[TPOTYTIO [TEIPAMATIKO I'ENIKO AYKEIO EYAITEAIKHE 2 XOAHY XMYPNHY

MoaOrnpotiseo

1" Avxesiov

GETIKNG
Ko Teyvoroyiknc
Katevbvvong

Aounoelg )
>8 3

N.2. Mavpoytavvng

Al
1

2yohno Erog 2013-2014






[TPOTYTIO TTEIPAMATIKO I'ENIKO AYKEIO EYAITEAIKHY X XOAHY XMYPNHX

MoOnpoctisea

1" Avxeiov

OETIKNG
Ko Teyvorloyiknc
Koatevbovvong

N.2. Mavpoytavvng

Aounoetg

2yohno 'Erog 2013-2014



[IEIPAMATIKO AYKEIO EYATTEAIKHY YXOAHY Y MYPNHY

TAzH I, MAQHMATIKA OETIKHE KAI TEXNOAOIIKHE KATETOYNSHE, ASKHSEIR

KaOnyntig: N.X. Moavpoyidvvng

O1 onuetdoeic autéc elvan Yioe oXOAXH Xehon. Mropoly va avarapaydody xat va draveundody eheddepa op-
xel vo unv ohhdger n wopynR touc. o Tov TEpLoplond, TwV AVATOPEUXTOY, Aad®OY LTOXEWVTUL OE GUVEXELC
dopdoeic. ALavELOVTOL KC EXOLY XL 0 CLVTAXTNG TOUS eV Yépet xaplo eLIVVN Yior TLY OV TPOPBARLATA TOV
avaxOhouy and TRV xpRon Touc.

25 YenteuBpiov 2013
Stoyeodethdnxay pe to NTEX.



Kegpdiowo 1

Mruyaowol Aprduol

1.1 Iocoétnta,nedielg miyadixwy opltduay
1.1.1 A" OMAAA

1. Na Beedei o A € R dote va ioybouv ot 1odThTES:
L243i=2+(A+1)i
2. A 4+145i=2+ (AN =3X+7)i
3A1+4)=2+2i

2. Na yivouv ot tpdelc:

1. (24 3i) 4+ (6 + 114) 5. (12 — i) (3 4 44)
2. (4+51)+ (6 — 20) 6. (1+14)(241)
3. (3—9i)—(6—8i) 7. (4+6i) (7T —390)
4. (23 —14) (1 +1) 8. (1—14)(2—1)(3—1)
3. Na ypagoiv otn popen o + Bi, o, B € R ot apriyot:
Lt i 1 1
1. 14 3. Lbva 5. 14
—2; (1-9)* 1
2. % 4. (1+4)3 6. opg + <_
4. 'Eotww z1 = 2 — 3i, z0 = 1 +i. Na vroroyioete ta:
1. 22 4 23 1
1T 4. (zm - :@)
2. z21(20— % 2
1(z2 —21) 5. ZQJ:%
1,1
3. z1 "z Z1+Z22 Z1tz2
Z122 2122



2 1.1. IodTnra,mpdéag uyadikdv aprudv

5. No enakniedoete Ty lodTnTA: (Hg(%%) =243
6. Av 21 =2+ 3i xou 290 = 1 — i va utoroyioel 6 %j”))
7. AeCrebn (w—1—i)(x -1+ (z+1+i)(x+1—d) =2 +4
8. Acite 6t
(t=1-iv2) (t=1+v2) (t-2+iv3) (t -2 iV3) = '~ 6£+18226t+21
9. T motég e Twv mpayuaTix®y apriuwy z,y ivon ot uryadixol
21 =9y? — 4 —10zi°, 2z, = 8y + 204!
etvan ouluyelic;

10. To npaypatind xat 0 QavTaoTixd U€pog Tou 2 elval avTioTolyws = xat y.
ITot6 elvon To mpaypaTixd %ot 10 QAVTACTIXG PEPOg TOu Z — T;

11. Av 20 = —117 + 44i xon 27 = —278 — 29i nowd< ebvan o 2;
12. Na ypddete otn popen o + Bi 10 uryadixd:

1+ — (1449
2'96

13. Me z = 3 — 4i vo unohoyloete ™y napdotaoy 22 + Z 4 (z — 2)?

14. Av z = 2 + 5i vo unohoytoVel 1 napdotaon Re (2 + 1) 4+ Im (iz).

15. Twa nowa iyf ou A € R oydet (2414)° = X+ (BA + 1) 4;

16. And Tic egetdoelg tou 1954. EOvixé MetodéPBio ITohute-
xvelo. YTrohoylcote Ty nopdotaocty (2 + 2\/5)3 +(2- Z\/§)3

17. Na Bpeite toug wyadxoig aprdpois 21, 22 av elvon Yvwoto ott 21 +322 = 8
xou 4z1 — 3tz = 17 4+ 94,

18. Na nopayovrtonomioete oto C tic napaoctdoeic:
1. 22+ 42 2. 42 + 12

19. IIéte woyler 21 + 290 = 21 — 221;
20. Nu Bpedolyv ol wyadixol aprduol z,w av ebvoar Yvwoté 6t z +w =7 + 20
Xz =w+2i—3
21. Nu Bpeite toug mpayuatixols apduold =,y av eival YvwoTtd o1t
r—1 Yy—1
3+i 3—1
22. No Bpedodv ot mpaypatixol £, A €Tl Gote oL uryadixol apipol 26+ 314 3¢
xat 1+ (K — 11X) 4 va eivan {oot.

