnoa 10te 6TL B NTay KaAd va £xovv, 6601 LadNTéG EVolapépovTat,
Koo TANPoOPNON, Gvpfatii pe To 6YoAko fiffiio aAld Aiyo mo TEPQ amd aVTO.
"Hrav ko évog tpdmog yio va KaAwsopicw ™ Ocwpio AptOudv tov petd and
amovcio etV enavnABe ota oyolein. YmoAdyla 4Tt 01 oNUEDSELS 0VTEG Bal
AmOTEAOVGAV OPETNPIO KO Y10 KATOLEG LaONTIKES Epyacieg TOV UE TNV TOTE, ®OG
ovuvnBmg ELAIVT, emioNUN YADGGA TIG OVOLAGOV «GLVOETUKESY.

Q61000 01 GNUEIDMGELS AVTEG SLOOPAUATIGAY TOAD HIKPO poro. Kot ota 600
tunpata Ostikng KatevBuvong mov giya tnv uBhvn g ddackariog katopbmaa va
SAEW oYedOV TO GUVOAO TOV TPOTACEWMV- ACKNGEMV TOL TEPLEYOLY . Opmg doev
TOAUN GO VO POPTAOC®, TOLG GKANPOTPAYNAOLS Hev aAAL eEovBevaopévoug de, Labntég
LoV e mopamave dovAeld. Hrav n emoyn tov mapaioyiopon 6mov 0ev EUEVE GTA
Tod1d Ko oA Kapog Yo okéWT. Aéonole £va TepaTM®OES EETAGTIKO GVGTN LA
14+14" padnudrov mov ot eumvevoTtés Tov, o1’ alibeta e Teptocd Bpaood,
OVOLACAY, YELODVLLLO, KUETOPPVOLIOT.

H Ocwpio ApBumv, icog o mo cuvapmastikos kAEdog Tmv Madnpotikov,
ovopdotnke amod to peyaro Gauss «BasiMooa tov Mabnpatik@vy. Mariov oyt
adwca. Ta wpoPAuata TS EAKDOVV TO EVOLAPEPOV EVOG LEYAAOL KOl ETEPOKANTOV
Kowov. ATd avBpdTovg Tov £0VV OTAMG TEAEUDGEL TO GYOAEID £mG HEYOAOVG
pafnuoticovg mov eitvar kopveaiot otov topéa tove. Kot mposeépet xapd, cuykivnon
Kat, To ondvia BEPara, didkpion. Amd v dAAN peptd 1 Bempio ApOudy venpée N
KvnTiplo dvvapn yia v avantuén mieictov teployav tov Madnuoatikov.

H nopodoa 0éon g Oempiag ApOudv ota oyoreia eivor Teplopioévn cto
O PNYO Ko UNYOVIKO HEPOG TG dpa Kal 610 TAEOV avovsto: Emaywyn, n tavtdtnta
g dlaipeomg ovv oAlyn dtapetdotnTa. Katd tmg eaiverot ot 18vvovteg dev
TOAVEKTIHOVV TO TOATIOTIKA EMTEVYLOTA aKOUN Kot av ovTd (10img av avtd, Ba
éleya) &xovv Tig pileg TOVG GTOV OVETAVAANTTO TOAMTIGUO TV Apyainv EAMvov.

Ot onUEIDGELS QVTEG ONUOGIOTO0VVTAL IE TNV 10100 apykn EATida Tov
yphomrav: 61t Ba fondcovv kdmolovg vEoug TapdAinAa e To pabnpote Tous vo
Kévovv pia €l0060 6g 0VTO TO £EOiPETO AVOPOTIVO S1OVONTIKO ONULOVPYNLLOL.

Av 1 ehnida avtr) gvodmbel iomg kKamool avayvmoteg Ba 0elay va
oLVEYXICOVV TN HEAETY). XTIG EMOUEVEG CEMOEG VITAPYEL VOGS KATAAOYOS TOL EVOEYETOL
VOl TOUG SIEVKOADVEL.

H évdeién AVOQEPETOL GE KATL TTOV LE TOV £VOL 1) TOV GALO TPOTTO VILAPYEL
010 oyohko Biiio. H évoeidn ] vmoonimvel 6Tt 0 pobntge mpémet vo SovAéyet
puovog tov. Kot ota Madnpatikd avtd onuaiver, suvnlmg, xopti Kot poivpi!

Abnva 22 Tovviov 2006
N.2. Movpoyiavvng

''14 oy B’ Téén ko 14 oy I Téén



Ol Tapovoeg ONUEIDGELS O10TIOEVTOL WG EYOVV KOl O GLVTAKTNG TOLG OEV
evBHvetar yio ToyOV TPOPANLATA TTOL TPOKVYOLV O T XPTON TOVGE.
Mmropovv va dtavepnBotv 1) / Kot va eKTurmmBovv eAehBepa apkel va unv

tpomomomBei  pope1| Tovg.




I'TA TIEPAITEPQ MEAETH

A. BiAia oto EAAnvika:
[1.] J. HUNTER ApiQuobewpio
Y petdepaoct tov agipvnotov NikoAdov Kpirikon
XOAL0Y0G Tpog Alddocty Qeeripwv BifAiov, AOHNA 1974
[2] ADOLPH HURWITZ Mabruata ApiBuolewpiog
(Emeepyacpéveg onpeinoelg tov padntr tov Nuordov Kprrucov)
I'.A. ITvevpotikog, AOHNA 1981
[3.] AHMHTPIOT [TOYAAKHE Ocwpio ApiQucrv
Exdooeig Znm, OEZXAAONIKH, 1997
[4.] TL.M.BaAMMOz, E. PANmoz, I1. WAPPAKOX Ocwpia ApiQucv
EXnvucn Mabnpaticn Etapeio AOGHNA 2000
B. Hiektpovikd BifAia - Enueidoeic oto EAANvika:
[5.] N.T.TZANAKHE Osuclicoong Oswpio AptQucv
TMHMA MAOGHMATIKQON - [TANEIIIXTHMIO KPHTHZX 2006
http://server.math.uoc.gr/~tzanakis/Courses/NumberTheory/textbook main.pdf
[6.] TIANNHZ A. ANTONIAAHE Ocwpio Ap1Oudv kozd tov 17° ko 18° aacdva.
ENEAEK «IIpoun0éacg»- TIANEIIIETHMIO KPHTHX 1999
http://server.math.uoc.gr/~antoniad/hist.ps
I'. Bipiia ota Ayylwd:
H Eevoylmoon BiAoypaeio tov kKAGdov eivon mAovoidtatn. Nopilo opwmg ot kabe
Biproypapucog kKatdroyog a&ilet voo mepthapufavet ta:
[7.] G.H.HARDY, E. M. WRIGHT An Introduction to the Theory of Numbers
OXFORD, 1959
[8.] EDMUND LANDAU Elementary Number Theory ( Metdepaon amd ta
I'eppovika: Jacob E. Goodman) CHELSEA, 1966
B. Hiektpovikd BipAio - Znueudoeic oto AyyAikd:
[9.] LEO MOSER An Introduction to the Theory of Numbers
The Trillia Lectures on Mathematics , 2004 (1957)
http://www.trillia.com/distr4/moser-number-a4-one.pdf
[10.] DAVID A. SANTOS Number Theory for Mathematical Contests
2005 REVISION
http://www.openmathtext.org/lecture_notes/number_theory book.pdf
[11.] EDWIN W.CLARK Elementary Number Theory
Department of Mathematics. University of South Florida, 2003
http://www.math.usf.edu/~eclark/elem num_th_book.ps
[12.] A.BAKER Algebra & Number Theory
Department of Mathematics, University of Glasgow., 2003
http://www.maths.gla.ac.uk/~ajb/dvi-ps/3g-notes.pdf
[13.] ROBIN CHAPMAN A Guide to Arithmetic
1994
http://www.maths.ex.ac.uk/~rjc/notes/arith.pdf
[14.] FELIX LAZEBNIK Elements of number theory: Lecture Notes
2005
http://www.math.udel.edu/~lazebnik/papers/ElementsThNum.pdf



http://server.math.uoc.gr/%7Etzanakis/Courses/NumberTheory/textbook_main.pdf
http://server.math.uoc.gr/%7Eantoniad/hist.ps
http://www.trillia.com/distr4/moser-number-a4-one.pdf
http://www.openmathtext.org/lecture_notes/number_theory_book.pdf
http://www.math.usf.edu/%7Eeclark/elem_num_th_book.ps
http://www.maths.gla.ac.uk/%7Eajb/dvi-ps/3q-notes.pdf
http://www.maths.ex.ac.uk/%7Erjc/notes/arith.pdf
http://www.math.udel.edu/%7Elazebnik/papers/ElementsThNum.pdf




MoOnpato Ocwpiog ApBuav (pe Baon to oyxoikd Biprio)

1

1. OI ®YZIKOI, OI AKEPAIOI KAI OI PHTOI API®GMOI

1.1. Ov pvowoi appoi givar 01 0, 1, 2, 3, 4, 5, ... To chvoro Tovg cvpPoriletar pe

N. T'pdoovpe howov N={0, 1, 2, 3, ...}. Ta anocionnTikd VTOINADGVOLV OTL O1
apBuoi cvveyiCoviar en” dmepov. To mAN00¢ TV PLGIKOV apBu®V givor dmelpo.
KdéBe puokog apBpog v £xet ko éva endpevo tov v+1. O emdpevog tov 2 givar o 3, o
emoOUEVOC Tov 5 gtvar 0 6. KdBe puoikdg apBpog extoc amd 1o 0 elvan kot endpevog
Kdamwotov dALov puctkovy apBpov: O 56 givar emduevog tov 55, o 13 givar endpevog
tov 12. Kdbe puoikdc apBpog sivor pikpotepog tov enopévou tov. O 0 givat o mo
pepOS puokog aplipdc. "Opmg dev vépyel PLoKog aplduds mov va givort o
HeYAAOG amd TOVg AALOVS PLGIKOVS aP1BLLOVS. Mepikéc popég ypetdleTat va.
gpyacBolpe pe pn undevikovs euotkovg aptBpovs. To chvoro tovg to cupforilovue
e N " Bivat onAaon NV " ={0, 1, 2, 3, ...}. ZovnOm¢ (aAAd Oyt Kol AmopaiTTeg)
YPTCLOTOLOVLE KEVOLAUESO» YPALLATO TNG OAPAPNTOV Yo Vo, GLBOAIGOVLE TOVG
QLGKOVG apBLoVGC: K, A, W, v, k, m, n. Aéyovtag o «pvoikog apifuog vy evvoolue, av
dgv mpocdlopileTat KATL S1LPOPETIKO, £Va OTOL0ONTOTE APOUO HKpd 1) LeYaro.

"Opmg kabe popd mpoxettar ya Eva aptBpd ko oyt v to dnepo. ' tapdoderypa to

. 1 1 . . . ‘2
dOfpoopa I+ ) + 3 +...4+— &ivon o ABpoicpa OA®V TV KAAGUATOV TOV £(0VV
\%

aplBunt 1 kot TV omiov 0 TapovopacTng maipvel OAeg Tig Tipég and 1 émgv. To
dBpotopa avto dev €xet BEPata 4 TpoohHetéong enedn paivovrol pdvo 4 STt
AMOCIOTAOVTOL Kot KAmolot TpocBeTéot wov 1 vapén toug evvoeitat. Eivar dokomno
(0AAG Ko avEQKTO OTOV 0 V glvan peydAog) va ypagpovv 6iot. To mAn0og twv
pocBeTéwv Tov abpoicpartog avtov gival v. To TAnBog elvar 4 dtav o v givar 4. To
mn0Bog etvar 1 6tav o v givan 1. Ze kopio dSpmg tepintwon to TAn0o¢ dev eivar

dmepo.

N.Z. Mavpoyidvvng
wWww.nsmavrogiannis.gr




2 MoOnpato Ocwpiog ApBuav (pe Baon to oyxoikd Biprio)

1.2. Na Bpeite 1o TA0oc TV TpocbeTémy ota Tapakdto adpoiopato

I 1 1 1
—+—+—+.+
2 5 10 v+

l+p+p*+p’ +.+4p"

1+1-2+1-2-3+..4+1-2-3-..-n

1

+l+...+ -
5 2" +1

1 1
J— +_
2 3
1.3. No Bpsite 10 TA00G TV TOPAYOVIOY GTO TOPAKAT® YIVOUEVQL
A+DA+x)(1+x)...(1+x")

A+ DA+x)A+x)A+x3)...1+x)

L+ D1+ x2)(1+x*)..(1+x7)

1.4. O enodpevoc Tov 3x-2 givar o 31. TToto ivat o X;

1.5. Tivov QLGIK®OV OPOUOV TO TETPAY®VO givon 81;

1.6. O axépatot apdpoi sivar dmwe omhé propodpe va Todpe o1 puoucoi aptdpof

Kot ot avtiBetot Tovg omAadn o1 0, =1, £2, +3, ... To civoro T®V akepaiwv

cUpPOAiCeTon pe Z dnhady Z={0, +1,+2, 43, ....}. Me Z~ cvpuPorilovpe 0 6HVOLo

TV i pndevikdy akepoiov hadn Z~ ={ £1, +2, +3, ....}. Ot axépatot aptBpoi

elvar kot avtol dmelpotl Onwe o1 Yucikol aplBpol OUMS Oyl LOVO dEV VITAPYEL AKEPOLOG

aptBpoc mov va gival mo peydAog amd Toug AAAOVS OAAL OV VITAPYEL OVTE AKEPOLOG

aptBudc mov va gival mo pKpos amd ToVg AALOVS. AV TAPUGTHGOVILE TOVG AKEPALOVG

apBpovg oty gvbeia TV TPAYUATIKOV aplBpdV TOTE Ol aKEpatot aptpol

«ekteivovtay Kot Tpog ta 000 pépM g evbeiog:

N.Z. Mavpoyidvvng
wWww.nsmavrogiannis.gr




MoOnpato Ocwpiog ApBuav (pe Baon to oyxoikd Biprio) 3

B3 ¥ -6 5 -4 -3 -2 -1 0 H +2 +3 +4 +5 +5 +7 +5 9 +10
11—+

1.7. Towt axéparor mepiéyoviar oto dibompa [-1,5];
1.8. Tlowec oxéparec Tipéc maipvet 1 cuvapTnoN CUVX;
1.9. 116601 aKépaot mepLEyovtal oto dtdotnua [-480, 1999];

1.10. Yrapyovv Gpaye axépatot HeTold TOV OvTIGTPOP®V V0 S1080YIKOY PVGIKOV
aplOuov;

1.11. Tivev akepaiov o tetpdymvo sivar {co pe 81;

1.12. O prroi appoi eivar 6o to KAGopoTe pe apOpTh KOl TOPOVOUASTH

axepaiovg. Evvoeiton BéPora 6t 0 mapovopactng o pnopel va givan 0. Ot apBpol

-13 5 2
3 18’ 1 elvalr pnrol apBpoi evd ot 3 x/g, ouvl® dev eivar (o1 Tpaypatikol

apBuoi mov dev etvan pnroi ovopdlovion appnror). To GHVOAO TV pnTOV OPOU®V TO

ocvpuporilovpe pe Q. Etvar Aowdv
_JK *
@—{— | nezZyvez }
v

YrevOopiletor 011 dvo KAGoUoTo Umopel vo TaploTovy Tov 1010 pntd aplOud A.y.

w | N
NN

. Av Bélovue va ocvykpivoope dvo pntodg mov exepdlovion e to KAdouaTo

TV omoiwv ot dpot K, A, U, v givor Betcol oynuatiCovpe Ta dvo ywoueva

5

Lad
N

> A

KV, UA. Av givar ico o1 pntoi givat icot. Av gival HEYOADTEPO TO TPMTO YIVOUEVO TOTE

N.Z. Mavpoyidvvng
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4 MoOnpato Ocwpiog ApBuav (pe Baon to oyxoikd Biprio)

UEYOAVTEPOG €lvOl O TPMOTOC PNTOC Kol av €lval To OE0TEPO UEYAADTEPOG Elvarl O
denTEPOC.

Kot o1 pntot apiBuoi av tapactabodv oty gvbeio TV TpoypoTiK®dv aplduoy
eKTEIVOVTOL KOl TTPOG TOL 0V0 PEPN TNG AALE £Y0VV KOl EVa ETMTALEOV YOPOKTNPIOTIKO:
Etvon «otdomaptory oty gvbeio dnAaodn peta&d 000 OTOIMVONTOTE TPAYUATIKMOV
aplBumv vdpyel Tdvrote Kot Evag pntds. Evrovtolg ol pntoi apiBuoi dev

«KOADTTOUVY) OAOL TO OMELD TNG TPAYLATIKNG VOEiag.

13. Na Bpeite déxa pnrovg mov avikovy oto ddotnua (0, 1).

. . . , XX p ,
14. I'o oo Ty} Tov PLG1KOD KPR X ot pYTol =, etvan ioot;

15. Kabe puotkog apdpde eivor kot axépoiog apdpdc kot ke aképatog aptdpog

elvar pntoc apBudc. Aépe 6Tt 1o GHVOLO TOV PLGIKAOV aPBUdV gival VTTOGHVOLO TOV
GLVOAOL TOV oKepoiv oplBudv Kol OTL T0 GUVOAO T®V axepoimv aplBudv sivol
VTOGHVOAO TOL GLVOAOL TV PNtV aplBuadv. I'pdeovpe cvpPorkd N < Z ko

Z c0.

16. I'a notec Tpéc Tov akepaiov x 0 x+12 ivor PuoKdS apBpdG;

1 11
17. T TO1EG AKEPOALEG TILEG TOVL X O PNTOC apBpdg 18 glvan aképaiog; O —
X X

18. YrevBopiCerar 6Tt yevucd av govpe 800 ovvora A kot B

N.Z. Mavpoyidvvng
wWww.nsmavrogiannis.gr
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e 10 A ko1 B Aéyovian ioa (ypapovpue A=B) av &gouv axpipog ta idw
otoyeio dNAaon kabe otoryeio Tov A egivon kot ototyeio Tov B addd ko
ké0e otoryeio Tov B eivan ko otoryeio Tov A.
e 10 A Aéyetar vmoadvoio tov B (yphopovpe AcCB) av kdBe ototyeio tov A
elvar ko otoryeio Tov B.
e H roun tov A ko B (cuporikéd AnB) eivar to chvoro mov amaptiletan
and T koive otoryeio Tov A kot B onAaodr| ekeiva mov aviKovuy Kot 6To
A xat ot0 B.
e H évwon tov A xou B (cupPoiikd AUB) sivat to 6hvolo mov amaptiletot
a6 OAa ta otoryein Twv A Kot B kowd kot pn kowvé.
e To chvoro mov dev £xel kaBOAov otoryeion OnAaon to { } cvpuPoArileTon
ue & (kevo avoro)
Ay av etvar A={0, 1, 2,3}, B={0, 1, 2, 3,4, 5} 1601¢ ACB.
Av givar A={0, 1, 2, 3}, B={0, -1, 2, -3, 4, -5} t01¢

ANB={0, 2} evé» AUB={0, 1,-1,2,3, -3,4, -5}

1.19. No Bpeite tqv topn Twv cuvorov A kot B dtav
® 70 A €€l ®C GTOLYELD TOVS OKEPOIOVG TOV OLUCTILOTOG (—\/E ,7)
e 10 B éye1 o¢ otoyyeia Tovg akepaiovg Tov SUGTALOTOC (—\/g ,\/7 )

1.20. Na Bpeite v évoon tov cuvorov A kat B 6tav

N.Z. Mavpoyidvvng
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6 MoOnpato Ocwpiog ApBuav (pe Baon to oyxoikd Biprio)

* 10 A £xe1 ®¢ oToryeia Tovg akepaiovg Tov daotnuatog [-1, 5)
¢ 10 B éye1 o¢ otoyyeia Tovg akepaiovg Tov dtuotipotog (-2, 4]
1.21. Mropovpe vo extedodue Tig Téo0epic mpaéeic netald euotk®v, akepaimv Kot

TOV PNTOV APOUOV 0ALG EVOEYETOL TO ATOTELEGILO TOVS VO, UMV OVIKEL TAVTOTE GTO
GUVOAO O TO OTOi0 TPOEPYOVTOL O 0P1BLOL A.y. 1 dlapopd 4-7 TOV PLGIKMOV
apluov 4 kot 7 dev etvar uoikdg aplBuog pe dAia Adyta yio va Bpodie to
amotéLeoa TG TPAENG ALTAS XPEdleTal va «Byovpue» amd T0 GOVOAO TOV PLGIKMOV
aplOUOV KoL v EpYacOOVUE GTO KUEYAAVTEPO» GUVOAO TMOV OKEPAI®V. XTOV TTivaKo
mov akoAovBel paiverot moleg TPdEelg umopoHv va dekTePALwOOVV HEGH GTO GUVOAO

Ao T0 0moio TPOoEPYovTaL ot apluol.

AVNKEL TAVTOTE TO AMOTELECHLA
g Tpééng 6To avTicToyo GHVOLO ;
Ipagn N Z Q
at+p NAI NAI NAI
afp NAI NAI NAI
a- OXI NAI NAI
a:p (B=0) OXI OXI NAI

1.22. Ot a, B civon axépotot apiOpoi. oot amd tovg mapokdtom aptdpove stvar

BéParo Ot etvan aképarot:

otf  atp  o’ptop’

o-f’ ap aff

, aﬁ , Bla\

(atP)(0-P),

2

1.23. oot omd tovg axéparovg 90, 100, 120, 130 sivon Tng popeng v> -1, ve Z;

N.Z. Mavpoyidvvng
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( H éxppaon «etvor g popene» etvar moAd cuvnbicpuévn ota Mabnpatikd: dtveton
évag TOTOG TOV 0oioV 01 HETAPANTES ONAadN T «ypdlupaToy petofdAlovtol o Eva
6VUVOAO Ko TiBeTOL TO EpAOTNLA TO101 aplBpol pmopoHv 1} de UTopoHV Vo TPOKHYOLV
amd TV EPAPLOYN TOL TLITOL ONANON VO «TOPAYOOVVY aITO TOV TVUTO).
1.24. Tlowot oo Tovg axépatovg 90, 100, 120, 130 eivar ng popeng 20x+30, ke Z;
1.25. Towot amd Tovg axépatovg 90, 100, 120, 130 ivor e popeng 20K°+30, ke Z;
1.26. Towot amd Tovg axépatovg 90, 100, 120, 130 eivor g popehc K+A+1, kA e Z;
1.27. Totog and tovg apdpovg 27 ,(2%)" (n euoIkdg) eivat PeyoAdTeEPOC;
1.28. TTowx etvon  pikpodTepn Tipn Tov popel va mdpet 1 omdAvTn Ty evOg un
HUNOEVIKOD aKePaAiov;
1.29. Av ot apBpoi a, B, y ivar Oeticoi aképarot To10g 0md TovVg TAPAKATM
ap1Bpovg etvat 0 PEYOADTEPOC OO TOVG TOPAKAT® APOLOVG;

(1) +(B+1)? (1) +(B+1)? oc+p+2
1.30. I'paupixés evvévaouss 560 axepaiov a, B Aéyetar kaOe axépoiog e LopeRg
Ko+AP pe K,Ae Z. O1 K, A AEyovion o0vTeAeoTég TOL YPAUUIKOD GLVOLAGHOU KatAP Ot
apBuoi 20+3P, -50+68, 12a+0B, 0a+(-1)B eivar 6A01 TOVG YpappUIKOL GVVIVACHOT TV
a, B. O o*+af ivor ypappkdc cuvdLacpoc Tamv o, B apod ypaeetar (a)o+a(B). O 5 de
umopel va ypapet og Ypoppkoc cuvovoaospog tov 2 kot 8. (IMati;). O ypappkoi
GLVOVAGLOL OKEPOLMV CUUTEPIPEPOVTOL YEVIKA OTTMC Ol YPOLUUIKOT GUVIVAGHOL
Stovvopdtov pe pio uoévo, aAld onuavtikn, dtapopd: Mropel obo ypouuirxoi
GVVOVAGLLOT OKEPALMV VO, EIVOL 1001 YWPIS 01 AVTITTOLYO1 GVVTIEAEGTES TOVGS VoL EIVOL 10OL.
Ay (-2)-2+1-3=(10)-2+(-7)-3.