=1

23. Nu Ppeite tov 2 av elvat Yvwot6 61t 2z + 32 = 5 + Ti.

24. No Moete ti¢ e€io0oeic:

Tpétuno Mewpopatind Adxeo N.3. Maupoytdvvne
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KegpdAaio 1. Mryabikoi Apiduol 3

1. 22 —42+13=0 3. 32 -2t4+2=0

2. 202 —22+5=0 4. 22 —2(covf)x+1=0

25. Av z = a+ bi xou 2% + 2z = —3 + 15i va Ppedodv 1 a, b.

26. Av o, 3,7,9,¢,( eivar mpaypatixol apripol deite 4Tt oL
z=a(B+7i)?+6(e+ i) +n,w=a(B—7yi)’+6(— (i) +n

elvou ouluyelc.

27. Eow 2z = —3 + z@ xar K, A mpaypatxof. Na anodeilete 611 0 apriude

(kz + X2?%) (k2? 4+ Az) elvon pn apvnTixde mporypatixds.

2

28. T tov uryadixd optdpd z elvar Yvooto ot 2
TIC 10OTNTEC:

= 2z — 5. Nu enoknieboete

1. 25 =—-42-5 2. 24 =-92420 3. 25 =112+ 45

29. No anhonolfoete TNV TUpdoTIOoN:

Re(Re(z)) + Im(Re(2)) + Re(Im(z)) + Im(Im(z))

30. Me z = % + %Z 3 va unohoyloete ta 22, 23, 20

‘ . 1_ 1 1
31. Nu fpedel 0 z dtav o = 5 + 7=;

32. O Girolamo Cardano, évag ané toug ntpwtepydteg ne AlyePpag oto €pyo
tou Ars Magna (Meydhn Téyvn) nou eZed60n to 1545, ypdgpet:

Av xdmotoc cog weL va dranpéoete To 10 oe dbo wépn, Tou oy TOAAATAS-
clacTtoly petadd toug Yo ddoouy 30 4 40, elvon pavepd dtt TpdxELTOUL

yioe éval ad0vaTto meoBANUA.
1. Na egnyrioete yioti o Cardano ovoudlet 1o mpoBinua adbvato.

2. TIlow wy, avti tou 30 7 tou 40, Yo pmopoloe va xdvel 10 TEOBANUL

«duvatdy;
Ils 7 ’ ’ 7 . 2—2
33. Eotw 61 ot a, B elvan npayparixol apripol xu o+ i = 25, Na aro-
del : — 254 ___2i(z=z)
Oeliete OTL @ = iy ¥ B = 55
~ 7 / 142 o l _ 3z

34. No arnodeifete 6L (—z ) (z + Z) =1-z
35. No Moete tny ellowon — + 4 = —L_

° N N T+2 z+4 z+3°
36. Mropel dpaye va woyber 22 = 2; £ = 2;
N.X. Mavpoyidvvne TTpbtuno Iepapatind Adxelo
www.nsmavrogiannis.gr Euvayyehnhc Lyohde Spdpvne
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4 1.1. IodTnra,mpdéag uyadikdv aprudv

1.1.2 B"OMAAA
37. Acigte 6Tt av a,b,z,y € R pe a,b # 0 xou 16y deL

(a+bi) (x +yi) = (a® +b*) i
e T =bxuy =a.

38. Eow z =z + yi, z,y € Rxaww = (22 —y* +2) + (2zy +y)i. Na
EXPPUCETE TOV W CLVIPTACEL TOU 2.

39. Nu Bpeite v T tne mapdotaong A = 1=

puotxol apriyol v.

4 N/ Z
i Yid TIC OIOCCPOPEC Tlpsg TOL

40. Nu ypddete otn popyh a + Bi tov aprdpd z = ?_rgé + IIZI_ZZ 6mov p,q € R.

41. 'Eotww z = x + yi. Na Bpedel o 2z av elvoar yvwotd 611 o apriuds w =
(z —2) (2 + 1) elvou mpayportinde.

42. 'Eotww w évag un mpaypatixog uryadixde aprdude. No anodeilete 6L xde
wryadixog apipdg z umopel vou ypagel xatd govadixd TpoTo 0T Lopp:

z=a+ fw, o, €R

43. Na Bpeite toug mpaypotixode aprdpolc K, A OOTE va 1oy Vel

1 1 19 17,

mti ANT2 26 26

— — 1

44. Aivovtor ot wyadixol apyol 21 =2 — 34, 20 =4+ 17 xu z = 2 —i. Na
Beeite mpaypatixole aprduolc K, A €101 OOTE 2 = K21 + Azo.

45. No anodeilete 6Tt av «, 8,7 € R té1e
Re ((a+ B+ 71) (B+7 + ai) (v + a + Bi)) = 2a8y

46. No anodeifete 6t av 2% = 1 xon 2z ¢ R 161

25 25

(1—z—|—z ) —|—(1+z—z) =32

47. O wyadodg apipog z = x 4 yi ntohhanhactalopevog ent tov aprdud 2+ 3i
et Ywouevo gavtaotixd aprdud. Ilow oyéorn cuvdéel ta z,y;
48. Eotwe 1 owdpmon f(2) = 2ZE0 2 41,
Avebvan f (i) = =2 — i xau f(1+14) =2 — 5i Peelte 10 f (2 +1).
49. No Moete ™y eiowon (1 — i)'z = (14 1)*".

’ 2+ ’ / / z 1
50. Eotw z = {7+ Bpeite 1o mpaypatind %o 10 QaviooTixé pépog Tou 2 + 1.

Tlpbtuno Hewopatixd Adxelo N.X. Mavpoyidvvne
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KegpdAaio 1. Mryabikoi Apiduol 5

51. Na Ppeite Tov w av (3w2 +w + 1)2 + (w2 + 2w + 2)2 =0.

52. 'Eotw u évog un undevixdg pryadinods apriuog. Ilog npénel va emiélouye
T0 Wryadixd aprdud z dote o apriuds (2 — u) (z — ) va ebvon mporylatixde;

53. T to wryadixd aprdud z eivar yvwotd 6t Re(z) = 2 xau Im (2) = —1.
No Bpeite o Re (2%) xou Im (22).

54. Eotw 1 ekiowon 22 —2mz+m=0 ue pilec x1 # x2. NoPpeite 11¢ z1, 22
av ebvar Yvwoté 6t 25 + a3 = 2% + 23.

55. Bpeite tov 2 av eva yvootd 6t 22 = —5 + 12i.

56. Na anodeilete 611 av 0 Vetxdg axépatog v Oev elvon mToAAamAdolo tou 4
t6te (14i%) (1+4) = 0.

57. And Tig e€etdoeic Tou 1980. Nu Ppeeite 10 dipoloua Twv v-dpwv:
Y=i+2+30)+@4+5)+...+[(2v—2)+ (2v —1) ]
58. N anodelZete 61t 0 pryaduede aprdude (2 — 1) (2 — 1) etvon nparypotixde.

59. Ané Tic eEetdoeic Tou 1983, Aéoun L. Eotw w pe w? =1, 6mov
w € Cxou w # 1. Na unohoyloete TNy Tir TG TopdoTaoNg

y=(1-w)(l-w?) (1—w4) (1—wP)
60. Na arnodeiete 6TL

14+ nub + iovvd
1+ nub —iocvrvd

= nub + icvvd

61. To ddpotoua xar To Yvouevo 800 uryadixwy aprdumy eivar apriuol mpory-
wottxol. Efvor dpaye ot 8o uryadxol ouluyeic;

62. Na Aooete v eliowon azzZ + (2 —Z) = v + 6i 6nou «, 3,7, un
undevixol mpaypatixof.

63. ']:}om) 6 z + 1 = 1. Hoéc tipée pnopel va mdper 1 mopdotaon A, =
ZI/ + R

zZV

64. O Bombelli o xdnoio npdBinua ypetdodnxe va Beel wryadixois apripoi
o+ Bi hote
(a+ Bi)> =2+ 11i

1. No enahndedoete 61t 0 wyadxds 2 + ¢ eivar Aoon tou tpoAfuatoc.

2. Na Bpeite toug dhhoug uryadixole aprdpois mou eivan eniong Aboeig tou

TeoBAAUTOS.
N.X. Mavpoyidvvne TTpbtuno Iepapatind Adxelo
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6 1.1. IodTnra,mpdéag uyadikdv aprudv

65. No anodellete 6tL av yia Toug YeTxols ax€pauous K, A, i1, v 1oy Vel i +
i it 4 3Y = 0 téTe Vo loy VEL gRTAA oAy gty grtds ()

66. Eotww wi = p3 — 3p%i, wy = pg® — i, w3 = p? + pqi 6mou ol p,q eivar
didpopot un undevixol mpoypatixol. Na anodeilete ot av o aprdude W rwy

w3
elvon QavtaoTixog T6Te Woylel p+q = —1.

67. 'Botww F(z) = (1+2)* + ﬁ Av F(1+414) = —% + 18 nowo ebvar o
F(1—1);

68. Av z+ 1 =1 va Bpeite 10 z2+z%

69. T notéc Tiée Ty TpaypaTiedy apdudy ,y o apude (x + yi)® eivo
TEAYUATIXOS Xl UEYUADTEQOS TOL §;

70. Na anodeléete 6Tl

. 4n -\ 4n+1
(m y) B (:c.—i-yz) 144
T+ Yy T — Y

71. 'Eotw 61 (X +Yi)® = z + yi. Na anodelfete 6t

xr Y _ 2 y2
X+Y—MX Y?)