1.31. Na anodeitete ot

N.Z. Mavpoyidvvng
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I. Av otaképarot X, y eivar ypappikoi cuvdvacuol tov a, B 10te Kot o dfpotcua
TOVG X-Yy KOl 1) S1popd TOLG X-y ivar YpapUKog cuvovacrdg TV a, B. Anladn va
amodeiEeTe OTL 70 dbpoioua Kol 1 OLAPOPE. YPOUUIKDY GOVODATUDY TV O, 5 EIVol
YPOUUIKOS TOVOVAGUOS TV 0, f.

II. Av o x gtvan ypappikdg cuvovac g Tov a, B TOTE Yo KaOe aképato A 0 AX givon
YPOUUIKOG GUVOVAGUOG TV d, . ANAOOY TO YIVOUEVO ETTT EVva AKEPALO EVOS
YPOUULKOD GOVODOGUOD TV 0, B €IV YpopitKOS GVVODATUOS TV 0, .

III.Av 0 x givor Ypappikdg cuVOLAGUOS TV B, Y Kot 0 ¥ €ivat YpappKOg GUVOLAGIOG

TOV 0, B TOTE 0 X €lval YpOopUUIKOS GLVOLAGUOG TV a, .
1.32. Towot apiBpoi propodv va ypapovv og YPopIKoi cuvdvacuoi Tev a, B; Avtd
elvat éva epdTO TOV OaL TO OTOVTHGOVIE TANPMOG GTO TELOG ALTAV TOV LOONUATOV.
Evtobtoig pmopodpie va dovpe Tt onpaivel ovtd yeopetpikd. Kot apynv av o=p=0
puévo o 0 pmopel va ypaget mg YPOUUIKOS GUVOLAGHOS TV o, B. AV KATo10¢ and Tovg
a, B etvar dtipopog Tov 0 TOTE 0 ¥ YPAPETOL MG YPALLUIKOS GUVOLAGHOG TV A, B av
Kol LOVO OV LITAPYOLV OKEPALOL X, Y £TGL MOTE XATyP=y dnAadr| ax+by=y. Avtd
onpaivetr 6t Bo Tpémet 1 evbeia ax+by=y va €xetl £va TOLAGYIGTOV oNUELD LE aKEPALES
ocvvtetaypéves. Ta onueio Tov emmédov pe akEPateg CLVTETAYUEVEG ovopdlovTan
ovvoeouikd onueio. Emopévec o y eivat ypouikog oovovaouos twv a, B ov kot Hovo o
n evBeia ox+by=y diépyetal amo Eva TovAGYIGTOV B
ovvoeouiko onueio. o mapaderypa n evbeia 2x+3y=5 \ A
oEpyeton amd ta cvvoesukd onueia A(1,1) kot \\

B(-2, 3). 2x+3y=5\

AmevavTiog dgv LITAPYOVY OKEPOLOL X, Y £TCL DOTE

2x+4y=5 (av vINPYOV TO TPAOTO HEAOG TTOL Eival

aptiog Ba Tav 160 pE T0 deVTEPO UEAOG TTOV Elval TEPITTOS TPAYLO A dVVATO). Gpo 0 5
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Oev YPAPETOL MG YPAUUIKOS GLVOLAGUOC TV 2 Kot 4. AvTifETmg 0 6 YpdpeTat
(1-2+1-4=6). Emopévag 1 gubeio 2x+4y=5 dev d1€pyeTaL amd KavEVO GUVOECUIKO
onueio evod N TapdAAnAn g 2x+4y=6 diépyeTat.

3

2x+4y=06

2

2x+4y=5

2.H MAGHMATIKH EITATQI'H

2.1. Zui¢ puoikéc emotiueg N oAfdeia Bpioketan kot apyny pe melpopoticpnd. Av pio
vdOeomn emPeParwbel TOALEG POpPEC aVTO pag elval apkeTd Yo vo TNV Bempnoovpe
®g «vopo». Xto. Mobnuatikd n Katdotaorn eivar dtopopetikn. O mepapatiopog
umopel va pog dmoel evoeigelg yio v 1oy0 piag mpotaong oAAd TOTE OPLOTIKN
amooeln.

2.2. T mapdeypa o péyac Euler Soxypdlovtog tipéc oy mapdotact v+v+4]
(tpidvopo tov Euler) miocteye mpog otiyunv 0TL 1 mopdotacn auty pog oivel mavta
TPAOTOVS aplBpovg (mpmtot apBuol Aéyovtor exeivolr ol Betikol axépatlol mov eivar
peyoAvtepol Tov 1 Kot €govv HOVO OVO SLUPETES: TOV €0VTO TOLG KOL TN HOVAdQ).

[Ipdypatt av oto Tpuwvopo tov Euler Bécovpe omov v tic tiuég 1, 2, 3, ..., 39 Ba

Ppodue

N.Z. Mavpoyidvvng
wWww.nsmavrogiannis.gr




10

MoOnpato Ocwpiog ApBuav (pe Baon to oyxoikd Biprio)

v VoHv+41 v VHv+41
1 43 21 503
2 47 22 547
3 53 23 593
4 61 24 641
5 71 25 691
6 83 26 743
7 97 27 797
8 113 28 853
9 131 29 911
10 151 30 971
1 173 31 1033
12 197 32 1097
13 223 33 1163
12 251 34 1231
15 281 35 1301
16 313 36 1373
17 347 37 1447
18 383 38 1523
19 421 39 1601
20 461

Av opwmg Bécovpe v=40 Ba Bpovpe:

40%+40+41=40(40+1)+41=4041+41=41 (40+1)=41>

Bpnikape onladn Eva apBud mov £xet dwapétn tov 41 Kon emopévmg ogv givol TpMOTOC.

2.3. 'Otav epyalopacte pe dokipés Sokipdlovue memepacuévo nAR00c aplOpdv

apnvovtag oméEm amepovs apduovc. ‘Eva yopaxtmpiotikd moapddstypo eivor to

akolovBo: v dekaetia tov 30 oty tote Xofetiky ‘Evoorn ot pobnpotucol

npoonafovcav vo Acovv  éva mpoPinua tov Togumotdpep. Zvykekpiuéva va

eEetacel av dtav avalboovpe TO KUKAOTOUIKO TOADMVLLO X' -1 G& YIVOUEVO TPOTMV

apoyovtev Ba Bpodie Tolvdvopa Tov omoimv OAot ot GuvtereoTég elvar +1 1 -1.

Ag dovpe Tt ovpPaivel pe PKpES TIES TOV V:

A x"-1 Avaloon 1ov X'-1 6€ YIVOUEVO TPATOV TOPUYOVTOV.
1 x'-1 x-1

2 x*-1 (x-1)(x+1)

3 x-1 (x-1)(x*+x+1)

4 x*-1 (x-1)(x+1)(x™+1)

5 x-1 (x-1)(x 3 +xMHx+1)

I'vopifovpe moco emimovn eivor 1 dwdwkasio g mapayoviomoinong. O IBdvoe to

1941 pe 1o mepropiopéva VTOAOYIOTIKA PECO TNG Moy amedelée 0Tt Yoo v=105 givan

N.Z. Mavpoyidvvng
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x'-1=(x-1) K+ Hx 0  (x O]

(1 O L g B4 16 7 181923 28)

(x*+x+1)(1-x+x-xHx0-x 3% -x  +x 12)

(1-x+x7-xHx7-x"+x%)

(xS T35 36 x 30 x 0o My H2 x 22 26 (28 (313233 (20,15 (48,
Kx 2 P 2B B M x 1O T x)

pocééte 6T 6TOV TEAEVTOIO TapayovTa eppaviiovtal ot cuvteheotég 12. Emopévac
dev eivan cmoTO 0Tt OAOL 01 AVAYWYOL TAPEYOVTES TOV X -1 €x0vv cuvtedeoTéc 1
apd To OTL AVTO 1oYvEL Yo v<104.

2.4. 'Eva dAho mapdderypa eivar n gikacio Tov Goldbach. Zougmva pe avth kdbe
aptiog apBudc mov eivor peyoddtepog tov 4 pmopet va ypagel g abpotouo 6Ho

TEPTTAOV TPOTO®V (0 LOVOG APTIOG TPMTOG ETvaL O 2)

[Tpdrypatt ov SOKIUACOVE TYES EYOVUE

"Aptiog aptOpog I'paoeton wg dBpotoua
6 3+3
8 5+3
10 5+5
12 7+5
14 7+7 oAl kon 1143
16 5+11
18 15+3

H 1oy0¢ ™¢ ewaciog tov Goldbach éyet dokipachet pe v Porbela vIOAOYIGTAOV Yo
TOAD peYAAovg apBpovg kol oe Kabe pepovopévn mepintmon €xet emPeforwbet.
[pdypa mov onuaiver 6tL av Eodéyouvpe OAn ™ (oM HOG O UELOVOUEVEG OOKIUEG
névta Oo PAémovpe v eikacia va emiPePordverar. Eivor tovtoig pe tig dokipés dev
Ba &yovpe amodei&el v ewacio. AdTL evd€yetal KAmolog peydAog aptBpdc mov dev

€xovpe SOKIUAGEL VoL N TNV EMOANOEVEL.

N.Z. Mavpoyidvvng
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H ewcaoio tov Goldbach eivot évo and ta dlvra mpofriuato’ tov Madnpuatikdy.
2.5. 1660 eivar To GOpoicHa TV V TPOTOV BETIK®OV aKepainy dniadh To
dOpoopa 14+2+3+...+v;

To éBpowopa mov {ntape €xer v mpochetéovc. Avtd mov (ntdue sivor €vag yevikog
TOmog YU’ owtd T0 dBpotspa. Ag dodue peptkés TIES Tov abpoiouatog

1=1

1+2=3

1+2+3=(1+2)+3=3+3=6

1+2+3+4=(1+2+3)+4=6+4=10

1+2+3+4+5=(1+2+3+4)+5=10+5=15

14+243+4+5+6=(1+2+3+4+5)+6=15+6=21

14+2+3+44+5+6+7=(1+2+3+4+5+6)+7=21+6=27

Mmnopovpe apaye eEetdlovtog ta telkd amoteAéopata 1, 3, 6, 10, 15, 21, 27 ... va
Bpodpe éva tpoémO OonAadn éva kavoévo LE TOV Omoio TPokLTTOuV; Av Oyl 0g
BonOncovpe v TapaTnPNTIKOTNTO LOG e EVOL GO

Ag mapaotioovpe kéBe povada pe Eva Lkpd teTpaywvakt. Zntape vo pabovue toéco
teTpayovakia 0o Eyovpe av mapabécovue 1, 2, 3, 4, ... , v terpaywvakio. To mAndog

Ba etvon 1+2+3+...+v. (Z10 oynpe mov akolovdel Exovue mapel v=7)

v

[poxertor yio TpofAnpata Tov Kaveic dev el AVGEL 1] TOLAAYLGTOV OEV Eival YVMOTO oV KATO10G Ta £XEL ADCEL
AcQoAdG dev TPOKELTAL Y10 KAAVTEG OIOKNOEIS»
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Av kdbe teTpayovakt Exel mievpd 1 tote 10 dBpocpa mov {nTaue givarl o euPaddv
TOVL YPOUUOCKIOGHEVOL Ywpiov. To ywpio avtd amaptiletor amd éva opBoymdvio

Tpiyovo mov &xel epuPaddv ico pe 10 guPfaddv Tov TETPAYDOVOL TOL oyMuatileTon

1
OnAaon EVZ GLV T0 EUPAOGV TOV V IUKPAOV TPLYOVEOV TOL PpioKovTtal Tave amd v
, . 1 .
o ydvio donAadn cuv EV' Emopévaog

14243+, 4v= lv2 + lv= l(v2 +v)= lv(v+1)
2 2 2 2

Gpa

_v(v+1)
2

1+2+3+..+V

Ag Eavoyvpicovpe 0TOVG apyYIKoVS LOG VTOAOYIGHOVS EEPOVTOG TOPA TO UTOTEAEGLAL.
Ex tov votépov iomg dovue 6Tt Bo pmopodoape av Exove Tapatnpnoet Otl
1=1=12/2

1+2=3=11/2

1+2+3=6=3'4/2

1+2+3+4=10=4'5/2

1+2+3+4+5=15=56/2

1+2+3+4+5+6=21=6"7/2

1+2+3+4+5+6+7=27=7"8/2

Ag vmoBécovpe 0Tl Kbmolog kKaTOpB®VE Vo KAVEL aLTH TNV TapaT)pNnon. Oa Hropovce
va vtoBéoetl 0Tt 1+2+3+.. . +v=v(v+1)/2. TIpoxettor OU®G amADS Yo uio vwobeon TOL

npémel vo emkvpwbel and amddeEn. H vmdbeon avt) emiPefordverar yio tovg
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TPAOTOVG 7 BeTIk0DG akePaiovg oAAG avTtol Ogv givarl TimOTe UTPOGTE GTOVG ATEIPOVE

OV OKOAOVOOVV.
1
Eépoupe (éxetl emPeParwbel) oti l+2+3+...+7=§ 7(7+1).

To yeyovog avtd pog enttpénet va emiPefordoovpe v vedbeon yio v=8. IIpdyuatt
14243+, +7+8=(1+2+3+..+7)+8=

1o gvs=17.818=[L711)8=2.8=188+1). Eran
2 2 2 2 2

enekteivape Vv w0 ¢ vrndbeong pog ywoo v=8. I16Go poakpid pmopovps vo
eBdoovpe; Agv éyel onpacio £€tol KU oAMDG Oev emapkel 1 pkpn {on pog yuo vo
KaAOYovpe OAOLG TOuG BeTikovg okepaiovg. Ag movpe 0Tl KotopBooope vo
emPefoardoovpe v woyL TG VIOBeong pag yio v=k dniadn 0Tl Katopbmdoaue vo

eBdcovue £m¢ tov k.
1
DdOavovtag £wg tov k E€povpe OTL 1+2+3+...+k=§ k(k +1)

Tote pmopovpe va emainfedoovpe v 1oy ™G VEdbeong pag ywo v=k+1. Ipdyparti:

14243+ +k+(k+1)=(1+2+3+...+k)+(k+1)=
=%k(k+l)+(k+1)=(%k+l](k+1)=%(k+l)(k+2)

BAémovpe Aomdv 011 kbBe opd pmopope va emekTeivovpe TV 16Y0 NG vVIOBESTg
pog katd 1 dnAadn E€povtag 6Tl woyvet Yo v=k vo amodeiEovpe OTL 1oY0EL Kot Yo
v=k+1. Eivar Aoudv kabapd Bépa «xpovovy va kdvovpe tnv amddesn yio. OAOVS TOVG
QLOIKOVG aptBpovg. ATANDG E€Epovpe TG Ba To TETHYOLHE AALA dEV LTOPOVLE YLOTL O1
euotkol apBpol elvar dmepot. Avt v advvapio EpyeTor vo KOAOWEL 1 apyn TS
pHoOnpoTiKng emaymyng n omoia pog Aést Ot av EEpovpe mOG vo kdvovue pio

AmOOEIEN «IATPEYOVTOCH TOVG BETIKOVG aKEPOIOVS ival ooy Vo TNV £XOVUE KAVEL.
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2.6. Mia apyfi Y10 va. emaAnBevoviol TPOTAGES TOV £(0VV VO KAVOLV HE QLGIKODG
apBuovg stvor n apy ™G HEONRATIKNS ETOyOYNS 1| 0TS OAMDS AEYETOL NG
TEAELOC ETAYDYHG:
"‘Eoto évag 1oyvupiopdg Tov avapEpeTot 6Toug BETIkoNs aKepaiovs.
Av

® 0 WYVPIOHOG etvar aAnONg Y 1.

e OTOV 0 1oYLPIGHOG aAnBevel Yo v=k toTE glvon BERato Tt aAnbevet kot Yo

v=k+1.

Torte

® 0 1oYVPIGHOS aAnBevEL Y100 GAOLG TOVG BETIKOVG aKepaiovs v .
2.7. T dhovg Tovg OeTikodg akepaiove v pe v > 2 Kol Y10, OAOVG TOVG
apaypotikovca pe @ #0 kar a > -1 woydet: (1+a)” >1+va . (Avicdtrta Tov
Bernoulli)
2.8. H avicotnta tov Bernoulli eivor wpogavic dtav a>0 ko dev ypetdletar emoymym
v va amodetyel. Apkel va mapatnpricovpe Ot

(I+a)' =(+a)1+a)..0+a)

V TOPAYOVTEG

Ag exteléoovpe voepd Tovg TOAAATANGLOGHOVS TOv B pnéhovg. Apkel KaBe @opd va
naipvoupe éva mopdyovia omd kdBe mapévBeon Kot Vo TOAAATANGLAGOVUE TOVG
Tapdyovteg. Av daréEovpe amd Oleg Tic mapevéoselc o 1 Ba éxovpe ywvopevo 1. Av
SwAéEovpe amd pio mapévBeon 1o o kot amd OAeg Tig vrdhoumeg mapevhéoelg to 1 Ba
Bpovpe ywvopevo a. To B’ pérog -mov Ba eivor tedikd Eva ABpoicpa yvouévav Tov Oa
dwbétel éva mapdyovta and kdbe mapévBeon-Oa €xel wg mpocbetéo to 1, Ba £yl v

TpocBeTéOVs io0Vg pe o Kot Ba €xel Kot GAAOVG TPOGHETEOLG OV AVTIGTOLYOVV GE
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dAAeg emhoyég (M. va daAéEovpe amd T 6o TpmTEG TopevhEoelg To 1 ko amd T1g
VIOLOUES TO o OTOTE B0l TaPOVE G TPOchETED TO o' 2). "Apa To B’ péhog eivon KdTt

nopamive ond l+a+a..a. Avtd onuoivet o1t (1+a)’' >1+va. "Apa 1
Af——’

v mpocbetéot

evolapépovcsa mepintwon g avicodtntag tov Avicdtnta tov Bernoulli givor 6tav

—1<a <0 Avt dwtum®veTOL KoL e TNV LOpON
0" >1-v(1-0) 0<06<1
No amodeiete v avicoOtnTa vty o) Avtotelmg pe emaywyn B) Zmplduevor oty
TPONYOLLEV HOPPT TNG avicdTNTOg ToL Bernoulli.
2.9. No anodeifete 0Tt yio k6O OeTIKd aKképoio v 1oyveL

»  vir+D(2v+1)
- 6

I 17+22+3%+..+v

2
L P +2°+3% .40 =(V(V+l)j

2
1L, 1-2+2-3+3.4+...+v(v+1):w
o1 | y

V., —+—+—+...+ = .
1.2 2.3 34 viv+l) v+1

2.10. Na anodeitete 0Tt yia k6O OeTicd axéparo v 1oydet

14

Lox .
l+x+x>+.+x"" = ,  &pocov x#l1.

x—1

2.11. H poOnuotiky emoywyf dev eivol ac@oldg ovte 0 povoc ovTe o0
KOADTEPOG TPOTOG Y10 VO ATOOEIKVOOVUE TPOTAGEIS TOV €£0PTOVTAL OO PLGIKOVG
apBpovs. Amodeite TV 160TNTO TOL TPONYOLUEVOD TOPUOEIYUATOS EKTEADVTOGC
AMAMDG TOV TOAAUTANGLOGUO

x-DE" o +x+x+])
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2.12. [dNa armodeitete Ot

L v>>2v+1 yi0ké0¢ axépoto v >3
4Y : ,
II. 3 >V YL KaBe axépoto v > 7

HIL.5" >5v -1 vy kaBe Betid aképato v.
2.13. [INo W0si n avicotnra x> >2x+1. X ovvéyela vo Ppeite T1¢ oképatec
AOoelg . Oa €xete étot pio amddeEn yo to epdtnue I g Tponyovpevne doknong
YOPIG VO EYETE YPTOYLOTOUGEL ETAYMYT].
2.14. No anodeifete 0t1 Y10 k60 OeTikd oképoto v = 4 1oydet

vI>2", omov v!=1-2-3..v.
2.15. Na anodeitete 0Tt yia k6O OeTicd axépato v ioydet

L+L+ +L<2_l
P2t T v v

2.16. Na anodeitete 0Tt yia k6O OeTicd aképato v >3 1oydet
v s (v+1).
2.17. No armodeitete pe v Pondeia g HobNUATIKNG ETaymYNG OTL
L |a +..4+a,[<a |+.+]|a,]
Il |a, +..+a, [<a, |+.+]|a, |
H mpdtn avicdtmto avapEpetor o€ amOAVTEG TYES EVO 1| OEVTEPT OE HETPAL
Stvvopdtov. No xpneIULOTOGETE KOt GTIG OV0 TEPIMTMOGEIG-OG OEOOUEVN- TNV
TPLYOVIKT] OVIGOTNTA.
2.18. ['o pia cuvaptnon @ gtvorl yvootd ot yuo kabe (edyog aplBudv x, y

oyvel O(x + 1) <o(x) + @) . Yrdpyovv moALEG TET01EC GUVOPTHOEIS. AVAUESH TOVG
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N e(x)=0x, N ¢(x)=[x| k.a. Na amodeybei 61t av x,,x,,...,x, €lvor v omorodnnote
TpaypaTikol oplfpol tote 1oyvEL

O(x; +x, +..4+x,)<0(x,) +o(x,) + ...+ ¢(x,)
2.19. No anodeifete 0Tt KGOE TENEPAGUEVO VTOGHVOLO TMV TPALYUOTIKDV
aplBudV £xel péyoTto Kot eEAdyioto otoryeio. Me dAlo Aoyla vo amodetybel 0t av

X ={x,, %3, X,}

etvan éva vtosvvoro Tov R pe v ototyeia 10te vIdpyovv dvo ctoryeia t, M tov X
TETOL0 MOTE Y10 KAOE oToryelo X Tov X va toydel L<x <M.
2.20. Y mdpyovv vrochvora tov R to omoia dev £xovv eldyioto otoryeio. INa
napadetypa to ovoiktd dtotnua (0, 1) dev éxel ehdyioto otoryeio dniadn dev
VILAPYEL KATO10 GTOLYEIO TOV TOV VAL EIvol O HIKPO OO TOL LVITOAOUTA GTOTYEL TOV.
Adyw ¢ 2.19. éva tét010 6Ovodo S pmopel va sivon nerepacpévo. Na amoderydel

OUmG OTL KABE PN keEVO VTTOGVHVOLO (TETEPAGUEVO 1} OYL) TOL GLVOLOL TOV BETIKMOV
axepainv €xel eddyioto ototyeio. ' tnv amddeln epyacbeite oc e&ng: "Eoto S éva
VTOGHVOAO TV BeTikK®V axepaiwv. Ag vroBécovpe 6tL 10 S dev €xel ehdyioto
otoryeio. Tote 1¢S. "Eoto T 10 chvoro OAmV TV BeTikdv akepainy mov dev
avikovv o10 S. IIpopavac 1 €T. AeiEte tdpa pe eraymyn 0Tt Kabe BeTIKOG aKEPOLOG
aviket oto T. 'Otav tereidoete Ba €xete Kataingel 6to dtomo cuunépaco 6t o S
dev €xel oTotyela.

2.21. Av éyovue éva oOvoro X peTa&d TOV VTOGUVOL®Y TOV GUYKOTUAEYOVTOL

70 1610 T0 X Kot T0 KeVO 6hvoro I mov dev €xel KaBOAOL oToyeia. Ag modue OTL

X={a}. Tote 10 X &€ye1 600 povo vroovvora ta I ko X. Av X={a, B} totE TOUL
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vrocvuvora tov X givar 4: Ta I, {a}, {B}, X. Av X={a, B, v} 101€ T0 X £)€1 8

vroocOvora: Ta I, {a}, {B}, {v}, {a, B}, {a, v}, {B, v}, X.

[Toca apaye vmocHvora £yt éva cuvoro e v ototyeia; [Ipoomadnote va amodeilete

TO GUUTEPOUGLOL GOG LLE ETOYDYT).