72. 'BEotw o, 8,7 Tpeig ava dVo didpopor pryadixol apdpol. Na anodellete 611
av ot o, 3,77 1xavomolodV XAToL And TIC TUPUXATE CUVINXES IXAVOTOL000Y Xl
TIC UTONOLTEC:

Lo g+ 25+ 525 =0

y—a T ap
2 B=v(r—a)+(v—a)(a=B)+(a=B)(B—7) =0
3. (B=7)7=(r—a)(a=p)
4 (v=a)’=(a=B(B—")
5. (a—p)?=(B—7)(y—a)
(

6. (- + (-’ +(@=p)"=0
7. @+ B +97 = af+ fy+a
73. 'Eotw 6t (5 = 1. No anoderydet o1u:

¢ ¢? ¢ ¢!

+ + + =2
1+¢2 14¢* 1+¢ 1+¢
Tlpbtuno Hewopatixd Adxelo N.X. Mavpoyidvvne
Evayyehnhc Tyohic Zpdpvne www.nsmavrogiannis.gr
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1.2
1.2.1

KegpdAaio 1. Mryabikoi Apiduol 7

I OMAAA

74. Na anodeiete OTL Yio onotadnnoTe TpIdda YeTXDOV axepaiwV K, A, 1 eival
i+ i i £ 0.

75. O apdude (14 i) + (1 —i)*" eivor mpaypotxde (n € N). bt eivou
ApVNTINOC;

76. No anodelfete 61t av w® =1, w # 1 xou 0 n ebvan Yetinde dptioc téHTE
(1 —w+w?) (1 -w +w4) (1 —w4—|—w8) Co (1—10271_1 —|—w2n) = 2"

77. 'Eotw 21, 22, 23 TpEIC avd d0o didpopol pryadixol apripol dote =22 ¢ R.
No anodeiZete 6t xdde wryadde aprduds z umopel va ypapel xarth povoc&xo
TPOTO WS 2 = az1 + Bag + 23 6moL @, B,y mpayuatixol ye dlpotopa 1.
Métpo piyadixwy optdpady
A" OMAAA

78. No Bpeite 10 pétpo tou wyadxol apriuol z dtav:

1. z2=1+1 2. z2=4+ 31 3. z=%+4 21

Gl
[S3{[9N)

79. Av |z| = 2 mow efvor To pétpo Tou z; Tou 225 Tou Z;
80. Av o wyadixog aprduog z+yi €xet u€tpo 3 motd elvon o pétpo Tou 2y+-2x1;

81. And Tig e€etdoelg Tou 2001. Av yio o wyadixd aprdud z oy el

2| =1 vo BefEete 6t 2 = 1.

82. No anodeifete bt - - —|— L= A

z

83. TN ol 1A tou A ebvan 2| = 3 drav:

I.z=14+ XM 2. z=A+3(A+1)i

84. No PBpeite to uétpa TV Uy adIXoy:
. . 2
21 = OOV +inpp, 2y = —Npp + ioVVP, 23 = Taey + it

85. Nu Ppeite o pétpa TV wyodixody optdudy

141

=) RHBH), 2= 5T

3
86. Av |z1| = V2 % |22 = 3 oo eivor To uétpo Tou Z;?;
1

87. Eotww z = 2 — 4i. Na unohoyloete o

N.X. Mavpoyidvvne TTpbtuno Iepapatind Adxelo
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8 1.2. Mézpo myadikwv aprdudv

L. |z+2+i| 3. |2* — 22

. 1
2. 12z — 1 4

88. T mowouc uryadixolc aprdpoic wydet |z|? = 22;
89. Nu anodeifete ott av |21] > 1, |22] < 2 167 [221 + Z2| > |2 + 2122].

90. T tov 2 €var Yvewoto ot €yetl uétpo 1 xou dev elvanr mparypatixds. Nao
anodelfete 6Tt unopel v ypagel otn popwt| z = 2 o € R.

a—1i’

21 +z2

91. No anodeilete 6Tt |21 + 22| o] T T

< 2(|z] + |z2)).

92. No Moete ) eilowon 422 + 8 |z|* = 3.

z—12
z—81

— 3
= 3 %o

93. Nua Bpeite tov 2 av eiva yvwotd 6t

94. No Bpeite dhoug toug uryadxoig aptuois 2 yio Toug omoloug toy Vet 23 =

|2l.

95. No anobdelZete 6t av wylet |z + ai| = |z + [i| xou ot o, B elvon Sidpopor
rparypatixol aprduol t6te oylel z — 2 = — (o + f) 1.

96. No anodeiZete 6t |1 — Z129| > 1 — |21] |22]

22(2—1)
1421 °

97. Av |z| =1 va Ppeite 10 pétpo Tou

98. Nua vnoloyioete v nopdotaot ‘(1 + i)34‘ — V21—,

99. No fpeite 1o uétpo tou z = (k? — A?) + 2kAi, K, A € R.

100. No Aboete v e&lowon z + |z| = 17 + T7i.

101. Av |z| =2, |w| = 3 va unohoyioete Vv napdotaom
A=z(Z4w)—w(z—w)

102. Av elvor w — 3 = 0 o6 efvan 10 pérpo ToU W;

103. AciZte 6u |Re(2)| < |z| xou [Im (2)| < |2]

104. Bpeite tov z av eivon Yvwotd 6t |z| =1 xou [z + 1| = 1.

105. To tov pryadind apdud z = = + yi woydet 3z = 4y > 0. No anodellete
/ _ 5
ot |z| = 3.

106. I xdde yryadixd z xou xdde Yetind mpoypatxd r woyler |rz| = r|z|.
T

Tlpbtuno Hewopatixd Adxelo N.X. Mavpoyidvvne
Evayyehnhc Tyohic Zpdpvne www.nsmavrogiannis.gr
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107. T toug 21, 22 eivon yvwotd ot |z1] < 2 xou |z2| < 3. Na anodeiZete

ot
L. |21+ 32| <11
2. 521 — 62| < 28
3. |321 —bze| <21
4. |28 — 23] <13
108. Eotw 6t [u+v| = |u| = |v]. Aeifte b % = -1 —|—i§ elte ¢ =

YTHOAEIZH: Acite xou tny doxnon 104

109. To yétpo tou yvouévou 800 uryadixwmy apipdy elvar 3 xat To YéTpo Tou
mnhixou toug eivan 4. Tota elvon tar pétpa Toug;

B’ OMAAA

110. TN toug wryadxolg aprdpols 21 xon 2 Wy Ve
|21l =5, [z2] = 13, |21 — 22| = V82.
Na Beeite 10 pétpo tou adpoliopatog Toug.
1 1

’. , 1 _ 7 2
111. Av «, 3, 7y elvar mparypartixol xou =% = aim ot Beeite to |2|°.

112. No anodeiete dti av yio tov wryodixd aprdud z wylet |z + 1| = [z| + 1
TOTE 0 2 EVOL U1 APYNTIXOS TEAY UATIXOS.

a’+b?
c24d?-

a+bi
c+di

113. No anodeilete bt av x + yi = téte 22 + 9y =
114. Na Bpeite 6houg toug pyadixols z yia Toug omoioug toy Vet \z!Q +2z=0.

115. And Tig egetdoeig tov 1980. Av |z + 16| =4 |z + 1| , va deilete
ot |z| = 4.

116. No anodeilete 6Tt av u, v elvan un undevixol unyadxol ye u+v # 0 t61¢
7 2 2 2 ’ ’ ’
wylet [u+v]” = |ul” + [v]” av xu uévo av o aprdude ¥ eivar paviaoTixde.

117. Eotw 61t yia Toug un undevixolc uryadixols 21, 22, 23 1oy UEL

® 21+ 294+ 23 =0 xau

o [21] = |22| = 23]
, ’ 29 Z 2 _
No anodeiéete 6Tt ot Z—i, Z—? elvon ptlec g e€iowong 2+ 2z +1 = 0.

118. And Tig e€etdoeic Tov 1979, Av z # —1+4+0i xu z # 1+ 0i
Oeilte ot

N.X. Mavpoyidvvne TTpbtuno Iepapatind Adxelo
www.nsmavrogiannis.gr Euvayyehnhc Lyohde Spdpvne
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10 1.2. Mézpo myadikwv aprdudv

1. Otav |z| =1, t61€ 0 apripide % elvor xodapdg QPAVTAGTIXOS. 1

2. Otav o apriudc % elvan xadopde pavtaotixds téte |z] = 1.

119. Arnd tig e€etdoelg Touv 1991, Acoun . Avw = ZZZ‘:O‘OZ[ ue o € R*
xaL z # o toTe Vo anodetydel otu:

1. O w elvor gavtaotixdg aprdude av xor Wo6vo av o z elvar QavTacsTiNGg

apripoc?.

2. Toylel |w| =1 av xou pdvo av o z eivar mpaypatieods oprdpos.

120. Av z;_?‘ = 3 va Ppelte 10 |2].
121. No anodeilete bt1 av woylel |z — 21| = |z — 22| T6TE 10y 0EL XU

L2 N[ (2,0
z 32:1 32:2 = |Z 32:1 32:2

122. NaBpeite 1o pryadued aprdud z av eivor yvwoté 6t |z + 3i| = |z + 5 — 21
xou |z — 4i| = |z + 2i|.

123. No anodeilete ot av (ag + fii) (e + B2i) - ... - (a + Bui) = A+ Bi
t6te (af + B7) (a3 +B3) - ... (a2 + B2) = A+ B?

124. Ard tic e€etdoeig Tou 1982. Na deilete 6t nediowon (1 +iz)” =

1&%3{? we v € N* xou z € C dev éyel mpaypatixr; Ao,

125. o nowoug z woyde |z —i| + |2+ 3| = 1;

126. Tio tov wyaded aprduéd 2z wyber 22 = 2 — 1. AclEte 6
1
A=[2 = k-1
z
127. T nowoug z woydel |z — 1] = |z — 3| = |z —i;
z1t22

128. No anodeiete 6Tt av = 1 t67€ évac TOLAGYIOTOV and TOUS 21, 22

1+2Z122
el uétpo 1.

129. Eotw 1 eiowon 22 + az + b = 0 610u a,b npaypatixol ye a? — 4b < 0.
Na anodeilete 611 o1 pilec g ediowong €youv yétpo wxpdtepo tou 1 av xou
wévo av b < 1.