2.22. ] Me v! ( SwaBdletar «vi Tapayovtikd») copPorifovpe To yvouevo

1-2-3-...v. Eivan 1!=1, 2!=2, 3!=6, 4!=24 «.0.x. Eniong deyopaocte 611 0!=1

I. No amodeyBel 0tL 1oyvet (v+1) I=v!" (v+1)

II. To v! av&dvel moAd ypriyopa, YpNYopOTEPQ OO TIG OLVALLELS OTOLOVOTTOTE
apBuov. "Eotm m évag Betikdg axéparog. Na amodeitete Ot yio ka0 v>m+1
oyder vI>m',

2.23. 'Eoto k évag Oetikog axépatog. Na anodeitete 6Tt ke cOvoro pe v ototyeia

(v=k) éyxer

v-(v-1)-..(v-k+1)
k!

vrocvvora pe k ototyeia.
v-(v-1)-..(v-k+1)
k!

v
Agyopaote 0T (OJ =1

Emedn av 0éhovpe and v avtikeipeva va dtodégovpe k dniadn va covdvacovue k
avtikeipeva mov dtedéyovpe amd v AEpE OTL T0 TANH0G TOV GUVOVACUAY V
avTikepévoy ava k stvan

O apBuodg ocvpPoiiletan pe [1\(}] .

V] ve(v-1)...(v-k+1)
k) k! '

2.24. Asiéte 61110 (0 +PB)" Shodn 10 Yivopevo
(o +B)atpfatp).(a+p)

v OpEg

glvan ico pe

Vi (Y] ovag | V)] oven2 [ Y] v-3p3 Vol gvr [ Vv
0a+1aﬁ+2a |3+3oc B+...+V_1aﬁ +VB

(Newton)
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3. EYKAEIAEIA ATIAIPEXH

3.1. H raurornra tn¢ EukAcidsiag diaipeong.

3.1.1. Eépovpe 611 dtav Srapodpe Eva Potkd apdud (Sranpetéo) pe dva pKpOTEPO
tov (Sroupétn) Ba Bpovpe éva mniiko kot évo vwoOAouro. To vmdAomo mov pmopel
(6tav 1 owipeon eivar élewa) va givon ko 0 eivon og k4B mepintwon pkpdTEPO OO
Tov Jpétn. EmmpocOétwg o diaipetéog eivar ioog ue to mniiko emi tov draupérny ovv
70 voLoiro. Tlpdkettan ylo v yvwortr tavtodtta e Eviheidetog daipeong A=nd+v
pe v<5. 'Etor n dwipeon 25:4 £xer mnAiko 6 kot vrorowro 1 eivon dg 25=624+1 evod
dwipeon 120:100 €xer mmAiko 1 kot vrorowmo 20 givon de 120=1100+20. Mmopodpe
va dtopécovpie Eva pLGIKS Kat e va peyaAvtepo tov apBpd. Tote o mniixo givor 0
Kot 0 Stoupetéog elvar TanToXpOVeS Kat vtodotro. H dwaipeon 100:120 €yl mnAiko 0

Kot aprver vworouro 100 dniadn 100=0120+100.

3.1.2. Av a kou B eivou pooikoi apiOuot ue f # 0, t61e vIGpPyOVY POVASIKOL PLGIKOT

T KoL v, TETOIOL, (DOTE

a=nf+v, f>v0.
To Bedpnpa avtd Tov Eyovue pabeL va YPNGYLOTOOVUE OO TO ANUOTIKO Hopel vo
amoderyOel pe v Pondeta TG LabnUATIKNG ETAYOYNC:
Amodeién "'Eoto P#0. Amodeucviovpe 0Tt o KaBe puotkd aplBuod o vrdpyovv
@uotkoi apBpol T kot v T€rolol ®ote o=nP+v Kot f>v. 'Otav eEacearicovpe TNV
vmapén tov K, v Oa deiovpe OtL givar Kot ot povadikoi. Av 0=0 apkel vo Tapovpe
=0 wo v=0.
Av 0=1 S1oKpivVOLE TIC TEPIMTMOCELS
I. B=I omdte maipvovpe =1 kot v=0

I1. B>1 omdte maipvovpe m=0 Kot v=1
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"E6tm 0Tl T0 00d£1KTE0 100EL Yo =K. AnAaodn vrapyovv m, v €161 wote k =Pr+v
f>v>0
'Eoto® 6t 0= k +1. Tote mpocOétovtag kat oto dvo péin g k=pn+tv 10 1
Bpiokovue k +1=Prt+v+1. Atakpivoope TaAL 600 TEPITTOCELG
I. Av 10 B g€akorovBel va givar peyoldtepo tov v+1 1dTE TO TNAIKO NG dlaipeomg
k +1:B eivon T ko To vroOLOITO L+1
II. Av 10 B eivon ico pe to v+1 10TE TO TNAiKO TG draipeong k +1:B givor T+1 ko To
vrorowro 0.
e ke mepintoon Exovue eEacearicel OTL VLAPYOLV T, L £T61 Mote k+1=nB+v Ko
f>v>0
®a amodeifovpe Tpa OTL 01 PLGIKOL aplBpol T kot v glvar povadikoi. Ag vroBésovpie
OTL Y10 600 PLGIKOVE TT” Kot V™ E€povpe OTL

a=n"f+v" ka1 f>v">0
Acormg oyvel

o=nfB+v kot f>0>0

Av pev v=0" KOA®OG av Gyt TOTE KATOL0G amd TOLG L, L’ glvar HEYOADTEPOS TOL GALOV.
Ac movpe Ott givatl 0 v. Apapdvtag katd puEAN Ppiokovpe (m-n")B+(v-v)=0 onradn
(v-v)=("-m)B. 'Opwg o ©'-w eivor BeTiKOC axéporog kot eEmopévec mt'-m>1 mpdypa
nov onuaivel 6t (T'-m)B=P. Apa V-V > ko gmopéveg V=PV, Ao TV TEAELTAIN
oyxéon ovumepoivovpe O6tL V=P TPAyUa Gtomo ddTL £yovpe vmobécel 6Tl B>v.
KataAn&ape og dtomo vrobétovrag 0Tt ta v, v° givor dtdpopa. "Apa givar ica. Avtd
onuaivel o0tL givor ica ko O6tL V-V'=0. Tote and ™V oyéon (m-n")B+H(v-v")=0
Bpiokovpe 6t (m-1")B=0 xor enedn P+ 0 cvpmepaivovpe OtL kot ta T, T givon ioa.

"Apo. To {edyoc T, v givar To povadikd pe v wiomta o=rp+v ko f>v>0. M
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3.1.3. Ag dovpe pe mota Aoyikn Bpickovpe to TnAiko kot To vdrowro TG daipeong

evog aplfpov A.y. o 5

MnAiko 3 MnAiko 4 MnAiko 5
3.5=15 4.5=20 5-5=25 6-5=30

o 1. 2 3 4 0 1 2 3 4 0 1 2 3 4

- >
15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30

Acg pavtacBodpe to Betikd moAlamddoia tov 5 tonoBetmuéva og pio ypouun. Evag
QULOIKOG apBuog M Ba eivonr moAlomAdolo tov 5 M Ba Ppioketor peta&d 60
Sdoyikmv moAlamiociov tov 5. T'a mopdoetypa o 17 PBpioketon petald tov
moAhamAiaciov 15 kot 20. O 15=3'5 eivor to peyoAdtepo mOAAATAGGIO TOL 5 7OV
«opbey oto 17. To mAiko ¢ dwipeong 17:5 etvan 3. T'a va petafodpe amod to 15
oto 17 ypetdletar va mpocBécovpe 2. O 2 givon to vrdéAouro Tov 17:5.

Mmnopobpe vo povtacBovpe TOLG PUOTKOVS OPLOLOVS KOPYAVOUEVOVS) GE TEVTAOES,.
Ot ap1Bpoi KaBe mevtadag aprvouy 6Aot To 1010 TAiKo dtopovuevot oo 17 adrd to
vrorowma givon 0, 1, 2, 3, 4. Ztnv emdpevn meviada to mniiko avéavetal katd 1 aAld
Ta vToOAoITa emavarapuBdvovrot: 1, 2, 3, 4. Av Aowdv yuo Eva aptBud o gival

Sk <a<5(k+1) 10te 0 k &ivar to TnAiko ¢ dwipeong a:5. To vwdAowro givat o
apOuog a —Sk. o yevikd av BEhovpe va Bpodpe To mhiko g daipeong o:f
Bpiokovpe dvo dadoyikd ToldanAidoia Bk, B(k +1)Tov B étol dote Bhk <a<P(k+1)
To mnAiko g dwipeong a:p Oa eivan k& 10 6g vrdrowmo o a-Pk. Trv idwa Aoykn
axolovBovpue av Exovpe apvntikd dtonpetéo. A.y. o -16 Bpioketor peTtacd Tmv
dradoyik®v moArlamraciov (—4)-5 = —20 kot (=3)5=—15 dniadn

(—4)5<-16 <(-3)-5. Mmopolpe homdv va Bewpricovpe O6TL TOo TNAiKO TG draipeong -
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16:5 etvai -4 kot to vrdAowno -16-(-4) 5=4. Inueunote 6TL TO0 TNAiKO €00 lva

apvnTikd oAAG TO VTOAOITO givor BeTIKO.

3.1.4. Tevikdtepa av &govpe tov apvntikd -a kar 0édovue va Bpovpe mniiko kot
volowmo g otaipeong -a:f (B Betcdg) tote maipvovpe tov avtiBeto o tov -a. Ag
novpe o0t givol Pk <—a<P(k+1). Tote —P(k+1)<—a<—Pk. And v TELELTOIO
€01 cLVAyoLLE OTL

—(k+1) av —a<-Pk

Alko Tng daipeong-o:f =
mnAixo g Staipeong - o : B {_k W -a=—pk

—o+k+DB ov —a<-—Pk

vrorowuro g Swaipeong-a:f = { 0 "
av -a=-—

Agv gtvar dvokolo va dovpe 0Tt o€ KAOe TePInTMON Y10 TO VITOAOITO L IGYVEL
0 <v <B. Avaroyovg cVALOYIGHODE LTOPOLLE VO Kavovue Otay £xovpe B<0.
®povrilovpe vo Bpodpe dVo dradoykd moAlaridoio Pk,B(k +1) tov B €tol dote
Bk <a<P(k+1) (AdiGpopo av o o givar Oetikog 1 apvntikdc). To TnAiko Tng
dwaipeong a:p Oa eivan & evd to vrdhowmo o a- Pk .
3.1.5. To nponyovuevo Bedpnua Aomdv 16yveL Oyt HOVO Yo PUGIKOVS 0P1drons ALG
KoL Y10 0KEPOIOVG aPBOVS. ZVYKEKPIUEVQL:
Av a ka1 f eivor axépaior apifuoi ue f#0, T0TE DIAPYOVY UOVAOIKOT OKEPOAIOL
op1fuoi w (mniixo) koi v (vwoioimo), tétoiol, wote

a=nf+o, |f|>v20.
3.1.6. H nponyoduevn tavtotnto Aéyetan tavtotnta s Evkleideiag dwaipeong
a:B. Me v Bonfeia g pmopovpe va mopatnpcovpe Ot
o KdBe apBudc dwpovpevog oo 2 aprvel veoromo 0 (aptog) M 1 (weprrtog)

omote givan TG popong 2k N 2k +1.
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e Kdabe apBudg dswpovpevog dwn 3 apnver veoiouwro 0 , 1 1 2. Onodte glvarl g
popong 3k M 3k+11 3k +2.
o KdBe apBudc dwpodpuevog dwa 4 agnver vmdérowmo 0 , 1 M 2 1 3. "Apa ke
aptOpoc €xet pio amod T akolovbeg popoés 4k, 4k +1, 4k + 2, 4k + 3.
o [evikd xaBe apBudS dronpodpevos dto Ttov m>0 aprnver vedrowmo 0N 1M 21 ... M
m-1 kot emopévag €xet pia omd Tic popeég km, km+1, km+2, ..., km+(m-1).
e Av yia éva m>0 Kot évo OmOOONTOTE O TETOLYOVUE va Yphwovue o=m-(évag
0TO10GONTOTE aKEPALOG)+V Kat cvpPaivel o v va gival U aPYNTIKOS Kol KpOHTEPOG
oV m 10TE glvan PEParo Eyovpe yphyetl v tavtdtnTa TS Evkieideiog dwaipeong tov
a 010 TOV M Kot OTL 0 v gfvat To LTOAOUTO TNG daipeoNG aLm.
Ia mopdderypa o 1999' +10 pmopel va ypagei (1999 —1)+11 kot pe yprion g
YVOGTNG TOVTOTNTOG

X' =y == P)(x H Xy LAy
yovpe 99'%" +10 =(1999 — 1)(1999"% +1999"7 +..+1999 + 1)+1 18nadn

99! 110 =1998-(1999"% +1999"" +. 41999 +1)+11

X

3.1.7. Av évag apBudg a Swapoduevog dia tov B (B£0) apnvel vwdrowro 0 Aéue Ot
owpeiton and 1o B Ko 011 1 dadpeom a:f eivar Térewa. Emiong Aépe Ot o P eivon
dwapémg tov a. Emopévag o a dtoupeitan and to B av vapyel oképatog k £Tol MOTE
a=kB. Av o B dapei Tov a 10te cupPorikd ypapovue Pla. Av o B dev dloupel Tov o
tote yphoovue Lfa . Emouévog Sfa av kot pévo av yio kabe aképato k eivor
a+# kB. Ot cvpPoricpot Bla, Sfa Ba avagépovtal povo og aképatovg apldpovg a, B
pe 0. Av ffa 1o1e dev vmapyet axéparog k €101 dote a = k. Ltnv mepintmon mov

0 a Oowupel Tov B Aéue 6t 0 a eivor morhamhdoro tov B. ['phoovpe cvpPorikd

a=moAB. Ay, 214, 412, 6/18, 15]-30, =540, 5/ —8, 50=0AS, 60~moL7.
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3.1.8. AcgiEte 0T1 av o1 ap1Bpoi X, y Stopoduevot dia Tov 3 aprvovy
vrorowma 1 ko 2 1d1e 10 dBpoIsHa TOVS dLapovLEVO dta ToL 3 aPrvel vitdAouTo 0.
3.1.9. AciEte 6T1 av o1 ap1Bpoi X, y Stopoduevot dia Tov 5 aprvovy
vrolowma 1 kot 2 1oTE T0 AOPOICLA TOVG SLOPOVIEVO Ol TOV 5 aprvel vTdAouro 3.
3.1.10. AciEte 6T1 av o1 ap1fpol X, y Stopovpevot da tov 15 agprvovy
vrolowma 9 kot 12 tote T0 ABpoIGHa TOVG dlapovEVO St Tov 15 aprverumdroumo 6.
3.1.11. Na Bpeite 6Aovg Tovg ap1duoig mov eivor pikpdtepot tov 100 kot
dtupodpevol dwa 7 kot 9 aprvouv avtiotoiymg vrorowa 2 Kot 4.

afa’> +2)

3.1.12. Avo a givol aképalog, TOTE Kol 0 givon axépatog.

3.1.13. Na anodeiytel ott:

(1) To ywvopevo dV0 JLaBOYIKMV aKePaimV eivat ApTIog aptBpdc.

(11) To tetpdymvo kGbe TePITTOL OKEPOIOV ivarn TG LOPPNG 8A+1, AeZ.
3.1.14. Na Bpeite to mhiiko kot o VoAU THG gvKkAeidetag dlaipeong Tov
o UE TOV B o€ KaBeMd amd TG TaPUKAT® TEPMTMOCELS:

1) a=83 o p=11

2) a=-83 «xoir p=11

3) a=83 xouu f=-11

4) a=-83 xu p=-11.

3.1.15. No anodeitete ot

1) To tetpdymvo evog axepaiov a maipvel ™ popen a’ =3k, xe€Z N

a’*=3x+1, kel.
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2) KdéBe oképatog a ™G popone @ =6k +5, x € Z umopel va mApEL T HOPON
a=31+2, A eZ.loydel 1o avtioTpoo;

3.1.16. Ot apiBpoi drapovpevor da tov 3 agrvovv vrorowra 0, 1, 2 kot OTmg
SlTPEYOVIE TOVG OKEPOIOVE TOL LIOAOWTA EVOAAGCCOVTOL U TNV 1010 oelpd. Ot
apBuol mov eivan teTpdymva axepoiov (To TELEWW TETPAY®VA 1| Ol TETPAY®VOL
apiOpoi Omwg oAMAOC Aéyovtar) SmAadn ot opdpoi g popeng k°  eivon
«omoviotepo. Emeidn (v+1)2 —v? =2v+1 av gBUGOVHE TO VI-0GTO TETPAY®VO
apOud OBa ypelachel va cuvavioovpe 2v+1 pn tetpdywvovg aplBpovg £mg dtov
9BdoovpE 6TOV ETOLEVO TETPGY@VO. A.x. petd tov 100° Tetpdymvo apdpd mov sivat
0 10000 o emdpevog TeTpdymvog sivat o 10000+2100+1=10201=101% Asi&te 611 01
teTpdyvol aplfpoi dtoupodevot dwa tov 3 aprvovy mdvta vrdéAouro 0 1 1. Aniadn
«omo@eLYOLVY ToVg aplBuovg 3k + 2 . ("Evag otoug tpetg aptBuong eivot g Hopeng
3k+2).

3.1.17. Av a givar évag meptttog oképotog, va anodeifete ot

a’ +(a+2) +(a+4) +1 .
12

Z.

3.1.18. Mropel 0 apBuog 25 va ypogei wg dOpowospa 10 TpochHetéwv,
KaBévog amd Tovg omoiovg va givor icog pe 1 43 1 5;

3.1.19. o moteg TpéG Tov BeTikon akepaiov B To mnAiko g Sraipeong Tov
660 pe tov f givon ico pe 17; oo ivan 1o vrdolouro g dlaipeong avtg o€ Kabepid
TEPITTOON;

3.1.20. JAv a,f,y stvar meprrtoi oképatot, vo amodeitete 011 1 eEicwon
ax’ + fx+y =0 Sev &xel aképateg AGELC.

3.1.21. [JEXYEyer oxépaeg Avoeig ) eéicwon x” + 3" x +2001=0;
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3.1.22. Av a,p givan 800 mepitTol axépatot, va arnodeifete 0T

4 4
a’ +p —2E
16

7.

2 p2
& 8ﬂ eZ «xo (ii)

(1)

4
3.1.23. [ To1E¢ TIEG TOL 0KEPAIOV K 0 aplOOC 3K givatl oképotog;

3.1.24. No omodei&ete ot

1) To tetplrycvo evOc GpTiov givar g Lopeic a” =44, A € Z, evd T0 TETPAYOVO
gvOC mepLTTov efvon TG popec a’ =41+1, L e Z.

2) Av a,p sivon meprrtol aképatot, tote 1 eicwon x° =a’ + B dev &xel oKépoiec
pilec.

3) Kavévag amd tovg O6povg g apfuntikng mpoddov: 6,10,14,18,22,... dev eivan
TETPAYOVO PUGIKOV ap1fpoD.

3.2. Iooriuol 1y Ic0UTTOAOITTOI AKEPAIOI

3.2.1. OvopBpoi umopovv va drakptBodv peta&d tovg kotd ToAAoVS TpdTOLG:

e Oetwcoi- apvmrikol

e 0pIONOL IOV KAVOLV TV TIPGSTON X -3%+2 BeTity, opvirucr] 1} O

e apBuoi mov gival g HopeNS x2-3x+2 N oyL. K.o.

Mia dudkpion mov KabiEpwoe Kot eneEepydodnke o peydiog I'eppoavog pobnpotucog
tov mepacpévov atwva I'kdovg (Carl Friedrich Gauss, 1777 -1855) eivan eketvn mov
yiveta pe Baon 1o vrOAOUTO TOL APNVOLV 01 d1dpopot aptBpol dtav dtarpodvtor da
oV 1010V KkdBe Popd Betcod akepaiov. Ltovg mivakes mov akoAovBodv PAEmovuE
NV Katdtoln Tov akepainv ovAaAoyo LLE TO VITOAOITO TOL OPIVOLV JLUPOVLEVOL

ol 2 ko oo 3.
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Yroroura
Swpéoeav da 3
Yrorouro
Spécewv S 2 0 1 2
0 1 v=3k v=3k+1 v=3k+2
v=2k v=2k+1
-10 -9 18 -17 16
3 = 15 -14 13
-6 -5 12 1 10
4 3
-2 1 -9 -8 -7
0 1 -6 -5 -4
2 3 -3 2 1
4 5
6 7 0 1 2
8 9 3 4 5
10 11
12 13 6 7 8
9 10 11
14 15 12 13 14
16 7 15 16 17
18 19 20

O 10 ywo mopdoetypo «mo¢ mpog 2» avikel oty kotnyopio O oniadn otnv
Katnyopia TV aplBudv mov dtpovuevol o 2 aprvovv vrolowo 0. O idtog
apBuog onAadn o 10 «wg mpog 3» avnkel oty katnyopic 1 dnAadr| d1apovIEVOS
ow 3 aenver vmorowmo 1. "Olot ot apiBuol mwov «m¢ mPog 2» agnvovy 1o id1o

vroéAomo dnAadn N OAot ot apiBuol g katnyopiag 1 1 6Aot ov apBpoi g
Katnyopiog 2 Aéyoviat 1I6oHTOAOUTOL «®G TPOG 2» 1) IGOTIHOL «®G TTPOg 2». O 2 giva
€V TPOKELUEV® Elval Eva KPITP1o Eva «UETPO» Yol TNV Kotdtaén tov aplfuoy. O 3
elval éva GALO «UETPOY.

O Gauss ot0 Ogpehiddeg €pyo tov Disquisitiones Arithmeticae (ApOuntikég
"Epevveg) Oproe 6t dvo apBuoi a, B Ba Aéyovion wwoTIHOL G TPOG TO modulus
(uétpo, yvauove) m>0 av ot a,  dtopoHEVOL d10. TOL M APIVOLVY TO 1510 LITOAOTO.
‘Eypaye o = ,b’(modm) (owPdletan «o a givor 16oTIHOG PE TOV B LdOVTOLAO MY ).
Av ot a, B dev eivar wwoTYWOl M 10oUTMOAOUTOL OTT®MG OAM®MG AEUE  ®G TPOG m

ypGoovue o % ﬂ(modm). Me avtd Tov GuppoAicuo givat:

N.Z. Mavpoyidvvng
wWww.nsmavrogiannis.gr




MoOnpato Ocwpiog ApBuav (pe Baon to oyxoikd Biprio)

3 =13 (mod 2) 3#12(mod 2)
11=34 (mod 3) -5=4 (mod 3 )
3 #13 (mod 3) 3=(12mod 2)

3.2.2. Toieg and T1¢ mapoakdton oyéoel eivar aindeic;

3.2.3. No ovpminpdoete ta kevd pe £vo, omd Toug aptdpode 11 0.

Av

Av

Av

Av

Av

Av

Av

Av

3.2.4. No cvpminpdoete ta kevd pe £vo. omd Toug apdpodvc 0, 11 2.

Av

Av

Av

Av

Av

Av

11 =12 (mod 2) -3#12 (mod 2)
101=-4 (mod 3) 11=4 (mod 3 )
3 #-33 (mod 3) 30=-12 (mod 2)

a=1 (mod 2 ) tote 2+a=...(mod 2 )
0=0 (mod 2 ) tote 2+a=...(mod 2 )
a=0 (mod 2 ) tote -0=...(mod 2 )
=1 (mod 2 ) t6t€ -0=...(mod 2 )
0=0 (mod 2 ) tote a+3=...(mod 2 )
=1 (mod 2 ) tote at3=...(mod 2 )
0=0 (mod 2 ) 1ot o’=...(mod 2 )

o=1 (mod 2 ) 161 o’=...(mod 2 )

a=1 (mod 3 ) tote 2+a=...(mod 3 )
=0 (mod 3 ) t61e 2+a=...(mod 3 )
a=1 (mod 3 ) tot€ -0=...(mod 3 )
a=1 (mod 3 ) téte -a=...(mod 3 )
a=0 (mod 3 ) t6te 20=...(mod 3 )

o=1 (mod 3 ) 1ot o’=...(mod 3 )

29
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Av 0=2 (mod 3 ) t0te 40=...(mod 3 )
Av a=2 (mod 3 ) t61e 3a’=...(mod 3 )

3.2.5. Ztov mivaka mov axolovdel vrapyovy ot apduoi katavepnuévol mod 5.

Ynorowra Stoupécewv o 5
0 1 2 3 4
v=5k v=5k+1 v=5k+2 | v=5k+3 [ v=5k+4
-50 -49 -48 -47 -46
-45 -44 -43 -42 -41
-40 -39 -38 -37 -36
-35 -34 -33 -32 -31
-30 -29 -28 -27 -26
-25 -24 -23 -22 -21
-20 -19 -18 -17 -16
-15 -14 -13 -12 -11
-10 -9 -8 -7 -6
-5 -4 -3 -2 -1
0 1 2 3 4
5 6 7 8 9
10 11 12 13 14
15 16 17 18 19
20 21 22 23 24
25 26 27 28 29

1. Xe mowa otAn avikovy ot aptBpoi 299, -35, 121, -389;

2. Y& oo oTAAN avikovy ot apdpoi Sk*+1, 5k-1, 25k-8;

3. AwAéEte éva apBpd g TpMTNG OTHANG Kot Eval aplBuo e devTepnC. Xe oo
oTNAN aviKel To aBpotopa Tovg. Na dokipdoete 000 dAAovg apBpovs. Mropodpe
VoL £(OVLE KATO10 YEVIKO CUUTEPOGLLOL; LTOPEITE VO ATOSEIEETE TO CLUTEPACLOL
oTo;

4. Awééte Eva aplBpnd e otYAng 2 Kot TpocBiote TOV 6€ £va OTO1001TOTE
apBuo6 g otAng 4. Aoxipdote dVo aplBovg Tdal and Tig othreg 2 ko 4. Tt
ovumépacpa Pyalete. Ac vmoBécovpe OtL kKavovpe TV e€ng «mpdabeon» petald
otA®V: 10 vo. mpocbécovue dvo atnieg dioréyovue évo, apiOuo oro kabe otnin tovg
TPoGHETOVUE KO KOITOUE O€ TTO10. GTHAN OVHKEL TO OmoTéAEaua. 2av abpoiaio twv

oAy ypapovue v otiin ovty. 116co elval 1o 2+4, 10 3+3, 10 3+2;

N.Z. Mavpoyidvvng
wWww.nsmavrogiannis.gr




MoOnpato Ocwpiog ApBuav (pe Baon to oyxoikd Biprio) 31

5. EpyacBeite avt ) @opad e ToV TOALATANGLOGHO doKIUALOVTAG O16.POPOvG

apBuove. [éco Ba eivar to 2-4, 1o 3-3, 10 3-2;

4. ATAIPETOTHTA
4.1. Tmv mponyovuevn mopdypopo yvopicape v Evvora g dtapetotnrog: O B

OLOUPEL TO o OV Kal Uovo av vrapyel axépoiog k étor wote a=kB. To yeyovdg avtod
cupporiletan pe Bla. (Zyéom tov daipeiv).

4.2. Kabe oaxéparog a dwoupeiton amd tov 1 61611 @ =1-a. Me dhha Aoyl o 1 givan
Stupé€ng kabe akepaiov.

4.3. Kabe oxépatog B Swupei to 0 8101t 0=0-8 dnhadfy o 0 éxer dwoupérn kabde
aKEPOO.

4.4. O B droupet tov o av kai uévo av o a drapel Tov -.

Amrooeién: Av fla tote vmapyel oképalog k €tol wote a=kB. H oyxéon avt
ypaoetoaw wor a=(—k)(—P) pne Ao Adyw vmdpyet o oaképoog —k OV
nolamlootalopevog pe tov B pag divel tov o. Av mal EEpovue 0Tl —fla T1oTE
E€povpe OTL Ko o0 avtiBetog tov -B omAadn o P dSwupel tov a. Emopévog:
fla < —pla. Avdroyo ocvumepaivovpe o0t av pfla 16t kou f|—a Emopévac
Pla=+pflta. B

4.5. Av o B doupei tov a téte B droupel kdbe mollamidoro Ao tov a.

Arodeén: Av Pla tote vdpyel oképarog k £tol mote a= kP. TTodAamlaoidlovrag
™mv eémta avt eni A Bpickovpe 61t H oyéon avt ypapetor ko Aa=1kf pe dAlo
AOY10 VITApYEL 0 aKEPOLOG Ak mov molhamlacialopevog pe tov B pog divel tov Aa.
"Apa e, B

4.6. Av /20 1612 0 B diaupet Tov a av kot pévo av o A dwaipei tov Aa.
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Amooeién: Av fla tOte vIdpyel axéparog k étol dote a=kB. 'Eotw A évag
aképalog pe A#0. IMoAlamiacialovtog v tedevtaio oyéon pe A Ppiokovue 6Tt
Aa =(2k)B mpdypa mov onuaivel 6t Aa = k(AP) dnrodn Afla . AAAG Kot ovTIoTPOPMG
av Aflia tote vmapyel aképaiog k  étol dote Aa=k(AB). Amhomowwvtog tOo A
KatoAnyovue o610 ovumépacpo O0tt Bla. Anladn yw A#0 woyvel n 1codvvapio
Pla <\pha. B

4.7. And to mponyoduevo BAEmovpe OTL 1| GYEGT TOL SLUPETV GUUTEPIPEPETAL OGS T
wootnta: Mmopovpe vo moAlAamAactdlovpe katd HEAN HE TOV 1010 U1 HNOEVIKO
aKEPALO 1) VO SLLyPAPOVHE TOV 1010 TOPAYOVTO TPOKLATEL TAAL GYECT TOV OloupEiv.
Avaioyn 1010t Ta dev 1oyvEL Yoo To ABpotopa dSNAaOT 1 oxéomn B |a dev cuvemdyeTon

mv A+pflA+a. Ay 2|4 odhé 5+2 ) 5+4.
4.8. Av 00 xou1 Bla tote | B <|al.

Amrooeién: Apov Bla vrapyel axéporog k  étol dote a=kB. Oa eivar k= 0. Av
TAPOVUE TIG OMOAVTEG TIHEG KOl TV OVO UEADV €xovpe |a|=|kP| ko1 emopévmg
la|=k||B]. O |k| etvor pun pndevikdg QLoKOg aplBpdg kot emopéveg |kl=1. "Apa
[K[[B = || ®on emopévag laf = |B].

4.9. Eidope 611 Bla = |B| <|a]. Me dAha Aoyia | amdAvTn TIw £vOg Stanpétn tov a0
dev vrepPaivel MV omdOAVTN TN TOV O. Xvvérewn Tovtov givan Sla = —|a| <P<Llal. To
TAN00¢ AomdV TV SLPETAOV TOL o Og Pmopel va vtepPel (oTnV TPAyLATIKOTNTO ivot
Katd TOAD pKkpdTeEPO) TO TANBOC TV aKepai®v Tov dtuotnuatoc [ —lal, |a|] oniadn
Tov apiud 2la|+1. Enueidote 6t pmopei va woyvet |B| <la| yopic va woydet Bloa. Ay
etvon 3|<|5| aAra 3} 5

4.10. Av x|y ko1 y|z 161¢ x|z. (ueTafotixi 1016tnT0. TOL SLOUPELV)
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Arodeén: Apov x|y o vrapyel aképatog k €161 dote y = kx. Eniong agov y|z Oa
VIapyel aképatog t €tol dote z =1y. Avikabotoviag 0 y=kx omv z=ty
Bpickovpe 6TL VIApYEL 0 aKépatog tk £tot dote z =(tk)x dnhady x|z. I

4.11. Av 0 J Sroupei Tovg x, y 1612 Sraupel kot o dlpoioua Tovg x+y.

Anodeién: Apod dfx, dly o vmépyovv axépaot k,k, étor dote x=kJ, y=k,0.
[TpocBétovtag katd péin Ppickovpe 6t X+ y = ko+k,0 dnhadn x+y =(k +k,)0.
Eneidn kot o k, + k, sivan axépatog cvpnepoivovpe Sx+y. M

4.12. Av o J droupet tovg x, y 61€ Sraupel xou kdbe ypaupird covévaoud Tovg px+qy.
1010utépwg draupel v o10popa. TovgS X-y.

Améderén: O & dpel TOVG X, Y KOL ETOUEVMS TO TOAAUTAAGLO TOVS PX, qY, (Pl Kot
10 dOpotcpa Tovg px+qy. Oétovrag p=1, q=-1 &govue 6TL O|X-y. [

4.13. Av 0 6 Swpet omoiovediimote Sbo amd tovg apifuoic x, y, x+y téte droupel Kai

70V TpITO.

Amoderién: "'Exovpe vo eEETACOVUE TPES TEPIMTMOELS OVAAOYQ LE TO TOlOL €lvall 1M
ovada TV apBudv mov olapel 0 8. Av dapel Tovg X, y TOTE OTMG £YOVLE dOEL dlapel
Kot 0 dBpotoua Tovg Xx+y Av §|X, d|x+y 10TE O|(X+y)-X OnAadn Jdy. ‘Opota kot yio
mv Tpitn epimtwon. [

4.14. Av eivar a=kf+y téte 0 § diaupet Tovg a, B av kar udévo av diapet Tovg f, .
Amooderén: vrobétovpe TpdTa 1L 0 & droupet Toug a, B. Tote dapel Kot Tov ypoppuKo
cuvovaoud toug y=o-kB. Av mdAr dwpel tovg B, v Sloupel KOl TOV YPOLUKO
oLVOLOSUO ToVg 0=kPB+y. [

4.15. Eivar ypficipo vo Bopopacte 500 Pacikog XEpIoions Tov Y00V Vo KAVOLY UE
TN oY£0T TOL Stoupeiv:

o Av d|a tote dlKa
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e Avd|a, OB toTE d|Kat.
Me 10V cupoAiiopd Tov TOALATANGIOV AVTES YpApovTaL

®  U=TOAO=>KO=TOAO

®  o=moAd, f=moAd=>ka+P=noAd
Me dAda Aoy av €govpe 600 oToLKElD TOV GLVOAOL TOV TOAAATAAGI®V TOL O TOTE Ol
akoiovBor 000 yeplopol HOG EMTPEMOLV VO, TOPOUEIVOLPE ©TO GUVOAO T®V
ToALOTAAGI®V TOL O
o [loAlomhaoclacudc vog tolhamiaciov Tov O pe Eva apoud.
o [loAamloctoopnog vog ToAlamAaciov Tov O pe éva apBud Ko Tpdcbeon oe Eva

dALo ToAAamAdcio Tov 9.
4.16. [Toteg amd T1g mopoakdtom oyEoels eival cmGTES Kot Toteg AdOog;

2[22,222,4) 12;,12) 4
4.17. Awupei dpaye o o tov 5a; O o tov a’; O aff tov a; O 4 tov 4444; O 5 tov
505050;
4.18. Kd0Oe tavtdtnra mov Eyovue udler oty "Alyefpa n omoia avapépetou oe
LOOTHTO, TOADWVOUMY UE AKEPALODS GOVIEAETTES OGS OONYEL ODTOUCTIS KL OE U0 GYéon
700V J1aapelv. XpNoYomoidvtag 101 yvootd tpdyuata vo e&nynoete yoti ioyvovv o
emopeva. (Ot a, B, y etvor ac@aAng axépaiot)
o+lo’-p?
o-Bloc- B
o-Blo’+ap+p’
o+Bla’-ap+p’
octBHylo’+BH+y 3By

octBlo’-B*
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4.19. o To1E¢ TIEG TOL PLGTKOD aplOpov o toydet of12;

4.20. No Bpeite 6Aa ta {e0yn QUGIKOY apOudv a, B yio Ta omoia 16yveL a|36
Kot Bla.

4.21. No AMdoete 10 «cOoTNHON»:

x+ |20

x|y
x>0

y>0
4.22. No cupumrAnpdceTe TOV TOPAKAT® TIVOKO CULELOVOVTAS VO X GTO

OVTIGTOLYO TETPAYWOVAKL GTNV TEPIMTOGT OV 0 aplOUdC mov Ppioketal «oprlovtinwe

otoupel Tov aplfud «kaBETmoy :

87 (22|52 |18 | 90 [ 60 | 30 | 35 | 38

82
69
78
21
61
2 X
55
86
6
1
7 X
53
76
68

4.23. Na ypayete dhovg Toug dtaupéteg Tov 24. Ioot amd owtoig eivar
dwpéteg Tov 18;
4.24. No anodei&ete 6t av I|x,;,0)x,,...,0/x, TOTE Y10 OMOLOVGENTOTE AKEPAIOVG

k k,,....k, woyvel
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olkx, + kyx, +..+kx,
4.25. v “AlyePpo Exovpe pdbet to Oedpnuo «Av éva molvdvouo ue
OKEPALOVG OUVTIEAETTES Exel okEpala. pilo. p TOTE O p EIVOL JLAIPETHS TOV aTOBEPOD OPO
700 TOAVOVOUOV.»
I. No amodeitete o Oedpnpa. Yrooeiln: Av 1o molvmdvopo ival To
f(x)=ax'+a, x"" +. +ax+a, ond mv oyéon f(p)=0 vo coprnepdvere Ot
pla,p'+a,, p*+.+a,)= —a, kot pla,.
II. To Bedpnuo. avtd pog emTpémel va cLVTAEOLUE €va KOTAAOYO T®V THOVAOV
akepaiov plov tov moAvwvopov. ‘Otav o otabepds O0pog eivar 0 (omdte 1O
ToAV®OVLHO €xel v mpoeavn pilo 0 o kaTdAoyog avTOC elvar mOAD peYAAOG:
neplhapPdvel OAOLG TOVG OKEPAIOVG Kol EMOUEVOC Oev HOG TPOCPEPEL Kapio

mAnpoeopio. Ymapyel dpaye KATOL0G «UKPOTEPOSH KOTAAOYOG TMHOVOV aKepaiv

PV,

4.26. No amodeyei 6Tt av op tote ajo’+f.

4.27. No amodewdei ot av olp ko Bly ote aja+Hp+y*.

4.28. No amodeydei 6t av x|y+z, y|z+x, z|x+y 1018 XyZ|(X+y+Z) .

4.29. No amodetyBel 0Tt av 0 o dapet Tovg apBpovg mov Ppickovion o pia

t6te 0 0 drupet v D.

X
ypoppn M pia otidn g opiCovoog D = ‘
z

ox +py =y

4.30. 210 choTNUO
o' x+p"y =y

,}(Z ) 01 GLVTEAEGTEG TOV Elval aKEPaLOL

apBuoi. YroBétovpe 61t to (X) éxet pia povo Avon (X, y) pe X, yeZ.
I. No anodeilete 6t1 D|Dy, DDy

II. No anodeilete 6t av O[X, 6|y t0te DS|Dy, DO|Dy.
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4.31. Av a,0 axépaot pe O | La+1) xa 8| (Ba—1), va Bpebodv o1 mbavég
BeTiKég TYES TOV 4.

4.32. No anodetytel 611 9" —8v —9 = mor64 , Y10 k6O ve N*.

4.33. Na anoderytei 6t1 0 3 drapel Tovg aKepaiove a Kot £, ov Kot pdvo av o
3 Srapei to aOpotopo o’ + f.

4.34. Na Bpeite to mAf0oc twv Oetikdv axepaimv mov dev vaepPoivovy Tov

1000 xo dtoupovvran pe:
(1) Ttov 5, (1) Tov 25,
(i11) Tov 125,  (iv) Tov 625.

4.35. Av a| B ko y |5, va anodeitete 6tL ay | SO .
4.36. Av 11| (a+2) xau 11](35- ), vo amodeilete 0T 11|(a+p).

4.37. Av 1 dwpopd 600 axepainv eival aptiog oplBudc, va amodeibete OTL N
OL0LPOPA TOV TETPAYOVOV TOVS Eivot TOAAATAGG10 TOV 4.

4.38. Av m|a ko1 m>1, va anodeitete Ot m | o +1.

4.39. Na omodeiéete 01t 2[(a— B)(B— ) (¥ —a) 10, OAOVS TOVC OKEPAIOVS
a, B,y .

4.40. 'Eoto o évag mepurtdg aképatog. Nao anodeifete 0t

I. To teTplymvo ToV « £ivol Tg popeng a” =41 +1, ieZ

IL 32| (& +3)(a” +7)

4.41. Na amodeifete 611 4 | (@° +2), Y k40e a € Z .

4.42. Na amodeiEete 0TL dev vVIApYoLVY dladoykol BeTikol axépatot mov va

elval Kot 01 000 TETPAY®VO AKEPAIWV.
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4.43. Av pla va omodeifete 6T (27 —1)|[(2% -1).

4.44. Na anodeitete 6Tl

(1) To ywvopevo TPV b0y IK®V oKepaimy dtapeitot Le to 6.
(i) 6| a(e+1D)2ax+1) yokdbe aecZ
(iii) 6] (a’ +3a” —4a) Yuxife acZ.
4.45. Na anodeitete 611
() 3] (v’ +2v) T kéfe v eN
(i) 64 (9" —8v-9) vy kabe veN
(i) 5(3-27"+2-2") ywkdabe veN
(iv) 14| 3" +5*") yiokébe v eN
4.46. 'Boto a,fB,x, €l pe k # 4. Av (k — A)|[(xka + 1) , vo. amodeitete
ot (k — A)|(Aax + kf3) .
4.47. No anodeyfet 6t av pio apOuntikn Tpdodos £yl Tov TPMTO OPO 0 Ko
™V Jpopd ® axepaiovg aplBpovg Kot x|a; , X|® T0Te 0 X dtopel GAOVG TOVE OPOVG
NG TPOOAOV.
4.48. ‘Eoto K, A, a, B otabepoi axépatol. "Ecto 1 akohovbio x, =xa’ + 8",

v=1, 2, 3, .... Na amodeifete 0Tl av KAmO10G aKkEPOLOg O Olotpel TOvg dVO TPATOVG
Opovg ¢ x, TOTE TOLG dropel OGAOLG.

4.49. Xpnoiponoieiote owtd mov EEpete Y100 ToL TOAVDVLLO Yio Vo arodeifete
ot

I. T xdOe OeTikd oxépoto v ioyvel v+1[2v° +2v° -v-1

I1. T k&0 (edyog Oeticdv axepoiov v, k woyvet (v-1)" | kv - (k+1)v* +1
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4.50. No omodetydei 611 av K| toTE 0°-B¥|a™-p".

4.51. Noa amodei&ete 0T TO YIVOUEVO 0GMVONTOTE SAUOOYIKMDV OETIKMV
axepaimv dtopeitarl amd to TANB0G TOLG.

4.52. No amodei&ete 6TL TO YIVOUEVO V d1000YIK®V OETIK®V akepoimy dtoupeitat

ortd o v!.

5. MET'IXTOXZ KOINOZ AIAIPETHX - EAAXIEZTO KOINO
ITOAAAITAAZIO

5.1.Baocikég Evvoisg.

5.1.1. KdOe axéparog aptOudg £xel kot £va 6Hvoro Stapetdv Tov eivar mhvtote
TEMEPACUEVO GUVOLO eKTOG av TpoKeLtal Yia Tov 0 mov droupeitor omd OAOVG TOVG
aKEPAIONE KOl ETOUEVMG EYEL ATELPOLVS TO TANOOC O1oPETEG,.

5.1.2. Na Bpeite 6Aovg Tovg drapéteg Tov 36. Na kdvete 1o 1010 yio Tov -20.
5.1.3. Av évog apBudg drapeitan omd Tov 8 Tote dranpeiton ko omd Tov -8. Emopévag
av yvopilovue toug BeTikog dtoupéteg Tov Yvopilovpe OAOVE TOVG SLUPETECS.

5.14. "Evag ap1Buog €xet swopéteg povo toug 1, £3, £7, £21. Iowog pmopet
va glvat o apBpdc;

5.1.5. Ztov napaxdto mivakae Ttopovsidlovot ot Oetikoi Stopéteg Twv opdudv omd

1 éwg 70.
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1 {1} 26 {1,2,13,26} 5] {1,3,17,51}

2 {1,2} 27 {1,3,9,27} 52 {1,2,4,13,26,52}

3 {1,3} 28 {1,2,4,7,14,28} 53 {1,53}

4 {1,2,4} 29 {1,29} 54 {1,2,3,6,9,18,27,54}
5 {L,5} 30 {1,2,3,5,6,10, 15,30} 55 {1,5,11,55}

6 {1,2,3,6} 31 {1,31} 56 {1,2,4,7,8,14,28 56}
7 {17} 32 {1,2,4,8,16,32} 57 {1,3,19,57}

8 {1,2,4,8} 33 {1,3,11,33} 58 {1,2,29,58}

9 {1,3,9} 34 {1,2,17,34} 59 {1,59}

10 {1,2,5,10} 35 {1,5,7,35} 60 {1,2,3,4,5,6,10,12,15,20,30,60}
11 {L11} 36 {1,2,3,4,6,9,12,18,36} 61 {61}

12, {1,2,3,4,6,12} 37 {1,37} 62 {1,2,31,62}

13 {1,13} 38 {1,2,19,38} 63 {1,3,7,9,21,63}
14 {1,2,7,14} 39 {1,3,13,39} 4 {1,2,4,8,16,32,64}
15 {1,3,5,15} 40 {1,2,4,5,8,10,20,40} 65 {1,5,13,65}

16 {1,2,4,8,16} 41 {1,41} 66 {1,2,3,6,11,22,33,66}
17 {L17} 42 {1,2,3,6,7,14,21,42} 67 {L,67}

18 {1,2,3,6,9,18} 43 {1,43} 68 {1,2,4,17,34,68}
19 {19} 44 {1,2,4,11,22,44} 69 {1,3,23,69}

201 {1,2,4,5,10,20} 45 {1,3,5,9, 15,45} 70 {1,2,5,7,10,14,35,70}
21 {1,3,7,21} 46 {1,2,23,46} 71 {171}

2 {1,2,11,22} 47 {1,47} 72| {1,2,3,4,6,89,12,18,24,36,72}
23 {123} 48] {1,2,3,4,6,8,12,16,24,48} 73 {173}

24| {1,2,3,4,6,8,12,24} 49 {1,7,49} 74 {1,2,37,74}

25 {1,5,25} 50 {1,2,5,10,25,50}

5.1.6. Av SwdéEovpe 500 omotovadnmote aptduovs a, B otov Tponyoduevo PAEmovue

OTL VITApYoLVY Ba VITAPYOLY apBpol Tov Ba gival SlPETEC KO TV dVO. Ziyovpa EVag
tétolog givar o 1 . Emiong av Bempnoovpe Kot Tovg apvntikovg dtonpéteg ivart Kot o -

1. Ot dapétec avtol Aéyovtor Kowvol dtapéteg tov o, B

Awnpéteg [ Kowol

tov o [Awupéteg
Tov o. B

To olhvoro TOovLG dev givar GAAO amd TNV TOUN TOV GLVOAMV TMOV JPETOV TOVG.
Eniong 10 cUvoro TV BETIKOV KOOV SLOPETOV TOV a, B ival ot Top TV GUVOAWDY
TOV OETIKAOV SLUPETOV TOV A, P.
A.Y. T0 GOVOAO T® KOWVAV BeTIKOV dtoupetdv Tov 55, 70 elvar to
{1,5,11,55}{1, 2,5, 7, 10, 14, 35, 70}
OnAaon to
{1,5}

To chvoro T Kowvdv BeTik®dV dapetdv Twv 63, 74 gival 10

N.Z. Mavpoyibvvng
wWww.nsmavrogiannis.or




MoOnpato Ocopiog ApOumv (pe Bdon to oyorkd Pirio) 41

{1,3,7,9,21,63}n{1, 2,37, 74}
oniadn to
{1}
5.1.7. Noa Bpeite 100G KOovg donpEteg TV aplBudv a, B oTic akdAovdeg
TEPUTTAGELG
I. a=100, =50
II. 0=2", p=2°
5.1.8.[INa anodeitete 011 av 0l toTe 01 KOvoi Srapéteg Tov 0, B eivar ot Sraupéteg
Tov .
5.1.9.[1Na anodeifete 01t av pu<v 161 01 KOwvoi dranpéteg Tov o, a* givar ot
drapéteg Tov o
5.1.10. Kd&Oe ap1Buoc extdg amd doupéteg éxet kot morhomhdoia. To 0 £xel povo éva
TOAMOTAAGL0" TOV €00TO TOV. "OAOL 01 GAROL OKEPOLOL £YOVV AMEPO TOAAUTAAGLAL.
‘Onwg ko pe tovg dwupeteg av €vag appog m etvar mToAAOTAAGIO TOL O Kot O
avtifetog Tov -m elvor moAlamAdclo tov a. Attt agov m=ka elvar -m=(-k)a.
Enopévag av yvopiCovpe ta Oetikd mollamidow evog a=0 yvopilovpe Olo to
TOAAOTAGGLOL.
5.1.11. ] Na. ypayete 6Aa 1o TOAMOTAGSIO TOV 4 TOV AVAKOLY GTO SIGGTNHA
[-31, -1].
5.1.12. "Evog ap1budg a0, £1 mov &xet pdvo o Oeticovg Srapéteg (Kot emopévag 4
OluPETEC AV UETPNOOLUE KOL TOLG OpVNTIKOLS ) OnAadn tovg 1 kou |of Aéyeton
TPOTOS. AlpopeTikd AéyeTon oOvOETOS. XTOV Tivaka TV dtopetdv PAETOLUE OTL O
apOuog 7 (emopévemg kat o -7) eivon mpdtoc. O 18 givan odvOetog. Avo apiBuoi mov

€ovv uovo €va koo BeTikd dtonpétn AEyoviol GYETIKA TPMOTOL dNANOT TPDOTOL O
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évag o€ oxéon e Tov GAA0. AVo oyeTikd mpdTol aplBpoi Aéyovion Kol TPATOL TPOG
aAlMArove.