130. 'Eow 6t |2z + 1| = |22 + 3|. Bpeite 1o Re (2 + 3).

'Evvoel: QAVTACTLIXOG
*Eivau 1) doxnon B4 cehida 102 tou oyohixol BiBkiou
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131. T to uryodixd apupéd u ebvor Yvwoté 6t |u — 2| < [4%|. NoanodeiZete
61t 0 apuée 1+ Im (u?) ebvon apvninde mparypoTixée.

z—|z|
z+|z]

132. No anodeiZete 61t 0 aprdudg elvon poavTaoTixdg.

133. Na anodeifete 6T dev undpyer pryodinde 2 étot Gote |z + 1 — i = /2
xau |z| = 3.

134. Eotww p,q € R xou 21 = }fgﬁ, z9 = }f—gﬁ. No arodeifete 6t av d =
£ d__ _ | Pr=g

|21 — 29| t6tE T = | 1|

135. Eotw 61 |21 + 22| = |21| = |22]. No anodeiZete 6t |21 — 22| = V3 |21).

136. No anodeiZete 6t av woylet |z — 10| = 3 |z — 2| té1e woylel |z — 1| = 3.
137. Na anodeiéete 6T

1. |21+ 22)* = |21]* + |22]* + 2Re (212)

2. |21 — 2o = |21|* + | 22)® — 2Re (2122)

138. No anodeilete 6Tt av o uryadxol aprduol 21, 22, 23 €youv pétpo 1 xou
YVOuEVO Bidpopo tou -1 T6TE 0 wryadixdg

21+ 22 + 23 + 2122 + 2223 + 2321
1+ 212923

elvon Tporypotixdg.
139. Na anodeiéete 6T
lz+ 2|+ |z = |z]| =22 @ z € R
140. Na anodeiZete 6T |z:1|2 + |z:2|2 > 2129 + Z129.
141. Na anodeiete ot av 2| <1 téte 1 < |z —4| < 7.
142. H tawtdtnTta Tou Lagrange. Na anodeilete 61
(1207 + 122 (Jwnl + Jwal?) = z1er + 29w + 2110 — 201
143. Ao Tig egetdoeig Tov 1979 (Axuvpddnxav).

1. No det€ete 611 xdde uryadxog aprdudg unopel va Ypagel oav TeTpdywvo
wyodixod aprdpot. 3

3 Aeite mpdhra Ty doxnon 55. To epdtnua autd Kray, T6Te, cpdtnua Yewplac. T va o
anavtioete Vewpelote puryadixd aptdud o+ Bi xon deléte 6Tl undpyer Tdvta uryadixde « + yi
étor dote (x + yi)® = o+ Bi. Ty ovsia tpéner va deifete 6T 10 ochotua 2 — 32 = a,
2zy = [ €yer Noon,.

N.X. Mavpoyidvvne TTpbtuno Iepapatind Adxelo
www.nsmavrogiannis.gr Euvayyehnhc Lyohde Spdpvne
http://lyk-evsch-n-smyrn.att.sch.gr




12 1.2. Mézpo myadikwv aprdudv

2. Av 21,29 € C, va deifete bt ?

2 2 2 2
|21 4 22]" + |21 — 22" =2 (!21\ + | 22| )
3. Ava, f € C 1t6te abugova ge Ty ep@non (o) urdpyet éva z € C tétoo
wote: aff = 22, No delfete TV 106THTA

a+f
2

o+
‘M+W_+7ﬁ+4+ -z

Joseph Louis Lagrange
1736-1813 144. And tic e€etdoeig Tov 1979, Ay

II(x) = ) |21 — 22| @ + (1 + ]zl\2> (1 + ]22\2>

bmou 21,z dovévtec wyoadixol oprduol va deifete 6u II(x) > 0 yio xdde
mparypatixd aprdud x. Ildte woyder o ioov;

145. Ané tig e€etdoeig Tov 2007. Alveton o pryadixde apriuos

72—1—042‘

T cR
ato ¥

1. No anodelZete 6T 1) E1XOVA TOU Wy adixo) 2 AVAXED GTOV XUXAO UE XEVTPO
10 O(0,0) xou axtiva p = 1.

r ’ ’ 7 4 7
2. 'Eotww 21, 22 ot wyadixol apripol tov mpoxdrtouy and tov tHno

72—1—041'
a4+ 2i

v oo = 0 xou ov = 2 avtiotorya.

’ 7 4 4 7,
(o) No Bpedel n andotaon tov exdVLY TV uyadixody apriuny 2 xat
Z9.

(B") No amodeydel 6t oy det
(21)" = (—22)"

yio xdde puoxd aprdud v.

*Eivos 1 doxnon A9 oelida 101 tou oyohxol BiBiou.