5.1.13. [ Iow {eoyn omd Tovg apBpovg 1,11, 21, 31, 41, 51, 61, 61, 91 eivar {edyn
CGYETIKA TPOTOV 0plOUdV;

5.1.14. [ TTow amd ta mapakdton (edyn apOumv eivol apiOpoi oyetikd TpdTot;

o) 11,33 B) 12, 34

Y) 13,35 9) 15, 45

5.1.15. [7] Na amodeiéete 6t av ot a, B eivar oxetikd mpdTot kot y|B tOTE KOt ot o, ¥
glvol oYeTIKG TPOTOL.

5.1.16. [IMe ¢(v) (Zvvéptnon @i tov Euler) copBoilovue to TAR00¢ TV OeTikmdv
axkepaimv mov givar dgv vrepPaivouy Tov BeTIKO aKéPato v Kol €ivol OYETIKA TPMTOL
po¢ avtdv. A.y. givor @(10)=4 516t o1 amd Tov; apBpovg 1, 2, 3,4, 5,6, 7, 8,9, 10
oyeTIKd TpmTOol mpog to 10 elvan oreéng4: 1, 3,7, 9.

I. No vrmoAoyicete v mapdotacn @(20)+e(30)+p(40)

II. No kévete v ypoaeikn mopdaotacn ™ ¢ v 1<v<20. Eneion n ¢ givor akoiovdio
Oa £xete pepovopéva onpueio.

5.1.17. Z¢ avtibeon pe v gopeon tov Oetikdv Sranpetdv evog aptdpov o (mov
vevikad givon eminovn dadikacio” vapyovv apBpol mov dev gival Yvwotol ot dlonpéteg
T0VG) T0 Vo Bpodpe Ta BeTikd moAlamAdoia Tov 00 givor €0koAn dovield Kot pmopet
va yivel povo kdvovtag tpodcbeon. Ta Oeticd ToAAamidcio Tov o eivot To:

loaf  aHol foltlalHal  foltHolHalHal ...

Amotedov pia aplOuntikn tpododo pe TpdTO 6po ToV |0 Kot dopopd Tov |of Kot

EMOUEVMG TO VI-00TO BETIKO TOAALOTAGG10 TOV o €lvar o v|al.
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5.1.18. Ztov rivaxa mov akolovBei paivovtot to Ghvola TV OETIKOV

noAlomAaciov Tov apfuov 1-19.

Ap1Bu6g > UvoAo BeTIKWV TTOANATTAACTIWV
1 1,2,3,4,5,6,7,8,9,10,...}
2 {2,4,6,8,10,12,14,16,18,20,...}
3 {3,6,9,12,15,18,21,24,27,30,...}
4 {4,8,12,16,20,24,28,32,36,40,...}
5 {5,10,15,20,25,30,35,40,45,50,...}
6 {6,12,18,24,30,36,42,48,54,60,...}
7 {7,14,21,28,35,42,49,56,63,70,...}
8 {8,16,24,32,40,48,56,64,72,80,...}
9 {9,18,27,36,45,54,63,72,81,90,...}
10 {10,20,30,40,50,60,70,80,90,100,...}
11 {11,22,33,44,55,66,77,88,99,110,...}
12 {12,24,36,48,60,72,84,96,108,120,...}
13 {13,26,39,52,65,78,91,104,117,130,...}
14 {14,28,42,56,70,84,98,112,126,140,...}
15 {15,30,45,60,75,90,105,120,135,150,...}
16 {16,32,48,64,80,96,112,128,144,160,...}
17 {17,34,51,68,85,102,119,136,153,170,...}
18 {18,36,54,72,90,108,126,144,162,180,...}
19 £19,38,57,76,95,114,133,152,171,190,...}

5.1.19. Eidape 611 t0 60voro TV Srupetdv evig 00 givar memepacuévo. Puoikd

KOl TO GOVOAO TMV BETIKAOV SLPETMOV TOL o €ivar Kot ovTo Temepacévo. Av B0 tote
KOl TO GOVOAO TV KOW®OV dopetdv Tov o, B eivor menepacuévo. Emopévag (PA.
2.19.) 0a éyel kGmoo otoryeio mov Oa sivon péyreto dSnAadn peyadvtepo 1 ico omd
oA o, voroua. O apBpdg avtdg eivarl 0 PeEYOADTEPOG ATO TOVG KOVOUG OoPETES
mov €yovv ot o, P wor Oa eivor Oetikdc apBpdc, ovopdletor pEYIGTOS KOWVOG
drnpétng tov o, B ovpPoriletan’ de e (a, B).

INa mapdderypo o1 kool dropéteg tov 22, 18 givor ot £1, £2 kot o peyardtepog and
avtovg etvan 0 2. Emopévemg (12, 22)=2.

5.1.20. Eivou (a, B)=(B,a).

Amrooeién. Eilte Bewpnoovpe toug Kowovg Oapétes twv o, B gite toug Kowvoig
Swpéteg TV B, o avaeepdnacte 6Tovg idtovg aptBpovs. Emopévmg kot ot péyiotot

amd o TOVG GLUTITTOVV.

Ipocoyn ypnoponoteitor o id10g cLPPOAMGHOG pe ekeivov Tov dtoTeTaypévou (evyoug, Tov JLoVOGLOTOG , TOV
onuelov Kot Tov avorktov draotipatoc. Amd o cvpepalopeva katarafaivovpe mepi Tivog TpdKELTOL
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5.1.21. No Bpeite tov péyioto koo diaupétn tov apldudy 34, 45.
5.1.22. Tlowg givar 0 péytotog kKovdg Sropétng tmv opdumy 12 kot -3;

5.1.23. Na Bpeite v Tun ¢ Tapdotacng

(2, 12)+(-24,45)+1

5.1.24. Na Moete Ti¢ eElodoelg

(3, 4)=x (x,3)=3 (x,4)=3

5.1.25. Avédoya pe tovg kowvolg dtonpéteg dHo apldumv opiloviol kot To. Kowd

moAlamAdota. AoBévimv dVo aplBudv a, B vrapyovy apBpol 6mwg A.y. TO YVOUEVO
TOVG aff oL €lvar TOALATAAGIO Kot TOL o Kot Tov B. Ot apBpol avtoi Aéyovtal kKowva,
nolhomhdora Tov o, B. To 6OVOAO T®V KOW®V TOALOTAOCI®V TV o, B dev gival
GAho omd TNV TOUN TOL GLVOAOL TMOV TOAANTANGIOV TOV O UE TO CUVOAO TMOV
noALTAAGiOV TOL B. A.Y. TO GOVOAO TV TOAAATANGI®Y TOV 6 glval TO
{36,112, 18,24, £30, 136, 142, 148, +54, +00,...}
EVO TOV -8 1O
{18, £16,124, 132, +40, 148, £56, 164, £72, 180,...}
To ovvoAo TV KOw®V moAlomAaciov Tov 6 kot -8 eivar n Toun Tov 600 AVTOV
GLUVOL®V OMNAOT TO
{£24, 48, £73,....}
To obvoro TV KOW®OV TOAATAAGIOV 000 U UNoeviK®V aplBuadv o, B mepléyet
ommwcdNmote kol Tov Betikd apOud |of|f|. Emopévmg ovo pun pndevucol apiBpoi £xovv
Ko Oetikd kowvd moAlamAdoto. To cOvoro TV BETIKOV KOOV TOALITAACI®OV TOV o,
B etvar éva vroovvoro TV Betikdv axepaimv Kot emopévag (tapdostypa 2.19.) Oa
éxel éva otoyeio mov Ba givol pkpotepo M 160 amd dAAo OmAadn €va ELAYLOTO

ototyeio. To eddyioto avtd Kowvd BeTiKd TOALATAGG1IO TV o, B ovopdletal ELALOTO
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KOWO6 TOAATAGO10 TV 0, B Ko cvpBoriletar’ pe [o, B]. Two napddetypo to0 chvolo
TV BeTiKdV ToALaTAOGIOV TV aplBumy -9, -6 elvar avtioToiym Ta:
{9,18,27,36,45,54,63,72,81,90,...}
{6,12,18,24,30,36,42,48,54,60,...}
KOl TO GUVOAO TV OETIKOV KOOV TOALATANGI®V, dSNANOT 1| TOWUY| TOVG, VOl TO
{18,36,54,72,90,...}
To eldyioto otoryeio Tov cuvorlov avtod eivan to 18. Emopévac 10 eldyioto Koo

moALamAdolo Twv -9, -6 givan to 18 onhadn [-9, -6]=18.

5.1.26. Eivau [a, B]=[B,0]

Amoodeién. Acgite v amddeln ¢ avtiotoyng WwOTTAG Yoo TOV UEYIGTO KOWO
Sropén. M

5.1.27. Na Bpeite 1o [34, 12].

5.1.28. Na Bpeite tov x dt0v givar yvwotod ot [x, 10]=20

5.1.29. Noa Moete 10 «ovoTnHON

[x,10]= 40
(x,12)=4

5.2. O1 BaoIKES TTPOTAOCEIS OTOV EYIOTO KOIVO OIAIPETN KAl OTO

gAdyioTo Koivo moAAarmrAdoio.

5.2.1. Ioybe

(@, py=(-a, p)=(a, -p)=(-0, -Hy=(lal, [5])
[o, f1=[-0, pY=lov -B1=L-0. -B1=lal, 6]

3 Ioydet aviloyn emoUAVON UE EKEIVT] TOV KAVOLE Y10 TOV HEYIOTO KOWO S10upETY. Agv TPEMEL VO GLYYXEOVE TO
eMdy1oTo Kowvd moAlamAdcto [a, B] ne to KAeotd ddotnua [a, B].
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Amoderén. O apBuol -a, Kot a £xovv Toug id100v¢ danpéteg. Emiong ko o1 B, B €xovv
Tovg 1010V¢ dlapétes. Emouévag ta {evyn

wp -a.p a-p -ap
£€Yovv ToVG 10100¢ KO1voUg O1onpETeS. AVTO oNUAiveL OTL £X0VV Kol TOVG 110V BeTIKOVG
KO1VOUC O1oPETESG Gpal Kot TOV 1010 PEYIoTO KOO OtonpéTn.
Xovenads (o, B)=(-a, p)=(a, -B)=(-a, -B)
TéNog o (|af, |B]) etvon kdmolog amd Tovg TaPATAV® TEGGEPLS aPlOUOVS Kot ETOUEVMG
glva 100G pe anTovg.
Axp1Pdc Tov 1010 GLAALOYICUO LITOPOVLE VO KAVOVLE KoL Y10 TO EAAYLGTO KOO
moAlamAdoto. H amdoein Oa eivon 1010 pe v mponyovpevn apket n AEEN «O1pETno»
v ovTikatactadel pe v AéEn «roramidoioy M
5.2.2. Av o=kf+y téte 01 KOIvOi S1aupétes Twv a, B GVUTITTOVY e TOVS KOIVODG
O10UPETES TV f3, .
Amooerén: Eldape 6t 0 6 droupet toug a, B av kot povo av dwapei Toug B, v. Emopévac
KdOe Kovdg doupétng TV a, B eivar Kot Kowvog dtopétg tov B, Y Kot kdbe kovdg
dtopétng Tev B, y elvar kot Kovog dtanp€ng tv a, B. "Apa 01 Kovoi dSloupéteg Tov a,
B cvpumintovv pe Tovg Kowoig drtupéteg tov a, y. M
5.2.3. Av a=kp+y tdte 0 péyiorog kovég Siaupétng twv a, B eivar ioog ue tov uéyioto
Ko1vo owoupéty tv P, y. Aniaon (a, f)=(B, 7).
Amoderén: AOTL oD 01 KO1vol d1apETES TV a, B Kot B, Y COUTITTOVY Ko 01 PEYIoTOL
€€’ avtdv cuuminTovv.
5.2.4. Av npocbécovue otov a éva mollamidoio tov B 16te 0 uéyLoTog Kovog SLaipétng

oev ailaler. Anloon (a, B)=(a+ kB, p).

N.Z. Mavpoyibvvng
wWww.nsmavrogiannis.or




MoOnpato Ocopiog ApOumv (pe Bdon to oyorkd Pirio) 47

Eidixa av mpoabéaovue n apaipéoovue amod tov o 10V ff 0 UEYIGTOS KOIVOS OLOIPETHS OEV
arracer ontaon (o, p)=(a-p, p)=(a+p, p)
Amoderén: To TpdTO 6KEAOG EIVOIL GLVETELD TOL TPONYOLLEVOL OV TAPOVUE Y=0+(-
k)B.
To Sebtepo eivar cuvémeto, Tov TpdTov av népovpe k=+1. H
5.2.5. Av v eivai 1o vrdloimo tie Sradpeonc a:f tote (o, B)=(f, v)
Amédercn: Apxei va napatnpricovpe 61t a=rp+v. M
5.2.6. Ac Bpovpe tov péyioto kowd Sropétn twv v+1, v. fyovpe:
(v+1, v)=(apaipodpe amd to v+1 10 v)
=(v, 1)=(o1 xowol drapétec tv v ko 1 glvar ot £1) =1
5.2.7. Ag Bpovue tov péyioto koo draupétn tov 3v+1, 2v-1. "Exovpe:
(3v+1, 2v-1)=( aporpodpe and 1o 3v+1 10 2v-1)
=(v+2, 2v-1)=( mpocBétovpe oto 2v-1 10 (-2)(V+2))
=(v+2, -5)= (mpocbétovpue oto v+2 10 -5)
=(v-3, -5)= (o B¢om tov -5 yphpovpe 0 5)
=(v-3,5)
5.2.8. 'Ecto ot apibpoi a=123, B=33. Awpdvrog to a:f Ppickovpe
0=333+24
Aloup®dVTOG TOV S1apETY TS TPONYoLEVNS daipeong =33 e To vmorowmo g 24
Bpiokovpue
33=124+9
Aloup®dvtog Tov OlapéTn 24 T TPoNyoLUEVNS dLaipEST|G e TO LITOAOITO TG 9
Bpiokovpe

24=29+6
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Altoup@dvtog Tov dlapéTn 9 g TPonyovUEVNG O1OUPESTC LLE TO VITOAOTO TNG 6
Bpiokovpue

9=16+3
Altoupdvtog Tov dtapétn 6 TG TPoNYoVUEVIC OloipeESNC e TO VTOAOUTO TG 3
Bpiokovpe

9=23+0

Eivoun (123, 33)=(33, 24)=(24, 9)=(9, 6)=(6, 3)=3
5.2.9. DAV n owaipean a.:ff apnvel VLOAOITO vy, N OLAIPETH PV OPHVEL DTOAOLTO ),

n oraipean f:v; 0PHVEL DTOAOITO V3, K.0.K TOTE KOTOL0, OTTO TIS OIOIPETELS OVTES EIVAL
TEAELOL KO O OLOUPETHS OTHS THS OLAIPETNS EIVOL O UEPIOTOS KOIVOS OLALPETHS TV @, f.
Amrooeién: Extehodue v dwipeon a:f. Av Bpovpe vrorowmo 0 tote 0 P elvan
SLPETNG TOV o KOt 0 HEYIOTOG KOWAC dlap€tng Tov o, B eivar o B. Av oyt Oa Bpodpe
Kémoto un pndevikd vroloto v To omoio Ba givar pkpdtepo tov B. 'O péyiotog
KOWOG Sloupétng Tov a, B eivol Tontoxpoves 0 HEYIGTOC KOOGS doupétng Tov B, vi.
Awopovpe Tov o pe Tov v1. Oa Bpodpe Kamoto VIOAOUTO V,. AV cupPaivel To VIOAOUTO
ovtd va givar 0 tote 0 v givor dtoupétng Tov B KoL ETOUEVMDG O HEYIOTOS KOWVOG
Supétng TV B, v TOV PE TNV GEPE TOV €lvar 0 PEYIGTOG KOOGS dLpETng TV o, P.
Av 0 v, givar d1dpopog Tov PuNndevog Ba gival OTOOOINTOTE PKPATEPOS TOL OLOPETN
g dwaipeong amd v omoia £xel TPoEABEL SNAON TOL V] TOL LE TNV GEPA TOL gival
pikpoteEPog Tov B. Xuvveyilovpe avtn Vv dadtKacio 66ec Popég ypelachel €mwg dtov
Bpovdpe vrdérowmo 0. To apéowg mponyovduevo vOAOUTO-ToVv Bar eivar d1dpopo Tov
uUnodevoc- elvar o PEYIGTOG KOWOG dtoupétng tov a, P. Aéue 6oeg @opéc ypelachel
evwomvtag 0Tt Kamote avt 1 owdikacio Oa teppaticel. Kot étol elvan d10t kébe
Qopa ta vroAouta Tov Ppickovpe givor pkpOTEPO 0ALL MG VITOAOWTO O pmopel va

etvan pikpotepa and 1o 0. v Tpdtn dwipeon ta dvvatd veorowma givon 0, 1, 2, ...,
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B-1 otV emdpevn eivar katd £vo AMydtepa Kot ot ETMA0YEG MYOSsTEDOLV HETE amd KAOe

daipeon. Emopévag 1o oAb petd omd B fripato Bo fpovpe pmdevicd vrorouro. M

5.2.10. EI O uéyiotog Ko1vog d10upeTns Twv Betikay axepaiwy a, f ypapetar mg

YPOUUIKOG TOVODOGUOS TV 0, f.

Amoderén: Ac mobue 6tL 0=P. Awpdvtag 1o o pe to B, T0 B e 10 VTOAOUTO TG
dwaipeong awtng K.0.K Ba kataAnEovpe otov (a, B) mov Ba eivar To TElgLTAiO U
UNOEVIKO VTTOAOITO TOV GUVAVTALE GE LT TV OAANAOVYIO OPECEDV. EEPOVLE TO
volowmo piag draipeong elvar ypappkodg cuvoLAcHOS TOV SLOPETN Kol TOV
dwpetéov. "Apa o (a, B) eivorl YpopUtKoc GUVILOGHOG TOL OLOPETH KOL TOV
SLPETEOL TN dlalipeoNG Ao TNV ool TPOKVTTEL. AAAG O SLOPETNG AVTNG TNG
dwaipeong eivat ypappIKOG GLVOLAGHOG TOL SLULPETT KOl TOV SLOPETEOD TNG OUECHS
TponyovpevNS dtaipeons. AnAdadn o (a, B) etvar ypoppkdg cuvovacuds oyt Lovo
SLpETN-01opeTéon g dtaipeons omd TV omoia TPOKHTTEL OALY KOt YPOUUKOS
GLUVOLAGHOG TOL SLUPETN-OLOPETEOD TNG AUEGMOG TPOTYOVUEVIG dlaipeoNC.
[Ipoyopdvtog fpa-prua copmepaivovpe 6Tt o (o, B) eivat cuvdvacpoc tov o, p. M
5.2.11. Ag ekppdoovpe Tov péylotog Kowo dtopét tov a=123, B=33 og ypopukod

cuvdvacuod touve. "Eyxovpe Tig 106tNTEG

[o6ta mov "Ex@pacn Tov vroloimov
TPOKVTTEL ®G YPOUUIKOD GLVOVAGHOD
a6 TV dlaipeon SLOPETEOV-OLOPETN
123=333+24 24=123-333
33=124+9 9=33-124
24=29+6 6=24-29
9=16+3 3=9-16
9=33+0 (123, 33)=3

3=9-16=9-1(24-29)=3 9-1"24=3" (33-124)-1' 24=

3 33-424=3 33-4 (123-333)= -4123+1533
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Enopévamg etvar (a, B)=-4a+15.

5.2.12. O péyiotog kowvdg doupétng 800 aptlOudV YPAGETOL HEV ®OC YPOUUUIKOG
GLVOLAUGUOG TOVG OAAL Ol GUVTEAEGTES OTOV TOL YPOUUKOD GUVOLAGLOD Ogv gival
povoadikoi. A.y. 0nmg eldape mpv etvan pe a=123, f=33 sivon

(o, B)=3=-4a+15B. AAAG vrdpyovv Kot GAAOL GUVTELESTEG €KTOG amd Toug -4, 15 pe
TOVG O0TO10VG EMTVYYAVETOL TO 1010 OmOTEAEG . AgV €ival SUOKOAO VO SOMIGTMOCETE
ot (a, B)=1940-723.

5.2.13. D O1 a, B eival oYeTiKé TPATOL OV KAl UOVO O DIAPYODY K, A £T01 (OOTE

rkotAp=1

Amoodeién. Av ot a, B etvat GYeTIKE TPMOTOL TOTE 0 UEYIGTOG KOOGS S10PpETNG TOVG
apevog givat 1 kot apetépov Onwme kb HEYIOTOC KOOGS dlopétng dVo aplBumvy ivat
évag OeTikdg YpappKog cuvovaouog Toug Kat+AP. “"Apa vdpyovy K, A £T61 OOTE
Ko+AB=1. AVTIGTPOP®S oV VITAPYOLV K, A €01 Mote Kat+AB=1 kot & ivar £vag kowog
Supétng Tov a, B téte 0 6 dranpel Tovg a, B Kot ETOUEVOS TOV YPUUUIKOS GUVIVOGHOG
toug Ka+AB. "Apa d|1. O 6 Aourdv givar £1. Zvvenmg ot kool dtapéteg Tov a, B eivat
ot +1, -1 ko 0 péylotog and avtovg eivat o 1 dnrady (o, p)=1. M

5.2.14. D Lo k60e (edyog axepaiamv a, f ue f#0 o (a.f) eivou Oetikog ypoyurog
aVVOVATUOS TV a., f.

Amooeién. Etvan (a, B)=(|al, |B]). Av gtvon 0=0 tote

(o, B)=IB| o |BI=1a+(£1)B. (To + av >0 ko o - av B<0).

Av 00 tOTE VIAPYOVV K, A £TOL DOTE

(o, B)=(lat], [BI)y=xlo+A[B[= (F)aHFM)B

5.2.15. D O (a,p) eivou o eAdyiotog OtikOg YpopIKOS GVVODOGUOS TV @, b.
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Amoderén. O (a, B) aceoaidg eivar évag BeTikog ypapputkdg cuvovacudg Tov o, P.
[Ipémer va deiovpe 611 givon pikpdtepog 1 100G amd kdbe BeTKd YpapKO GLVOLAGILO
tov o, B. "Eoto 6=(a, B). "Eotm x=Kka+AP évag 0eTikdg YpOUKOS GLVOLOGHOS TOV O,
B. Eivauw x>0. Eneon d|a, O|pf ocvumepaivovpe ot §| ko+Ap dniaon d|x. Ot o, x elvar

BetiKol aKképootl Kot ETOUEVMG O<X.

5.2.16. D Av évog aprBuog x o1oupet Tovg a, ff O100peEl Kai TV UEYLTTO KOIVO OL10IPETH

(a.f) TV @, p.
Amooderén. Apob o x dapel Tovg a, B oropel kot kdBe Ypoppikd cuvovacud ToVg

emopéveg Kot tov (a,f).
5.2.17. D Avv22 kou a,,a,,...,a, EvVol v 0KEPOIOL O1GPOPOL TOD UNOEVOG TOTE:!

1. O uéyiorog kovog droupétng tovg (a,,d,,...,a,) VoL YpOLUIKOS CVVODACLOGS TOVG.
1. KéOe ko1vog draupétns tov a,,a,,...,a, owpei ov (a,,a,,...,a,).