Tlpbtuno Hewopatixd Adxelo N.X. Mavpoyidvvne
Evayyehnhc Tyohic Zpdpvne www.nsmavrogiannis.gr
http://lyk-evsch-n-smyrn.att.sch.gr




KegpdAaio 1. Mryabikoi Apiduol 13

1.2.3 I"OMAAA

146. No anodeilete 6T

|21 + 22 |21 | |22 |
Ltfzr 422 7 L4z | 14| 2|

Koatomy va arnodeiéete Tl

|21 + 29 + ... + 2] |21 | |22 | |2 |
I+ |zr+2z0+ o +2] = 14|21 | 14|22 7 14] 2

147. Aro 7o diaywviowd Putnam, 1989. No anodeiydel 611 av
112" +10iz” + 10iz — 11 =0
t6t€ 2| =1
148. Eotww S 10 obvoro v z € C yia toug onoloug 1oy vel ‘z + %| = a. Na

Beeite g mpémet va emheyel 0 o > 0 OGOTE 1 EAGYLOTN T TWV UETPWY TWV

oTolyelwv Tou S va ebvor 3.

149. No anodeiete 6Tt yio xdde Lebyog pyodixodv aprduody a, 5 xou Yo xdide
Vetxd axépato r 1oy eL:

oo+ 81" <277 (Jal" + 18]
[N toug un pndevixoic wryadxols apripols 21, 22, ..., 2, WOYVEL OTL
|21+ 22+ oo + 2| = [21]| + [22| + .+ 2]
Na anodeiete 6Tt undpyouv Yetixol apriuol Ao, ..., A, €ToL BoTE
29 = X221,y 2y = Ap21
1.3 To Muvyadixd Eninedo

1.3.1 A”OMAAA

150. Xto naupaxdte oyfua 1o onueio A eivor 1 exdva tou 2. No oyedidoete
TV EXOVOL TOU 3 2.

A
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14 1.3. To Miyabixé Erninedo

N ’ ’ N ’ ’ . 1 ’
151. No anodel€ete 6Tt oL eixOVES TV Uryadixwy apriudy =+, 0, oty SV
onuelor cuvevdetaxd.

152. Na oyedidoete 10 ywplo Tou EMTEBOL GTO OTOIO AVAXOLY OL ELXOVES TWV
wyodixmy aprudy z Yo Toug omoloug xatd TEpInTWoT Loy VEL:

1. Im(z) > Re(2)

2. Im (z) > Im (2?)

153. No noAloamhaoidoete tov 3 + ¢ e 10 i. Metd 1o anotéheopa mou Vo
Beeite va 1o mtohhanmhaoidoete Eavd ue i. Na emavardBete dAAn wio gopd. Na
XAVETE Eva oYL

154. H exd6va tou 2 avixet otny evdeia pe e&lowon 2x—3y = 1. Na exgpdocete
TOV Z GUVAPTHOEL TOU 2.

155. Ye xdde éva and to mopoxdte oyfuata eggoaviloviar 500 oudxevTpOL
x0xhot Pe x€VTpo TNV exdva Tou 2o xou axtiveg p1 < pa. Nao meprypddete oe
xdde mepintwon 10 YPAUpooXIAoUEVO Ywplo.

(%)

& &
4) 5) 6)
156. Acigte 61 ye z # 0 oy el 1 wwoduvopio:

L= M=

157. O ewdveg twv 21, 22 anéyovy andotaor d. Na anodeilete 6TL
2 _ _ _ _
d° = 2121 — 2122 — 2129 + 2229
158. No anodel€ete 6Tt T0 TplYwVO TOU 0TOIOL Ol XOPUYES EVAL OL EIXOVES TV
z21=14+2t, 20=4—-2i, 23=1—06¢

elvou loooxeléc.

YHOAEIEH: Eivou |21 — 22| = |22 — 23| =5

159. Xe dheg TiC TUPAXYTO TEPITTOOEIS O YEWUETPIXOE TOTOS TNS EIXOVAS TOU
z etvan xOxhog. Na Bpeite 1o xévtpo tou K xon tnyv axtivo Tou p.

Tlpbtuno Hewopatixd Adxelo N.X. Mavpoyidvvne
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1. |[z—2|=4 3. |z—2-3i|=1 5. |z+2-3i| =1
|z —2i| =2 4. |z4+2+3i|=1 6. 22 —2+4i| =1
160. No anodelZete 0Tl Ol EIXOVES TV ULYoBIXOVY
2414, 3420, 2+ 3i, 1+2i
Vol XOPUPES TETPAYWVOUL.

’ / 4 ’ 2 2
161. Av ) exéva tou z avixel otov x0xho pe eZiowon (x — 2) +(y — 3)" =4
TOTE 1) EIXOVAL TOU Z avixel o€ éva xUxho. Le Tolov;

162. Na amodeilete 6t av 1 exdva tou 2z avixel oty evdeia pe eglowon
—x+y=116te woydel |z =|z+1—1i

163. T notec tpée tou @ 1 etxdva Tou wryadixol apdpol z = x + (z — 1)1
avixet 6tov x0xho e xévipo A(2,3) xou axtiva 4;

164. Na anodellete 6Tl Ol EIXOVEC TWV UIYADIXWY 2, —Z, %, —%, 0 elvon onpeia
ouvevdelaxd.

165. And Tic e€etdoeig Tou 1999, Aéoun I. Eotw o pwyadixdg apri-
pog z = x+yi, z,y € R. Noanodeilete 611 610 piyadind smrcsﬁo o} YE(QP.ET IXO¢
T610¢ WV onuelwy M (x,y) tov eivar Tétow OOTE |2 — 12 4]z-3-2i*=6
elvou x0xhog. No Bpeite 10 xévtpo xou Ty axtivol Tou xOxhou auToU.