1110 (a,,a,,...,a,) eivai 0 eAdy10ToG OeTIKOS YPOUIKOS TVVODACUOS TV Ay, A, ..., A,
Amodeién.

I. Oa anodeiovpe 6110 (a,,a,,...,a,) Vol YPAPPIKOG CUVOVAGHOG TOV a;,d,,...,d, HE
emay®yN 610 v. Av v=2 10 0modektéo woyvel. 'Eotm 01t 1oydet yro v=k dniaodn| £otw
OTL 0 PEYI6TOG KOWVOG drapétng k apBpmv etvar ypoppkds Guvovasioc ovtav Tov
aplOpmv. Qo dei&ovpe 0Tt T0 amodEIKTED oYVEL Kot Yo v=k+1 cvykekpipéva Oa
det&ovpe 0Tt 0 péyiotog kowvog dtanpétne k+1 aplBumv a,,a,,...,a,,a,,, etval ypoppkoc
GLVILOGHOG aVTAV TV aplpmv. Ioyxdet (a,,a,,....a,,a,,,) =((a,,a,,....a, ),a,,,). " Opwg
0 MEYIGTOG KOWVOG S10pETNG TV OpOUQY (a,,d,,...,a; ), A, EVOL YPOUIIKOS
GLVOLOGUOG TOLG ONANOT VILAPYOLV X, Y £TGL MOTE

((a,,ay,...a; )50, )= x(a,a,,....a, )+ ya, ., (1)
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Amd v vrdbeon g emoyyYNG Kot o (a,,a,,...,a, ) etval ypappkog
GLVOLOGUOG TOV d,,d,,...,d; ONAOITN VIEAPYOVV X,,X,,...,.X; £TCL OCTE
(a,,a,,....a, )= x,a, + X,a, +..+x,a, ?2)
Avtikabiotodue 10 (a,,a,,...,a, ) and v (2) omyv (1) kot Egovpe
((a,,a,,...,a;),a,.,,)= x(x,a, + x,a, +..+x,a, )+ ya,,, Kavovtog t1c npdceig fpiockovpe
ot (a,,a,,....a,,a,, )=(xx,)a, +(xx,)a, +..+(xx,)a, + ya,, Emopéveg o (a,,a,,....a,,a,,,)
VoL YPOULIKOS GUVOVOOUOG TOV ;,ay,....0, 0, ;-
II. AgvmoBécovpie Tdpa 0TL 0 O glvar KOOGS SLUPETNG TOV ay,d,,....a,. O NEYIOTOC
KOWOG Stoupétng tovg (a,,a,,...,a, ) YPAPETOL OG YPUUIIKOG GUVOVAGHOS TOVG dNAadT|
VIAPYOVY X|,X,,....X, ETCL OGTE (a,,a,,...,a, )= X,a, + X,a, +..4+x,a,. O & dpel kK4Oe
éva amd TOVG a,,a, ,...,a, EMOUEVMG KOL TO, TOAALATAAGLO TOVG X,a;, X,d,,....X ,a, Gpa.
Kot o dfpotopa tovg x,a, + x,a, +..+x,a,. Enopévac d|(a,,a,,...,.a, ).
1.0 (a,,a,,....a,) etvar KATO0G YPAUUIKOG CUVOVACHOG X, a, + X,a, +..+X, d, T®OV
a,,a,,...,a,. Qo gtvon x,a, + x,a, +.+x,a, >0 don (a,,a,,....,a,)> 0. Av topa
yia, + y,a, +..+y,a, elvar évag onolosdnmote OeTucds YPOLLUKOS GLVIVAGHOG TOV
a,,a,,...,a, TOTE 0QOV 0 (a,,a,,...,a,) evor dSpemg TV a,,a,,....a, Ho etvor Stopémg
KOL TOV Y,a, + y,a, +..+y a . Apa eneidn ampokettol yio 0etikods apBpois Oa eivor
(a,,a,,....a,)< ya,+ y,a, +.+y.a,
TPAyRo TOL oNUotvel 0TL x,a, + X,a, +..+x,a, <ya, + y,a, +..+y.a,
Emopévac o péylotog kovog S1oupétng tov a,,d,,...,d, Vol o mo pkpog 0etikog

YPOUUIKOG GUVOVOGUOC TOV d,,d,,...,a,. B

EI Av o1 a, B eivar ayetikd TpwTol ko o|fx ToTeE alx.
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Amoderén. Apov ot a, B eival GYETIKA TPMOTOL LITAPYOVV K, A TG MoTE Ka+AP=1.
[ToAoamlacialovtog tnv oxéomn avtr pe X Ppiockovpe 6Tt Kax+APX=X. Xtnv oyéon
oTH o SLPEL KOt TOVG OO0 TPOGHETEOVE TOL TPADTOV PUEAOVS TNG ETOUEVMOS KOl TO
devtepo. M

5.2.18. IIpocéEte 6TL TO GLUTEPAGLO GTNV TEPATAV® 110TNTO TODEL VO, 1YXDEL OTOV

ot 0, P dev eivar oyetikd mpdTot. ILy. pe 0=9, =3, x=12 eivar a|px oAré o [ x.
5.2.19. EI Av o1 a, B etvou oyetikd mparor kot aly, Bly tote afly.

Amoderén. Zépovpe 6t Bly. Emopévoc vrdpyet k €101 dote y=xp. Apov aly eivar o]

xB. "Opwg ot 0, P eivon oyetcd TpdTotl emopévag afx. "Apa dniody aply. I
5.2.20. EI Av 6=(a, B) t61€ 0 8 dicupet Tovg a, B Kou o TRAika TV Soupéoewy b,

0 eivar apiBuol oyetixa mpwrol.
Amoderén. To 6T1 0 & drupel Tovg a, B Exel NOM anodeyBel. "Eotw 611 0=ka+AP. Tote

B B

dpavtog ot d £yovpe g=K%+Xg onhadn K%‘f‘}ug =1. And v tehevtaio oyéon

ap

ocvumepaivovpe 0Tt o1 axépatot apdpoi 35 givon oyetikd npdrol. M

5.2.21. [ Eva [o, Bl(a, By=ap

Amrooeiéy. "Eotw d=(a, B). Eivor a=a6, f=B'0 xarora’, B elvar oyetikd tpdtot.
"Eoto tdpa X éva 0eTikd Koo moALamAdc1o TV d, B. A@ov To 0 X glval
TOALOTTAGGLO TOV O VITAPYEL Y £TGL DOTE

X=yo.
Avtikafiotdvtag oty B€om tov o 10 0=0"0 EYovpe OTL

X=y o’

N.Z. Mavpoyibvvng
wWww.nsmavrogiannis.or




54 MoOnpato Ocopiog ApOumv (pe Bdon to oyorkd Pirio)

O B dwpet tov x emopévag B'ol y a’d . Amhomoumvtog o o PBpiokovpe B |y a'.
"Oupmg ot a’, B etvor oyetikd TpmdTOL Ko avarykaoTikd B |y . "Apa vtapyel z £tot
woTE
y=zp
Yvvoyilovtag éxovpe OTL
x=yo=yo=ya’ 0=zpa 0=za "o
Ka0e Aoudv Betikd moAlamAdcio tov a, B eivor g popeng za B’6, z>0 kor kabe
apOuog g popeng za o pe z>0 eivon £va BeTikd moAlomAdcio Tov a, . Me dAla
Adyla ta BeTikd ToAomAdcia TV o, B etvor akpPmg ot apBpoi g pLopeng
zo B0 pe z>0
Engion ora’, B, 0 etvan dedopévol 1o moAranmAdoto za B0 eivor Eddyioto dtav z=1.
"Apa
[a, B]=a’B"d
[ToAoamAacialovtog kot dtoupdvtag to o B0 pe o piokovue Ot

WP _ 9B o [, (s f-op

[a, B]ZT 5

5.2.22. EI Av alx xou Blx tote [a, B | x dniadi kdbe kové molliamidoro twv o, B

elval ka1 ToALOTAGO10 TOV EAGYIGTOV KO1VOD TOALATAGGIOD TV 0, .
Amoderén. Av 6=(a, B) tote a=a’d, B=P 0 kaw ot a’, B” eivon oyeTIKA TPOTOL. APOV
alx, B|x vapyovv aképalol y, z £T61 OGTE
x=ya, Xx=23
KOl ETOUEVDG
x=ya’9, x=zf"0 (1)
E&iomvovrag €yovpe

yo 0=zp"d
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KOl ATAOTTOIMVTOG TO O EYOVUE
ya'=zf’
ATO TV 160TNTA VT GLUTEPAIVOVUE OTL
o’|zf’, B’lya’

Eneon ova’, B etvan oyetikd mpdtot £yovpe OTL

o'|z ko B’y
Enopévmg vrapyovv z', y* €161 dote
z=z'a" ko y=y B’ (2)
Avtikafiotovtag oty tpmdtn oxéon amod 11§ (1) o y and v (2) Ppickovpe 0T

ey B yBase B

y'lo, B]

Enopévac 1o x dtarpeitat omd to [, f]. W

5.3. MéyioTOC KOIVOC OI1AIPETNG KAl EAAXIOTO KOIVO

MOAAQITAQCIO TTEPICTOTEPWY AKEPAIWV.

5.3.1. Tevikdtepa av £xovpe TepiocdTEPOLS apduovg o, B, v, O, ... Kool dtupéteg
ToVG Aéyovtal ot aptBpoi Tov givar dtapéteg OAWV TV a, B, ¥, 0, ... KOl 0 HEYIGTOG
TOVG AEYETOL PEYLOTOS KOLVOG OLuLpéTng TV a, B, v, O, ... cuuPoAileTon dg e

(o, B, 7,0,...). o mapaderypa ot apBpoi 16, 24, -36 £xovv kKowvoig dtapéteg Toug £1,
+2, +4 ko emopéveg (16,24,36)=4.

5.3.2. 'Onog kot yio 860 apduoie n oeipd pe v omoia AapBavetar o péylotog
KOWOG dtopétng dev €xel onuacio. Avtd coppaivel S10TL OTOV AVAPEPOLOCTE GTO

HEYIOTO KOO OoPETN KATOU®Y OKEPAIWMV AVAPEPOLAGTE GTO GUVOAO TMOV OKEPOIMV

oVTOV.
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"Etot
(o, B, V)=(a, v, B)=(v, o, P) N (X, ¥, 2, W)=(W, ¥, X, Z) K.T.A. Avaroyn Topatnpnon
LGYVEL Y10, TEPLGGOTEPOVG APLOLLOVG,.
5.3.3. Na Bpeite Toug K01VOUG SPETES TOV AplOU®V a, B, ¥ 0TI akOA0VOES
TEPUTTAOGELS
I. a=100, =50, y=80
II. 0=2°, p=2°, p=2’
5.3.4. Na Bpeite v Tun ¢ mapdotaong
(-36, (72, 63))

5.3.5. Na Bpeite v Tiun ¢ mapdotacng

(1,2, (3, (4, (5, (6, (7, (8, (9, 10))))))

5.3.6. OvapOuoi a, B, 7, .., Aéyoval 6YETIKA TP@TOL 0V 01 HOVOL KOOl Sloupéteg

Toug etvar ot 1. "Otav gléyyovpe katd OG0 Kamolol aplfpol eival GYETIKA TPOTOL
KOUTAE TOVG KOOGS dtopETes mov dtabétovy dAor pali kot Oyt KATOLol LEPOVOUEVOL
amd avtovg. A.y. ot apBuoi 6, 15, 10 ivon oyetikd npwtot. Ev tovtoig ta Cedyn 6, 15
N 6,107 10, 6 dev eivar {edyn oxeTKd TPOTOV APOUDV.

5.3.7. Av &ovpe nepiocdtepovg un pndevikovg apldpove a, B, v, 8, ... kova
roilamidaio Tovg Aéyovtot ot aptfpol mov eivar moAlamAdcio OA®V TV a, B, v, J, ... .
[Tavtote vdpyovv Kot BETIKA KOWA TOAAATAGGLO Kot TO TTO UIKPO amd ovtd
ovopdletor Ady1oTo KOO TOAATALGLO TV A, B, ¥, O, ... kol cLUPOAIlETOL e
[a,B,7,0,...]. T mapaderypa ot apbpoi 16, -24, -36 &xovv BeTikd ToAAATAGGIO
avVTIGTOlY®G TOVG ap1OLong

e 16,32,48, 64, 80,96, 112, 128, 144, 160, 176, 192, 208, 224, 240, 256, 272,

288,...
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e 24 48,72,96, 120, 144, 168, 192, 216, 240, 264, 288, 312, 336, 360, 384, 408,...
e 36,72,108, 144, 180, 216, 252, 288, 324, 360, 396, 432, 468, 504, 540, 576,
612,...
To ehdyiot0o KOWd ToALaAGG10 givat 0 144 dnAaon

[16, -24, -36]=144
5.3.8. H oepd pe v omoia ypdeovpe Toug aptdpove oto shuporo tov eldyiotov

KOwoL ToALOmAAGioV ToVG dgv mailetl kavéva poAo. A.y. 1oyvEL

[o, B, vI=[B, v, al, [, B, v, 8]=[, 8, o, B] K.T-A.

5.3.9. Na Bpeite 1o ehdyioto kowvd morhamhdoio tov apdumy 12, 16, 20.
5.3.10. Na Bpeite ta [1,2,3],[1,2,3,4].

5.3.11. Tlow sivar to [o%0’,0°];

5.3.12. (tozser (o, (8. 7)~((@ B). 9)~(e. 5. 7)

Amooerén. Apkel va deicovpe 0t Ta {evyn apBumv
a, (B, v) xau (o, B), v &xovv Tovg 1010VG dPETEG Kot OTL aVTOl CLUTITTOVY UE TOVG
KOWOUG OPETES TV aplBudV a, B, v.

dla

dla
| } = J|B ¢ "Apa o d givor kKowvog dronpétng Tov a, B, .
S|(B, v) Sty
Sap) o
a,
Emiong Sty } = J|p+"Apa 0 & ivan kowodg Starpég tav a, B, y. W
ol

5.3.13. [ 1oyve1 [0, B, y1= [, 1B, 911= [T 1. 7].

Amooeién. Oa amodeifovpe v 106TNTO

[o, B, y1=[o [5, 711 (1)
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H w6otmra

[a. B, yI=lle, A1, 71 (2)
OTTOOEIKVVETAL LE OO0 TPOTO.
Ag ovopdacovpe x=[a, f, v] xar y=[oa, [f, 7]]
To x elval 10 eAd10T0 KOO TOALATAAG10 TV 0, B, v. [dttépwg eivon
® TOALOTAGGLO TOV O
® KOWO TOALUTTAAGIO TV B, ¥
Qg xowvd moAramAdcio Tov B, y gival kot toAhanAidcto tov [P, v]. Emopéveg to x
glva:
® TOAATAGGLO TOL O
e moAAamAdcto Tov [B, Y]
"Apa 10 X glvar kovd ToAAaTAdG10 TV o, [B, Y] Kot oG Té€To10 givat kot TOAAATAGG1LO
TOV EAAYLGTOV KOVOU TOAAATANGTIOVL TOVG [a, [B, Y]] onAadn Tov y. "Apa y|x kot
emedN mpokeLtar yo OeTicoVs akepaiovg GuVAyoLpE OTL Y<X.
Ac dovpe Topa Tt svpPaivel pe 1o y. To y givat To EAAy16TO KOO TOALUTAAGIO TOV
a, [B, v]. Q¢ moAhamrdscio tov [B, v] elvar kot moAhamddoio twv B, y. Emopéveg to 'y
etvat koo ToAAATAGG10 TOV 0, B, Y. AVTO onuoaivel 0Tt ival peyaddtepo 1 i6o amod
T0 EAGY10TO KOO TOAAATAGG1O0 TOVG [a, B, Y]. "Apa y=>X.

Tuvoyilovtog éxovpe 6Tt y<x kat y>x dpa x=y. l

6. OI ITPQTOI API®OMOI

6.1. 'Onog &xovpe det évag apOudg o Aéyetar TpdToc av eivol didpopog tmv +1 Kot
&xel povo 4 dupéteg toug 1, ta. Emopévag évag Betikdg aptOpog eivar mpmdtog av
etvan peyaddtepog tov 1 kat dgv Exet AAAOVG dlopETeg KTOC OO TOV EAVTO TOV KoL
tov 1. "Ocot ap1Bpoi givar 616popot tv £1 kot dgv glvar mpdTol AEyovtan GHVOETOL.

Ot ovvBetol £xovv mhvta TepiocdTEPOLS omd 4 drapétes. Eivar mpopavég 6T o o eivat
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TPAOTOG AV KoL LOVO av 0 -a givon Tpmdtoc. Emiong mpopavég etvar ot évag apBuog o
elval ovvBeTog av katl pdvo av o -o eivarl ohvietog. Or aképatol Aomdv yopilovrol oe
4 Eéva ava 600 VTOGHVOAN: TO LOVOGUVOAOD oL TTeptEyeL To 0, Tig povadeg =1, Toug
ovvBetovg kot toug TpmTove. Kdbe éva amd avtd av mepiéyetl éva aptBpd mepiéyet Kot

Tov avtifeto Tov.

<o ™

2vvbetor

Movdédec

Iparor
+1. -1.

Emopévog av yvopilovpe toug Betikovg mpdtovg yvopilovpe GAOVG TOVG TPADTOVG.
Av yvaopilovpe Tovg Betikovg cvvBetoug yvapilovpe 6Aovg Tovg chivletovg. o Tov
Adyo awto Ba mepropioBovpe PHOVO 6TOVG BETIKOVE TPMTOVS Kol 6TOVS BeTicolg
ovvBetove. "Otav Aoodv oto emMOpUEVH AEUE «TPDOTOG aplBLOG» Ba evvoovpe BeTIKO
mpoto. Eniong Aéyovtag «ovvBetog apBpdcy Ba evvoolpe Betikdg cvvOeTOC.

6.2. O mpdror Sradpapatilovy éva onuavtikd poro otny Oewpia aptOudv avéroyo
pe eketvo mwov mailovv Ta dtopa oty Xnpeio.

6.3. Kdbe otvhetog apifudc Siaupeirar and kdmwoiog mpdro.

Amrooeiéy. "Eoto o évag ovvBetog aptBpdc. O a Ba £xel TovAdyiotov Tpelg BeTikong
dwpéteg. Extog Aowmdv amd touvg 1 ko o Oa £xet ko kdmoto 0etikd dwopét B e
1<B<a. Av o B givar TpdTOg 1 0mAIEIEN Exel TELEIDoEL. Bpiikape éva mpmTo Stonpétn
tov B. Av o B etvau ouvBetog Ba Exet Eva droupétn vy pe 1<y<p. Av o y givor TpdTog
AL 1) amdOEEN £xEl TEAEIMOEL S1OTL 0 TPMTOG Y dlapel Tov P 0 omoiog pe v oepd
ToV dloupel Tov a dpa y|o. Ae umopet og avtn ™ dredikacio vo Bpickovpe cuveyeln
ovvBeTovg ap1BovG d10TL TOTE Bl VITdpyoLV dmelpot (cHvOeTol) apBpoi B, v, o, .. ue
1<...<0<y<B. "Apa dwdwkacio avt Ba teppaticdel petd ond nenepacuévo TAn0og

PNUGTOV e TNV £0pecT evOC TpdTOL dtonpétm p Tov . M
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6.4. 'Eotw p, g 0o mpdrror. Av icyder uia ard tig mapoxdtwm ocvvOikeg icydovy kot ot
vIoloimes

D p=q 2rla 3) (p9)=1

Amooeién. 1)=>2) Av p#q 101 0 p 0¢ pmopel va eivar dtoupétng Tov q 010TL dev gival
{00G e Kavéva amd Toug Betikovg dlapéte Tov q mov givatot 1, g. "Apap/f q.
2)=3) Avp[fq10te oL p, q £(OVV WG HOVO BeTid Kovd drupétn tov 1. Emopévac (p,
Q=1.

3)=1) Av (p, q)=1 101¢ 0¢ pmopel p=q 01611 TOtT€ Bt elyape (p, q)=(p, p)=p>1. "Apa
p=q. ®

6.5. 'Eotw p évag mparog apiudc kot o évag omoroadnmote aptOuds. Or mopaxdtam
oVVONKES EIVaL LGOODVOUES:

1) pllx 2) (p, x)=1

Améoerén. 1)=2) Ot kowvoi Betikol drapéteg Tav p, X de pnopel mapd va ivon
dwpéteg Tov p. "Apa (p, X)=1 1

(p, X)=p. H devtepn mepintmon amoxieietor d10TL T0TE Oar eiyope p|x. "Apa toyvel n
TpoOTN dNAadn (p, X)=1.

2)=1) Ac modpe ot (p, x)=1. Av cuvéBorve plx tote O frav (p, x)=p>1. A

H mponyoduevn mpdtaot pog Aéet 6t Evog TpdTOG 1 £ivol GYETIKA TPMTOG TPOG £VOL
aKEPOLO 1) TOV dtapel. Lvvémetla tng etvon ) emdpevn:

6.6. Av o p civau mpchrog kot plxy toTE plx 1] ply.

Améderén. Avp J x 10t (p, X)=1 xat emopévac ply. l

6.7. "Eva tpomo 1o, vo. Bpickovpe mpd@tovg aptdpods Hog TposOEPEL TO KOGKIVO TOV
Epatoc0ivn. Aéyeton €161 yroti Aettovpyel OTmg akpdg 10 KOGKIVO TO

¥PNoonTolEiTON 6TO 0AEVPL. MeTd amd Kabe «kookiviopoy amoympiloviot amd Tovg
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ap1Bpovg pe Toug omoiovg epyaldpacte Kamolol chvOetor apBpoi. Metd amd apketd
«KOOGKWIGHOTOY TAPAUEVOLY LOVO TP®TOL aptBpol. Ag 00VUE TS OOVAEVEL TO

KOoKwvo Tov Epatocfévn yia v ebpeom tov Tpdtev QUGIK®V aplBudV Tov dgv

vrepPaivovv tov 110.

Awypdpovpe tovg 0 kKon 1 mov dev etvan mpatot.

110 (111112 (113|114 (115|116 (117 [118 [119
100(101 (102 103|104 (105|106 (107 | 108 [ 109
80 [91 (92 |93 (94 |95 |96 |97 |98 |98
80 |81 |82 83 |84 |85 |86 |87 |88 |89
70 |71 |72 |73 |74 |75 |76 |77 |78 |79
60 |61 |62 |63 |64 |65 |66 |67 | 68 | 68
60 |61 |62 |63 |64 |55 |66 |57 |68 | B8
40 [ 41 [ 42 |43 [ 44 |45 |46 |47 |48 | 49
30 [31 (32 |33 [34 |35 (36 |37 |38 |38
20 |21 |22 (23 |24 |25 |26 |27 |28 | 29
10 [11 112 (13 |14 |16 (16 |17 |18 |19
0|1 |2 |3 |4|5 |6 |7 |88

O 2 givonr mpdTOG 0ALG OXa TOL VTTOLOUTA TOAAATAAGL TOV ONANON Ot dpTiol Tov eivarn

peyoivtepot Tov 2 givar cvvBetot. Tovg dwaypdpovpe:

110111 112113114 | 1156|116 117 (118|119
100|101 102|103 |104 | 106 |106 | 107 [108 | 109
90 (91 [92 |93 |94 |95 |96 |97 |98 | 99
80 81 (B2 |83 |84 |85 |86 87 |88 |89
70 |71 (72 |73 |74 |75 |76 |77 |78 |79
60 (61 [B2 |63 |64 | 66 |66 | 67 | B8 | 69
60 |51 |52 |53 |64 | 56 |66 | 67 |68 | B9
40 (41 (42 |43 |44 |45 |46 [ 47 |48 | 49
30 [31 (32 |33 |34 |35|36 |37 |38 |39
20 |21 [22 |23 |24 |25 |26 |27 |28 | 29
10 |11 |12 (13 (14 |15 [16 |17 |18 | 19
0|12 3[4 |65 |6 |7 ]85
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O 3 givan TpdTOG. AVvTd £lvon KdTL TOL TO EEPOoLE. 26TOCO TO OTL EIvol TPADTOG
TPOKLITEL KOl amd Eva dALo emyeipnpa mov Ba pog ypelachel Ttapakdtm: Av ftav
ouvBetog Ba eiyxe Eva LIKPOTEPO Ad WTOV TPMOTO dtoupétn. O udVOg LIKPOTEPOG Ao
Tov 3 TPpMTOC £ivor 0 2 Kot T0L TOAAOTAAGLO TOV TOL £XOVLE NN dtypayel xwpig OGS
va dwaypael 0 3."Apa o 3 eivar mpdtog. "Opmg To ToAlamAdcia Tov eival chvOeTol.

Ta dwrypdpovpe.

110111112113 114|116 |116 (117 [118 | 119
100|101 102|103 | 104|106 |106 | 107 [108 | 109
90 (91 [92 |93 |94 |95 |96 |97 |98 [ 89
80 [81 [B2 |83 |84 |85 |86 |87 [88 | 89
70 |71 (V2 |73 |74 |75 |76 |77 |78 |79
60 61 (B2 |63 |64 | 66 |66 | 67 |68 | B9
60 51 (52 |53 |64 | 56 |66 | 67 |68 | 59
40 (41 (42 |43 |44 |45 | 46 [ 47 |48 | 49
30 [31 (32 |33 |34 |36 |36 |37 |38 |39
20 [21 |22 |23 |24 |25 |26 |27 |28 | 29
10 |11 |12 (13 (14 [15 |16 |17 |18 | 19

O 5 elvar TpdTOG S10TL dev drapeiton amd Kavéva, pkpdtepo tov Tpdto. Ta
ToALOTAGG10 TOV 5 ToV givor peyodvtepa tov 5 etvan apiBpoi cuvBetot Tovg omoiovg

Kot S1oypAPOLLLE:
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1101111112 (113|114 115 ({116 117 [118 119
100101102 (103|104 | 106 (106 | 107 108|109
90 |91 |92 (83 |94 |95 |96 |97 |98 | 99
80 |81 |82 (83 |84 |85 |86 | B8Y |88 | 89
70 |71 | ¥2 (73 |74 |75 |76 |77 |78 |79
60 |61 |62 (63 |64 |65 66 | 67 |68 | BY
60 | 51 |52 |53 |54 |65 |56 | &7 |68 | 59
40 | 41 |42 (43 |44 |45 |46 | 47 |48 | 49
30 13132 (33 |34 |35 (36 |37 |38 |39
20 |21 |22 (23 |24 |25 |26 |27 |28 |20
10 (11 |12 (13 [14 |16 |16 |17 |18 | 19

O 7 givan TpadT0G. AlarypAPOVLE TO TOAAATAAGLN TOL:

1101111112113 114115116 117 (118|119
100(101 102|103 104 | 105|106 | 107 [108 | 109
90 |91 |92 |93 |94 |95 |96 | 97 |98 | 99
B0 |81 |82 83 |84 |85 |86 |87 (88 89
70 |71 |72 |73 |74 |75 |76 |77 |78 |79
B0 |61 |62 |63 B4 |65 |66 | 67 |68 | 69
B0 |51 |62 |53 |54 |65 |66 |67 |58 59
40 |41 |42 |43 |44 |45 | 46 | 47 [ 48 | 49
30 | 3132|3334 35|36 |37 |38 |39
20 |21 |22 |23 |24 |25 |26 | 27 (28 | 29
10 (11 (12 |13 |14 [15 (16 |17 |18 | 19

O 11 givor mp®dTOG S100ypAPOVLE TOL TOAALOTAAGLO TOV €KTOG Amtd TOV 1010 K.0.K. Tehkd

HETA T1G Sty papéc Oa Exovpe TV akoAovdn ewova:
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110111112113 ({114 |115]116 117|118 119
100101102103 (104|105 | 106|107 | 108|109
90 |91 |92 |93 |84 (95 | 96 |97 | 88 | 99
80 |81 |82 |83 |84 (85 86 |87 88 | 8O
70 |71 |72 |73 |74 |75 |76 |¥7 |78 |79
60 |61 (62 |63 |64 |65 66 | 67 | 68 | 69
60 |51 |52 |63 |64 |55 | 56 |67 | 68 | 59
40 |41 (42 |43 |44 |45 (46 | 47 | 48 | 49
30 |31 |32 |33 |34 (35 36 |37 |38 |39
20 |21 |22 |23 |24 |25 |26 |27 |28 | 29
10 |11 (12 113 |14 |15 [16 |17 |18 | 19

Ot apBpoi mov dev Exovv daypagel eivon TpdTot.

6.8. Ztovc 109 mpdTovg 6t ce1pd OeTikoig akepaiovg ot 30 eivar TpdTol dnhadn éva
1060010 36%. "Onmg 6tav mdpovpe TEPEGOTEPOVS APBILOVS TO TOGOGTO AVTO
ehattdverol dpapatikd: Ot tpdtol aptBpoi mov dev vepPaivovv o 1000 sivor 168
ONAdN TO0 TOGOGTO TOV TPOTWV TEPTEL TEPITOL 610 17% Ko yivetar 12% otig
10.000. O tpwrot apiBuoi mov dev vepPaivovv o 1.000.000 eivor 78.498 onhadn
nepimov 8%. ‘Oco peyardvouv ot apfpoi to 106ootd avtd pukpaivet. TiBeton to
epoOTU: MNmoc and Eva onueio kot Tépa ot TpmTot aptfpoi Ba e€apavichodv
EVTEAMG ONAOON LAT®G Ol TPMTOL 0P1OUOL KATOTE TEAELDOVOLV 1) 0AMMDG INTTG givart
nemepocpévol To TAn0og. H amdvrnon sivarl apvntikn kot v édwoe o EvkAeiong:
6.9. Yrdpyovv dreipor mparor.
Amrooeién. H amdoeién Oa yivel pe anoywyn oto dromo. Ag vmobécovpe 4Tt o1 TPOTOL
dgv gtvan dmepot oA memepacpévol. Ag movpe 6Tt To mAn0og toug eivan v. Tote
UTOPOVLLE VO, TOVS 0plOUnGovpE KaTh avEovoa Gelpd Kat £6Tm OTL €ivat ot

P =2,p, =3,....,p,. 'Eoto x 0 apBuog 1+ p,p,....p,. O apBudc avtodg eivar
REYQADTEPOG OO OAOVG TOVG Py, Pss...., P, KOL ETOUEVAS ETVOIL OLAPOPOG ATTO OAOVG

avtovc. Agv glvan AomdV TP®TOG H10TL 0L TPAOTOL £fvat OAOL KLU” OAOL OL Py, P, ..o P, -
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Enopévmg eivarl ovvletoc. Qg ovvletog mpémet va dapeital amd Kamolov mpdto
dNAadn and KATOoV 0o TOVG Py, Ps,...., P, - AG TOVUE OTL efvan exeivog mov £xet 1 B€om
OTNV GEPE TOV TPATOV Py, Psse..., P, ONAAON elvar 0 p,. TOTE p,lx Kot 0oPAADS

D, PiPy----P, 0OV GTOVG TOPAYOVTES TOV YIVOUEVOD GUYKOTOAEYETOL KOL O P);.
Emopévac p;|1. ("Atono). Katain&ape o dtomo 610tt dexniape 6Tt ot mpdTOL £lvan
nenepaopévot. Emopévac eivon drepor. M

6.10. =ty mponyovuevn anddeien o Evkdeidng ypnotponolei apiototeyvikd tv

LEB0S0 TC amaywyng 6To ATOTO TPOKEEVOL VA armodeLyOel OTL VTTAPYOLV ATELPOL
npaTot. To Bedpnpa dev pog Aéel Tmg Ba fpovie avToVE TOVE ATEPOVS TPHDOTOVG.
[Tpoxertar yia éva Oe@pnpo dYwapéng. Me 1o k6okvo Tov Epatocévn pumopovue va
Bpovpe 6AOVG TOVG TPMTOVG TOV LITAPYOVV o€ Eva ddotnua [1, v] aArd o pmopovue
va Bpovpe GAOVE TOLG TPDTOVE OVTE ELVaL SOLVATOV VAL EYOVUE £VOL KTVTO» TOV VOL LLOG
Otvel Tov Vi-00T0 TPMOTO OTT®G A.). £XOVUE TOV 2V Y1 TOV VIOGTO OTIKO ApTIO 1) TOV 2V-
1 Yo Tov vi-00610 BTk eptrtd. To TAN00G TOV TPAOTMOV TOL AVAKOLY GTO JIUCTN L
[1, x] ovpPoirileton pe m(x). H m(x) givor pia av&ovca cuvdptmon (oxt yvnoiong) aArd

(x)

0 Adyog 7oV eKEPALEL TO TOCOGTO TOV TPDTOV GTO OAGTN LA

X
[1, x] elvan cuvéptnon ebivovca. Agv vdpyet axping TOTOG Yo TV GLVEAPTHON

(x)

X

Kot ToAAol padnpatikoi Tov 19°” ardva peta&d tov omoinv kot ot I'kdovg
(Gauss) kot Toéumoef (Chebyshev) eiyoav dtoatvndoetl TV elkacio OTL ivol «TePimov

e pe dAha Adylo 6Tt yioo peydAa x, SnAadn 6tav To X TElvel 6T0 AMEPO, TO KAAGLLO
nx

mx) nAnclael ot povdda. XpedoOnke va mepdoovy apketd ypovia ¢ OTov 0
X

Inx

Bélyog Nte Aa Baké [Tovoév (De la Vallée Poussin) ko o I'dAdog Zax Avtoudp
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(Jacques Hadamard) to 1901 o xatopBdcovv o évag aveEaptnrta amd Tov GAAO va

amodei&ovv 6t Tpdypott avtd 1oyvetl. To Bedpnua avtd wov Aéyeton kot Oe@pnuo

, . o x . , , X
TOV TPATOV OPLONOV pog Aéel 6Tt Yia peyaia X 1o m(X) elvar mepimov o
nx

6.11. O pdrot apBuoi &xovy pia AKEVOVIGTN GLUTEPLPOPE GTHV EUPAVIGT] TOVG.
"OMot ot TpdTol aptBpoi Tov gival peyoldtepotl Tov 2 gival TePITTol dALL ACPOAMG
dev gtvar 6Aot ot meptttol mpadTol. [1660 cuyvd pumopodv va epeavifovtotl ol TpMTOL
apBpoi; H mo cvyvn epedvion gival va £xovpe Eva TpadTo PETd £va ApTio Kot PETH
éA TpdTo. ANhadn va Eyovpe €va (eVvYOS TPOTOV P, p2. Avtd To {evYN TPOTOV
Aéyovton amo v apyaidtnta didvpor potor. Ta (evyn 17, 19 ko 41, 43 givon (edyn
OOV TPpOTOV. YTTAp)ovv dnelpa 1 menepacpuéva Cevyn SO0UOV TPOTOV;
(mpofinua twv d10vuwv). H ambvinon pog etvat dyvootn dniadn mpokeitot yio vo
dAvto mpdPAnua. ITéco omdvia propovv va epeavifovtar ot tpdtot apbpoi; [a
wapadetypa ot cvveydpuevot apBpoi 90, 91, 92, 93, 94, 95, 96 ivar 6Lot chvOeToL.
Mmnopovpe va £xovpe 0GodNTOTE PEYAAOV UNKOLS GEPES e cvvBeTovg apBpovg; H
andvInon eivol «vowy OTMS TPOKLITEL OO TO EMOLUEVO:

6.12. Aobévroc evéc omorovdiimote apiBuod v vmapyovy v diadoyixol odvetor apiOuot.

Amrooeién. H amdoeién ypnoyonotel v 0éa g anddeiéne tov Evkieidn. Aeov ot
TPOTOL ivor Amepotl VITEPYOLVY 0GOdNTOTE PEYAAOL TPMTOL. "EcTtm p évog TpdTog mov
etvar peyaAvtepog Tov v. I'pdpovpe OA0VG TOVE TPAOTOVS EMG TOV P:

2,3,5 ..,p
Kdabe apBuoc £mc tov p givor 1 TpdTog dNAadn Kdmolog and toug 2, 3, 5, ..., p 1 eivan
ovvOetog omdTE Sroupeital amd KATOoV TPMOTO TOL KataAdyoL 2, 3, 5, ..., p . Xe kdbe
nepinTmon omolocdmote apluog amod 2 £o¢ p dtoupeitotl amd kdmoov and toug 2, 3,

5, ..., p . ZynuatiCovpe 1o ywvopevo 2-3-5-...p tov tpodTtev 2, 3,5, ..., p. To
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ywopevo antd droupeitan omd 6Aovg Toug aptfuovg 2, 3, 5, ..., p. XN cuvéyel
npocBétovpe kéBe popd oTo yvdpevo avtd tovg apBpovg 2, 3,4, 5, 6, ..., p-1,p

onAadn oynuatilovpe Tovg aptBpovg:

(2:3-5-..:p)+2
(2:3-5-..:p)+3
(2:3-5-..:p)H4
(2:3-5-..:p)+5
(2:3-5-..:p)+6

(2:3-5-...p)Hp-1)
(2:3-5-...p)tp
To mAn00g Tovg givar p-1 ko emeldn etvor p>v givar p-1>v dOmAaon to TANB0¢ Tovg
elvar tovAdyotov v. OAot Tovg eivar cuvBetot 6101t kGBe Evac amd avtovg eivar
dBpotopo Tov 2-3-5-..- p mov dwpeiton amd OGAovg ToVg 2, 3, 5, ..., p KoL VOG
aptBpov ov dtaipeital amd Kamoov and toug 2, 3, 5, ..., p. Enopévag vrdpyovv v

dradoycoi cvuvoetot aptdpoi. M

6.1. To OsusAiwdec Oswpnua TnS ApIBUNTIKIAC.

6.1.1. EiSape 6Tt k640e ap1Ouoc o>1 draupeiton omd éva mpdro. Ag modue 6TL 0 @

dwupeitan amd tov p. Tote 0 a ypdoetal a=px. Eivar a>x>1. Av cvpPaivel x>1 101¢
Kot 0 X otoupetton amd kémolo mpdTo. A Tov ovopdcovpe q. O q propet va givar o
010G pe Tov p M d1épopog tov p. Xe KAbe mepinTwon OUmc elvan a=pqy Kot gtvor
a>x>y>1. Eravoiapfavovpe tov mponyoduevo cuAloyioud: Av givat y>1 oy pe v
o€1pd ToL dropeitan amd Kdmolo TPpmTo £0TM 1, B eivan o=pqrz kot a>x>y>z>1. Eivou

eovepd 0Tt O¢ umopel en” dmelpov va Ppickovpe mniika peyoarvtepo tov 1 Ko ot
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Kémote 1 dladtKacio Oa TEAEUMGEL e TNV €5 OAOKANPOV LETATPOTN TOV O GE
YWOLEVO TPOTO®V OPOUDV.

6.1.2. IIpoxerrar yio pio Srtadikocio wov pag eivar yvoot) omd to I'vpvécio 6mov
péBaype vo peTATPETOVLE TOVS APLOLLOVG GE YIVOLEVO TPOTOV TOPAyOVTIOV. Ag
BounBovpe mog yivetar avtd yro tov apBuo 1512

1512
756
378
189
63
21
7
1
O 1512 Rowmodv ypdoeton o¢ yvopevo npatov oplbuoy 1512=2-2-2.3.3.3.7.

N W W W

Oa propovcoye vo kvovpe o 1010 pe tov aptBpd 1512 adrd doxipdlovtag mpmdTovg

OLPETEG e OLOPOPETIKT GELPAL:

1512
504
168

84
28
4
2
1

DN W W W

Bpiokovpe to1e 1512 =3-3-2-3-7-2-2 Bpiokove Tovg 10100G pe Ty TpmdToug
Taphyovteg aALd pe SopopeTikh oepd. ‘Oumc enedn n tpdén tov
TOALOTAAGIAGHOV givor avTineTafeTIKn 1 6EPA dev mailel Kavéva poro.

6.1.3. Kat” apynv éxovue omodei&el ot

KOs ap1Buoc a ueyolitepoc tov 1 sivar yivéuevo mpidrwv apiQucry. B
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[1pocélte OTL 0 OPOC «YIVOUEVO TPATOV TAPAYOVIWOVY» YPNGILOTOLEITOL SLOUPOPETIKAL
am’ 0Tt £yovpe cuVNBIGEL KOAVTTEL KOL TV TEPIMTOON EVOG LOVO TPADOTOV TOPAYOVTOL
OMAadn evog yivopévou pe Eva tapdyovra. Ot tpdTotl avtol apBpoi Aéyovion Tp@ToL
napayovteg Tov . To molol mpdtot mapdyovteg Ba epeavicBodv kot TOGEC PopEC O
Kk&Oe évag elvan e€aptdror AmOKAEIGTIKA oo ToV o. AnAadn av o 1010¢ apBudg ypapel
®G YIVOUEVO TPAOTMOV TOPOYOVIMV KOTA dVO TPOTOVS T OVO Yvoueva Ba TeptEyovv
aKpPdg TOVG 1010Vg TPMTOLS, KO 01 POPES TOL O 1010¢ TPMOTOS eRPavileTal oTa dV0
ywopeva etvar 101eg. Oa amodeiEovpe AourdV KATL TEPIOCCOTEPO:
6.1.4. KabOz apifudc o ueyalivtepog tov 1 ypdperar wg yivouevo mpdtwv apiQudv
KO0, [LOVOOIKO TPOTO.
Amooeién. "Eotw o>1. "Exovpe amodei&el 1o 6Tt 0 o YpAPETUL G YIVOLEVO TPDOTOV
napoyovtev. Amopével va deifovpe 0Tt avtd yivetal KoTd Lovadiko tpdmo. Ag movpe
OTL £XOVUE EKPPACEL TOV O MG YVOUEVO TPOTMV TTopoydvTmv pe dvo ywvoueva Iy, I,
oniadn a=I';, o=1I",. Elvan

I=r, ()
Ac movpe 6t oto I, eppaviletar o mpatog p. Tote 0 p dpet to I',. Emopévac
eppaviCetar kot oo I',. Amhomoiwvtag tov p oty (1) Oa Bpodpe pio oot TO

=15 ()
2mv (2) 6vo mpdypato propel va copPaivovv. ‘H kot ta 600 péAn g etvor 1 1
eEaxorovBovv vo vdpyovv TpmTotl aplfpol. v mpdtn tePinT®on N andoeln £xet
oAoKkANpwBel Kot 0 p etvat 0 LOVASTIKOS TPAOTOG TOPAYOVTAS TOL 0. ZTNV deVTEPT
nepintoon Studéyovpe €vo TPAOTO TaPAyovVTa omd KATO10 YIVOUEVO £6TM q
(onuewwote 0T evdgyetar va eitvar p=q). Avtdg Ba vITEPYEL AVOYKAGTIKA Kot 6TO GAAO
ywvopevo Kot emopévec propel va arhoromdel. Tov andomotodpe. Oa Bpodyle €101

pia oot To
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Iy (3)

Yvveyilovtog pe Tov 1010 TPOTO «OLDYVOLUE» EVO-EVOL TOVG TPMTOVS TOPAYOVTES EMG
o0tov Bpovpe 1=1. Avtd mov Euetve dev pag Aéel Timota oAAG ag BuunBovue T époye
"Epuyav ot 10101 TpdTot Tapdyovteg Kot amd to SV0 PEAN. “"Apa vanpyav ot idtot
TPAOTOL TAPAYOVTEG KO 6T0, VO PEAN. AV dg KAmolog Epuye 2, 3, .. popEg Epuye YaTl
KoL 6ToL 30 péA vpye T1g idteg popéc. M
6.1.5. T v ypagf mapoydvTmv mov exavolapufivoviot EOVUE TOV KOIKOVOUTKOY
ovppoiopd tmv duvéapewnv. "Etot sivor Bord va ypéyoope 1512 =273 -7 § axdun
ko 1512 =2°.3-7" avti yio 1512 =2-2-2-3-3-3-7. Emopévag katd v ypagij evég
ap1Buov ae YIVOUEVO TPDTWY TOPOYOVIWY UTOPODUE VO. YPOPOVUE TOVG TOYOV
ETOVOLOUPOVOUEVODS TPMDTOVS DTTO UOPPT dvVOuEWY. Xvvoyilovtog Tig 000
TPONYOVLEVEC TPOTACELS KO TNV TEAELTALN TOPATPNON EYOVLE TO
Ocsucliindeg Osapnua tis Apr1Buntiijs. Kabe apifuog ueyolvtepog tov 1 umopei va
YPAPEL S YIVOUEVO OVVOUEWDY OLOPOPETIKDV OV, FDO TPATWV op1OUDdY KOTE, [LOVAOIKO
p0mo. Anloon o1 foeig kai o1 EKGETES OVTAV TV OVVOUEDV EIVOL LOVOTHUAVTDG
opiouévec.
2opeova pe o Bepeddeg Bempnua g apBuntikng kébe apduog o>1 ypdoetar
Kot pLovadikd TpOTo ®C YVOUEVO TNG LOPPNG @ = p," p5*...p," OTOL
® D, Doseees P, ELVOL O1 OLOPOPETIKOL TPADTOL TAPAYOVTES TOV O
e 1 givon To mAn0og Tovg,
e 01 ekB€teg X, ,X,,...,.x, etvon Betucol aképarot wov detyvouv mdceg popég ot apdpol

DisDPase> D, ELOAVIiOVTOL GTNV OVAALOT| TOV 0.

H ypaon a = p;" py*...p)" ovoudletor Kavoviky popen tov o. ZNUEcTE OTL:
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® OV TNV KAVOVIKH UOPPT] TOV 0. 0 P EUPAVILETAL UE EKOETH X TOTE O X EIVOL O
UEYOADTEPOG EKOETNG TTOV OTOLO DYODUEVOS O P OL0IPETL TOV O

OALG KOl OVTIOTPOQMG

o av x> eivou 0 ueyaltepog ekOétng aTov omoio VYOLUEVOS 0 P JLAIPEL TOV . TOTE O p
gUQOVICETAL TTNY OVAAVGN TOV O e eKOETN X.

6.1.6. 'Eotw 611 x eivar o peyolitepog exbétne otov omoio vyoduevos o p diaipel Tov

o Kal y eivai 0 UeyoAvTEPOS eKOETHS aTOoV 0mOi0 LYODLUEVOS 0 p dlaipel Tov f. Tote o

UEYOADTEPOG EKOETHS aTOV 0TTOT0 DYODUEVOS O P dlaipel ToV aff eivor X+y.

Améderln. Yrapyovv apbuoi t, k étor dote a=tp*, f=kp’. O t dev droupeiton amd tov p

OL0TL SLPOPETIKA O o Bl SaPEiTO Ao TOV P LYOVUEVO GE PEYOADTEPO EKOETN Omd

tov X. I'a Tov 1810 Adyo o k dev Stonpeiton amd tov p. Eivan af= tp*p’=tkp*™. Eneidn o

tk Sev Stonpeiton omd Tov p 1 peyoADTEPN SHvapn Tov p Tov dtarpei To yvouevo tkp*

givoun p*Y pe dAha AoytoL o X+y ivar o peyaddtepog ekOETNG GTOV 0010 VYOVUEVOC

o p dwupet tov tkp*™ kou emopévog tov of. M

6.1.7. O apdudg 2000 pumopet vo ypael 6Tig okdAov0eg poppéc:

2000 = 20”5 2000 =2°-2%.5 2000 =2".5

2000=2%.27*.5 2000 =5-2*

Moévo 6umg N popeég 2000 = 2*-5°, 2000 = 5-2* eivar kavovikég S10TL 1

2000 = 207 -5 dev éyel TPAOTOVS OAOVG TOVC TOoPEyovTEC, N 2000 = 27 -27 -5 el TOVG

TAPAYOVTES TPAOTOVG GAAG Oyt Stapopetticodg ko 1 2000 = 2% -27% -5 éyet Hhovg Tovg

TOPAYOVTEG TPMOTOVG OAAG Ol G€ BeTIKOVG EKOETES.

6.1.8. Ztov napaxdtm mivakae epeavitoviatl ol avalDGEL GE YIVOUEVO TPATOV

TAPOYOVTIOV TOV aplOpmv arnd 2 mg 75.
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26 213 51 317
2 2 27 33 52 2213
3 3 28 227 53 53
4 22 29 29 54 233
5 5 30 235 55 511
6 23 31 31 56 23.7
7 7 32 2’ 57 3-19
8 23 33 311 58 229
9 32 34 217 59 59
10 25 35 5.7 60 22.3.5
11 11 36 22.32 61 61
12 2.3 37 37 62 231
13 13 38 2:19 63 327
14 2.7 39 3-13 64 26
15 35 40 23.5 65 513
16 24 41 41 66 2311
17 17 42 237 67 67
18 2.32 43 43 68 22.17
19 19 44 2211 69 323
20 225 45 325 70 257
21 37 46 223 71 71
22 2:11 47 47 72 22.32
23 23 48 243 73 73
24 233 49 7 74 237
25 52 50 2.5° 75 3.52

6.1.9. O Tpdror apdpoi eivar To «wAkd» mov av cuvdedel pe v

TPAEN TOL TOAAATAAGLOGHOV pUopel va PTLaEEL OA0VG TOVS aptBpodc. O pOAOG TOVg
etvar avaroyog e ekeivo TV atopwv otny Xnueto. "Onmg A.x. Yo va Teptypayovue
10 ViTpkd 0&y ypagovpe HNO; ko evvoodpe Ott éva nopto vitpkov 0&£og
aroptileTon amd Eva Hoplo VEPoYOVoL, £va alMToL Kot Tpict 0EVYOVOL £TGL YPAPOLLE
60=2"-3-5 y1a va. SnAdcovpe 611 0 60 PTidyveTon Torkanhacialovtag d0o 2, va 3
kot éva 5. "Onec kot 6t Xnpeio 0mroadnmoTe avaAvon Kot vo VTooTel T0 HopLo Tov
vitpkov 0&€og Ba odnynoet oe vt v docoroyia popiov o idto cupPaivel Ko pe
mv apOunTikn: "Ommg Kot vo avaADGEL KATOL0G GE YIVOUEVO TPMTOV TOPUyOVIOV TO

60 Ba kataAn el oto 110 GLUTEPAGHLOL.

6.2. AiaipéTeS Kal TToAAQITAGoia apiBuou o€ KaAvoviKn Hop®n.

6.2.1. '"Eotw 6u alf kou p évag mpdrrog apiBude. 'Eotw x, y o1 ueyoitepor exbéteg

aTODE OTTOIOVS DYOVUEVOS 0 p O10upEl TOVG a kai ff avtiaroiyws. Tote x<y.
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Amoderén. Enedon o/p Oa eivon

p=Aa (1)
Ag OVOLLAGOLLE Z TOV HEYOADTEPO €KOETN GTOV 0010 VYOVUEVOG O P dtoupel Tov A.
Tote | peyakvtepn dvvoun Tov p doupei o TpdTo néhog g (1) eivar p’, evd n
LEYOADTEPT SVVauN TOV P o dtaupel To devtepo pérog e (1) sivarn p” ™. "Apa
y=z+x kat enopévag y>x. M

6.2.2. Av p= pl pl>...pP etvar n kavovixi popeii tov B téte évag apiBuds eivai

OraupéTng oo B av ko uovo av givor g Lopens py' py*...py ue 0<x, <p,, 0< x, <p,,
s 0<x <.

Amrooeién. "Eoto a évag dtoupétng tov B. Kabe mpmtog mapdyoviog mov epgaviCetot
TNV aVAAVGN TOV O GE YIVOUEVO TPOTOV TopaydvTev Ba eival Kamolog amd Tovg
Dy>Ds>---P, KoL emmAéov Ba epeaviCeton e ekBETN ikpoTEPO M 160 TOL AVTIGTOLLOL
ex0étn pe Ttov onoio gppaviletol otnv avdivon tov . Mropel kdmolog Tp®dTog
TAPAyovTag pi TOV P va unv givat kot TpdToc mapdyovtag Tov o. Tote pmopovue va
TOTE VO, TOV GUUTEPIAAPOVUE GTO YIVOUEVO TTOV SIVEL TNV OVAAVGT] TOL O YPAPOVTOG
amag p! = 1. "Apo ké0e dtarpétng a tov B eivar Tng Hopeng:

a=p'pr.prpe 0<x, <p,,0<x,<p,,...,0<x,. < (1)

AvTIoTpdQm¢ Thpa kKdOe apBuog e popeng (1) eivar dtapéng tov B dotio B
pmopet vo ypaget B= (pf™ phe..pl ™ )(py' p3r...p)")-

Enopévac ot Stonpéteg tov P eivor axptpadg ot aptdpoi (2). Ml

6.2.3. Ac Bpodue 6Aovg toug dranpéteg Tov a=320. Avaidovtag To

320 o6& yvopevo TpmdTOV mopaydviov Bpickovue 6t 320 =2°-3*-5'. Enopévag ot

dwapéreg Tov 320 givon ot apBpoi g popeng 2 -3 - 5% dmov 0 <a,<3, 0 <a,<2,
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0 <0,<1. TTaipvovtog OAeg TIC dUVATEG TEPTTMGELS TV £KOeTMV Ppickovpe 6T 01

dtupérec Tov 360 etvan:

oy oy o3 Awoupétng Twn Tov
dwapétn

0 0 0 293059 1
0 0 1 293051 5
0 1 0 293159 3
0 1 1 2%315! 15
0 2 0 293259 9
0 2 1 29325! 45
1 0 0 213050 2
1 0 1 213051 10
1 1 0 213150 6
1 1 1 213151 30
1 2 0 213250 18
1 2 1 213251 90
2 0 0 223950 4
2 0 1 223951 20
2 1 0 223150 12
2 1 1 223151 60
2 2 0 223250 36
2 2 1 223251 180
3 0 0 233950 8
3 0 1 23305! 40
3 1 0 233150 24
3 1 1 233151 120
3 2 0 233250 72
3 2 1 233%5! 360

6.2.4. No ypayete 6Lovg Tovg Slatpétes Tov pq Omov p, q eivan d00 Stapopeticot
TPAOTOL.

6.2.5. No ypayete 6Lovg Tovg Stopéteg tov 2.

6.2.6. No anodeitete 6tiav f= pl pf...p¥ eivon n kavovikn popen tov B toTE TO
TAN00¢G TV dtoupeTdv Tov givan (L, +1)(B,+1)...(B.+1).

6.2.7. Na Bpeite 1o GOpoicpa Tov Slaipetdv Tov aptduod B av eivat yvwotod 6tin
KOVOVIKT HopeT| Tov gtvan f= p/ipl>..pP.

Yrooeién: Asilte mporta 6T 10 dBpoicua TV dapeTtdv tov P eivar ico pe to
YwOUEVO:

1+ p + pf +o4p!)YA+ P+ pi + 4 pl) (14 pl+ pl +. 4D
Pt h P byt Dy P b, + D, b,
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6.2.8. No Bpeite 10 yivopevo tov Stoipetdv tov aptdpod B av eivol yvwotd 6t
KOVOVIKT| Lop@T] Tov gtvan f= p/ipl .. p/.

6.2.9. 'Eotw 6T, q, s givor Tpelc Stopopetikoi Tpdrot kat a=p’q kot f=q’s". Ag
Bpovpe tov (a, B) ko Tov [a, B].

Tt tov (0, B).O1 droupétec Tov o givor 6Aot ot apduoi e popeng p'q’ ne 0<x<2 kot
0<y<1. Ot droupéteg tov B eivon tng popeng p’s” pe 0<z<3 kat 0<u<5. "Evag kowvdg
Slupétng Tev a, B e umopet va £yl mapdyovto Tov p aAhd ovte kot tov s. O udvog
TPMOTOG TOPAYOVTOG TOL UTOPEL VO EYEL Evat 0 . "Apa £vag KOVOG dlopEtng Tov o, B
d¢ pmopel mapd va etvar dSvvaun tov q. "‘Oxt OpS 6€ 0molodNToTe eKOETN 010TL O
ex0étng Tov dg pmopel apevog va vepPel to 1 ko apetépov to 2. Tehikd d¢ pmopet
va vrepPei o 1. "Apa ot pudvot kotvoi dtoupéteg Tov a, B elvar ot q0=1, q'=q. 0
UEYOADTEPOG atd 0L TOVS dINANOY| 0 PEYIGTOG KOWVAS dloupétng Tov a, B eivat o q.

I'oa tov [a, B]. "Eva moAlamAdotlo Tov o Bo Tpénel OTwGINTOTE GTIV KAVOVIKT TOV
Hopen va TEPIAAUPAVEL TOVG TAPAYOVTES P, q Kot 6€ eKBETEC X, ¥ pe x>2, y>1. "Opota
éva, TOAOTAGG10 TOL B TNV KOVOVIKY] TOL Hopen Ba Ttepthapavel Tovg g, S 1
exBétec z, u 6mov z>3, u=5. "Eva ko1vd moAhamAdotlo tov o, B tpénel ETouEVmS va,
TEPAAUPAVEL GTNV KOVOVIKT] TOV LOPPT TOL P, g, T PE eKOETEG K, A, [ OTIOV TO K O€
umopet va givo pikpdtepo tov 2, 1o A ovte Tov 1 0vte ToL 3, KO To 1 Tov 5. Tehkd
KGO Koo ToAMamAGG10 TV o, B Ba eivor TG popenc Eptq’st, 6mov o & Oa eivat
aptBpoc mov dev Ba £yl TapAyOVTEG TOVG P, q, S KOL Y10 TOVG K, A, 1 Oa elvan k=2, A>3,
u=5. Ao 6Aa avtd ToL KO TOALATAGGL TO O UIKPO TPOKVTTEL OV PPOVTIIGOVLE VO
gyovpe Ko Tovg TéooEPLg apduodc &, p©, qx, s* 660 yiverar o pikpovg. Me
0€d0EVOVG TOVS TEPLOPICHOVS K=>2, A>3, 1>5 avTd EMTLYYAVETOL AV TApovpE E=1,

k=2, =3, u=5. Enopévac [a, B]= p°q’s".
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6.2.10. Me Baon o TponyovUEVE UTOPOVLE VO BPOdUE TOV HEYIETO KOO Slonpétn
Kol TO EAAYIOTO KOO ToALOTTAGGI0 600 aplfudv a, B Tov onoimv EEpovue TV
Kavovikn popon. "Eoctm 6 évag kowvog dropétng tov o, B. Av o d dev givon 1 tote OBl
&xel tpmToug Tapdyovtes. 'Eva mpdtog mapdyovtag p Tov o TpEmel va gival TpadTog
TAPAYOVTAG APEVOS TOV O KO APETEPOL TOL B dNAaON TTPEMEL O P VAL Eivat KOWOG
Tp®ToC Tapdyovtag Tmv o kot B. O exbétng pe tov onoio ppavifetatl o p otnv
KOVOVIKY] LOPOT| TOV O dev pumopel va vrepPel ovte tov kBt otov onoio speaviletan
GTNV KOVOVIKY] LOPQT| TOV 0 00TE 6€ gketvn Tov . Me dAha Adya dev pmopel va
vrepPel Tov eAdyloto amd Tovg ekBETES e TOVS 0ToioVS EUPOVILETAL BTIG KOVOVIKES
LOpOEG TV a, B. AV Tdpa BELOLLLE 0 O Vo givat Kot HEYIGTOG KOWVOG SLOPETNG EVOS
TPOTOG VIAPYEL VO, TO TETVYOLUE: N PpovTIGOVUE 0 O Va £xEL 060 YiveTal
TEPLOCOTEPOVS TPADTOVG TOPAYOVTES ( EMOUEVMG VAL £(EL OAOVG TOVS KOVOLG TPADTOVG
TAPAYOVTEG T®V 0, B) Kot TOV KAOE TPMTO TapAyovTa Vo TOV £XEL G€ OGO -EMTPENETAL-
HEeYOADTEPO €KOETN. Zvumepaivovpe Aomdy Ot

H xavovikn popon tov (a, ) Oa wepiiopfover 6100¢ 100G KO1VODE TPWTOVS TOPAYOVTES
TV a, [ Ka1 Hovo avtodg Tov Kabe Eva 0 DYWUEVO TTOV O UIKPO OO TOVG EKOETES
OV EUPOVILOVTAL TTIS KAVOVIKES UOPPES TV a, f. AV dev vITApYOVY KO1VOL TPOTOL
mopéyovres twv a, B ote (o, f)=1. W

"Eva kotvo moAlamAdcto m Tev o, B Ba £xel HETOED TOV TPOTOV TOPAYOVI®OV TOV
clyovpa Kot TOVG TPMOTOVS TAPAYOVTEG T®V 0, B. "Eotm p gival évog mpdTog
nopdyovtag Tov m. Ag modue 6tTLp’, p’, p’, €ival ot ueyaldTEPESG SLVALELG TOV P TTOV
dwpovv toug a, B, m. Eredn ajm, Blm cvvdyovpe 611 X<z, y<z. "Apa 0 z Ba eivar
HEYOAVTEPOC N 100¢ ad TOV PEYIGTO TOV X, Y. AV Tdpa BELovE TO m va elvar Oyt
OTAMG TOAALOTAAGLO TOV d, B 0AAG TO EAGYIOTO KOO TOALATAAGLO TV 0, B Oa

TPEMEL VAL TAPOVUE OGO YIVETOUL AYOTEPOVG TPMOTOVG TAPAYOVTES. ANAadN LOVO TOVG
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COTOYPEMTIKOVES) TTOV JEV Elvar GALOL Amd TOVE TPADTOVS TAPAYOVTES TOV
epeavifovron oto a1 oto B. Emiong kdbe mapdyovia mov maipvovpe mpémnet va eival
VYOUEVOG GE 000 Yivetal HIKpOTePO eKBETN TPdypa mov onuaivel OTL TpEmeL av ivat
VYOUEVOS GTOV PEYIGTO amtd ToVG eK0ETEC TOL eppavileTon otnV avdivon Tov o, B.
Yvumepaivovpe AoV OTL:

To o, B] atnv kavoviky Tov uopen Bo. Exel WS TPWOTOVS TOPAYOVTES EKEIVOVS TV 0. 1
KOIVOUG KO 1] KOIVODG KOl TOV KGOE Evo. DWWUEVO GTOV UEYITTO TV EKOETMV OV
eUQoVICoVTol oty KaVOVIKH Lopen TV a, . T0te 0 p Oa mpémel vo, supavi{etar oty
KOVOVIKH ovoivan tov m o€ ekbétn mov Oa eivar ueyaldtepog 1 icog amo tov ekbétn ue

tov omoio gupaviletar oty avéiven tov a 1 tov f. M

7. TPAMMIKEXZ AIODPANTIKEX EEIZQXEIX

7.1. Mropodue va tinpdcovpe va Aoyapiacud 5700 Spayudy ypNeILOTOIOVTOG
pLovo yrAbpika Ko TEVIOKOGApKa Ympig va ypelactel va mdpovpe péota; H
amavInon elvatl TPoEavmG «Ox». Mropovue va KAvou e To 1510 XPNGLOTOIDVTOG
puévo yrdpica ko Kotootdpika; ; H andvimon etvar mpopavmg «voaw. Koatd nésovg
SPopeTIKOVS TPOTOVG Umopet va Yivel avtd; Ag modUe OTL YPNCIUOTOLOVLE X
ymapka kot y kotootapika. Tote mpéner 1000x+100y=5700. Amlomoidvtag To
pundevika Ppiokovpe 10x+y=57. IIpéner x>0, y=0. Emopéveoc ool 1o x givar
aképatog oe umopet va vepPet 1o 5. Ot duvatég Tinég Tov X givan 0, 1, 2, 3, 4, 5 kot ot
avTIoTOLEG HE VTEG TIUES TOV Y elvan y=57-10x dnAaon 57, 47, 37,27, 17, 7.

7.2. MoMg Moape my eicwon 10x+y=57 avalntdvtag oyt OAeg TIg AMOGELS THG OV
elvan dmepa (edyn apOpmv

(x, 57-10x ) aAAd povo ekeiveg mov amaptiCoviot omd Un apvnTIKoug aKEPOLOVS

apBpovg. v avalnmon pog avt, 1 Aon (5,6 , 1) poAovott ivar Abon g
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10x+y=57 d¢ pog evorapépel. Mia moAvwvouikt| eEicmon pe £va 1 TEPIoCOTEPOVG
ayVOGTOVG AEYETOL ALOQOVTIKT] 0V Ol GUVTEAEGTEG Kol O1 AIYVMGTOL TNG £ivar aképatot
apBuoi. O 6pog mpoépyetar omd tov apyaio EAAnva pobnuatikd Aré@avrto mov £inoe
otV AleEdvodpeta mepi o 250 p.X. O Awdpavtoc Eypaye ta «Ap1Buntirdy» dmov
TPOAYLOTEDOVTOL LETAED AAA®MY TPOPANUATO LLE AYVDGTOVS OKEPALOVS OPLOLOVG.
[Mapadetypoto Ato@aviik®v eElodoewv ival Le VO OyVMOGTOLS Elval ot

x2+y2=Z2

¥ —ky’ =1
x"+y"'=z"n>2
ox+py=y

2to emdpeva Bo acyoinBovpue pe v terevtaia eElcwon mov AEyeTal YpoppiKY
Avwoeavtiki eicmon. H ovopaocia opeiletar 610 yeyovog 0Tt o1 AVGELS TG EQOGOV
vrdpyovv Ppickovtor OAeg oe pia evbeio ypoppn.
7.3. 'Ecto 1 ypopuikh Atopovtiky eEicoon

oxtpy=y (1)
Mmnopovpe vo vrofécovpe 6t 0>0 (Av <0 moAlamAacidlovpe Kot To VO PEAT UE -
1. Yrdpyovv dVo mepintadcelg yio to B pio va etvar opvntikd kot pio va givan Ogtiko.
Avon g (1) etvon k4B Levyog akepainv (X, y) mov v enaindevetl. H (1) Lowmov xet
Adom av Kot Lovo av To Y ivorl YPOUUIKOS GUVOLAGHOG TV o, B. AVTd, OTMG Exovue
Ogl, YemUeTpKaA onpaivel 0T M gvubeia pe e&iomon (1) diépyetar amd va TOLANIGTOV
cLVOEG KO onpeio dnAadn Eva onpeio Tov omoiov ot GuvteTayUEVES efvarl akEpatot
apOpoi. "Exyovpe det 0Tt evoéyetar n evbeia ax+fy=y va unv diépyetal and Kavéva
oLuVOESUIKO onueio Ko emopévmg evogyeton n (1) va unv éxet AMon. "Eva moapdoetypa

amoteAel n e€lomon 2x+4y=5. Ag vrobBécovpe 6t B<0 (Etnv mepimtwon 6mov >0
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epyalopoote avarloya) Ag dovpe Tt cupuPaivel 0tav 1 ax+fy=y dépyeTot amd KAmo1o

ocvvdeopko onpeio A(xy,y,).

Ao 10 onpeio A épvoupe TapdAANAn € otov dEova xx . H mapdAinin avt

oynuotilel pe mv ax+py=y mv yovio ¢. H epantopévn g ¢ €ivol 0 GUVIELEGTNG
devbouveemg g ox+ fy=y. Anhadn epp= 2 Av KivnBovpe otny € de€1d kat o
amoctoon -p. Oa Ppebode oto onueio B. H tetunuévn x tov B Ba givon

X =x, +(=p) evd n tetaypévn Oa etvar n 161 pe tov A dnradn y,. Etvar AB=-f.

dépvoupe kKaBet otV € 610 B 1 omoia tépvel v ax+ py=y oto I'. H tetunuévn tov

I givou n St pe Tov B dnhadn x = x, +(—4)
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Ag movpe 011 1 tetaypévn tov I eivan y. Ag vmohoyicovpe to y. [apartnpovpe 61t to

pnkog tov BI" eivan y — y,. And 10 opBoydvio ABI" éyovpe BI'=ABep@ dniaon
a .
Y=Y, =— ,B—'B. Enopévmg

Y=Y +o
To onueio I' Aowmdv avikel TNV ox+Sy=y Kot £l AKEPALEG CLUVTETAYUEVEG. “ApaL 1
(1) £&xer AN pio Aon v (x, H(=4), y, +a). Mropodpe va eravardafovpe v oo
dwdwcacio Eexvavtag pe v Aon (x, +H(=4), y, +a) Kot va oynuaticovpe to
tpiyovo 'EZ. Oa katainEovpe oto svunépacpo 6tL 1o I' £xel axépateg
CLVTETAYHEVES X, + 2(—f), ¥, + 2a ko 6TL T0 Cevyos (x, +2(=f), ¥, +2a) elvon
eniong Avon ¢ (1). Fevikd Kivovpevot mpog ta mive Ba Bpodue 61t OAa Ta {evyn
(X +(=F), yo +a)
(xy +2(=p), y, +2a)
(x, +3(=5), y, +30)
etvan Aoeig e (1). Mropodpe 0pmg va kivnfovpe mpog o Katm kot tote Oa fpodpe
TIG MoELg
(xo =(=$), ¥y —@)
(%) =2(=$), ¥, —2a)

(X9 =3(=5), y, —32)
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2UVOEOUIKA
onueia Trou
QavTIOTOIXOUV
o€ AUOEIG TNG

ax+By=y

/

"Oleg avtég o1 Aboelg ekppalovtol pe Eva Kol LOvo TOTO OTMG YiveTol Ko [E TIg

MOGELC TPLYOVOUETPIKAOV EEICMOGEMV:

(g +k(=p), yy+ka) k €eZ (2)
EpyacOnkape pe mv npoimdBeon ot 1 (1) £xel Aoon). [1dte dpmg copPaivel ovto;
[Mapatnpovpe 6Tt av VLAPYOLVY UKEPALOL X, Y, TOV enoAnBevoVY TV (1) INAdN
axyt By, =y 101€ TUYOV KEOE KOO Sropénc Twv a, B Ba Sropet Tov ax,+ Ly, Kot
emouévmg Tov v. [dtutépwc o (a, f) Ba diaupet Tov p. AAA Kot avTIGTPOPMS 0V O
(a, B) drapei Tov vy TOTE QUPEVOG

(a, f)=xo+AB ylo Kamwoloug K, A

KOl QPETEPOV
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v=u(a, B) yia k@mwolov p
ondte y=p(a, B)=p(kotAB)=o(p)+P(uA)dnradon to Ledyog x,=ka, y,=AP eivar Avon
¢ (1). Bpikape Aowrdv v ouvOnkn wote 1 (1) va £xet Aoon:
H 1) &yer 2oon av kar uovo av o uéyiotos koivog otapetys (a, f) twv a, f oraipel tov
7.
Bprikape 6t av 1 (1) €xet Adon (x,,,) 10T Ba Exer Kou Tig dmepeg Aoelg (2). Oa
€xet Opmg AAdeg ADoelg eKToG TV (2); Ag movpe 6Tt To Levyog (x,y,) etvat Avon g
(1). Tote Ba 1oyveL
ot Pye=y, gt fxg=y
Zuvdvdlovtag Tig S0 aTég 166N TEG Ppickovpe OTL
oyt By = oo+ By
Kot EMOUEVARS B(1g-V,)=a(X,-X, ). Avtd onuaivel 6Tt Sla( x,-x, ) kon emedn (a, B)=1
&yovpe Ot fl(x,-x;). Avtd onpaivel 0Tt x;-x,=kf yua kdmoro k Ko emopévag
Xo-X;=kf dmhaon
Xo=X, +k(=p)
Avtikabiotdvtag oty ax,t fy,=ax,+fy, 10 x; Ppickovue 6TL
ox,+py,=o(x, +k(=p))+ Py, amd v omoila av KAVOLUE TIG TPAEES TPOKVTTEL OTL
Py, =ak(=p)+py; nhadn y,=-ok+y; ko
Vo =V, +hka
Emopévmg n Aon (x,,y,) elvon Tg popeng (2).
Yvvoyilovtog OAa To TPOTYOVUEVA EYOVUE TNV TPOTUCT:
7.4. H ypoguxn Aopavukij eCiowaon ox+ By=y éer Abon av kot uévo av (a,B)|y. Ztnv
mepintwon mov Exel Abon (X,, ¥, ) T0Te OAES 01 AVaeI§ TG Eival o1

(xo +k(=p), y, + ka) k ezl
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7.5. Ac Moovue v e€icoon 18x+13y=31. Mio pogavic Mo ¢ etvan to {evyog
(1, 1). Tote dAeg o1 Moelg g etvan ta {evyn
(1-13k, 1+18k) pe k toxdvta aképato. ['a mapddetypa 6étovtag k=2 Bpiockovue v

Moo (-25,37).
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