166. Xe xdlc éva and ta enouevo oyruato aneixovilovial 500 TEUVOUEVOL
x0xhot Y %x€VTpa TIC EIXOVES TV 21, 22 ot oxTiveg p1 < po. Na meprypdiete
o€ xqUe MEPINTWON TO YPUUUOOHIATUEVO Ywpelo.

167. No Ppelte 10 YEWUETPIXO TOTO TV EXOVOY TWV Wy adXDY apipdy 2 yia
touc onofouc 1oylel 4 (z — 2)? = 927 — 225.
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16 1.3. To Miyabixé Erninedo

168. Ilowog elvar 0 YEWUETPIXOC TOTOC TWV EXOVWY TOV W YLo TOUS OToloug
oy et |1 — %| =1;

169. Oewpolye toug wyadixols 21 = 2 4+ 1@ xou 29 = 3 + 4i. Iloid elva 10
euPadov Tou Ty VoL Tou oynuati{ouy ot EXOVES TWV 21, 22, 21 + 22;

170. No [Bpeite 10V YEOUETPIXO TOTO TWV EXOVOY TWV 2 Yld TOUS 0moloug
woylet |z — 2+ 3i| = 5]z +1.

171. Ilowg eivan 0 YEWUETPIXOEC TOTOC TOV EXOVODY TWV Uyadix®y aptdudy z
Yt Toug omoloug loyvel Re (22) =1;

172. Ané g egetdoeic Tov 1986, Acoun 1. 'Eotww 61
z2=2x—-3)+ 2y —1)i

ue z,y € R. No 8ei€ete 611 010 wyadixd eninedo o YEWUETPIXOS TOTOC TWV
onueiov (x,y) tou eivon tétolo Gote

|22 —143i| =3

ebvon xOxhog. X1n ouvéyeta va Ppelte TIC GUVTETAYUEVES TOU XUXAOU qUTOD Xa
™V oxtiva Tou.

173. 'Eotww 21,22 800 wryadixol apriuol xar Uy, e to avtiotoyo draviouata.
Na anodeiete 611 1oy leL:

ULy & Z129 + 2129 =0

Katomy vo anodelZete 6t 10 evdhypoo TR UE dXQpa TIC ELXOVES TWV U, U
elvon xdeto 610 EVVVYPUUUO TUARA PE BXPA TIC EXOVES TWV W, 2 AV XAl YOVO

/ uU—v ’ /
av o aplﬂpog > glvalt (.PO(VTO(GTLXOC

we
174. Alveton o pryadixog apdude z = 1 4 4. Na Bpeite 1o uixog g tedro-
opévne yoouune ABTA é6mou 1o A, B, T, A efvar ot exdvec tov 2, 22, 23,
4

zZ".

175. No Ppelte 0V YEOUETPIXO TOTTO TV EXOVWV TWV ULYUDIXMY 2 YLl TOUG

omnofoug oy et
11—
Re (7) o
z+ 141

176. Ou eixdveg v wyadxdy apuudy 3 + ¢ xou 4 + 27 elvon dadoyixég
x0pLPESC VO TeTpayOVoL. Tivev uryadixwy unopel va elvar eixdve ot dhheg
500 XOPLYES TOU TETPAYDVOU;

B’ OMAAA

177. Av a € R, xu w € C* otadepol va anodeilete 6Tt dAol oL pryadixol
apripol z mou xavonooly v oyéon Re(wz) = a avAxouy ot pio evdeia.
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178. No anodellete 6Tt av oL eixOveg Twv uryadixwy aprdudy 0, 21,22 elvou
XOPLYES TEIYOYOU TOTE Xt OL EIXOVES Twv wyadixwy 0, 1, =L eivoar xopugéc

22
TELYWVOU OUOLOL TROS TO APYIXO.

179. Eotw 6t % exdva tou myadxod apripod z avixet otny xourtin I
‘Eotww a évag un undevixdg pryadixog xo S, M ot eixdveg Tov u = a + 2 %o
w = az avuotolyws. No cuuninpdoete tov mivaa:

n I ebvan To S avixe: | To M avixet:
H eudeia |z — 21| = |z — 22| 1 2
O x0xhog |z — 29| = p 3 4

180. Eotww 21, 22,23 TeelC avd dO0 Bidpopot uryadxol aprduol. Na anodeilete
OTL oL ex6veg Toug elvarn onueio cuveudelaxd av xon LOHVo o

Z1 — &
A2 R

Zg — 23
181. Na anodeiete ot

1. To eowtepind YWOUEVO TV BLAVUOUATLY Tou ex@pdlouv ot uryadixol
aprdpol 21, 2o eivar (oo ye % (2122 + Z122)

2. Ta eyPaddv Tou TPIYWVOU oL EYEL WS XOPUPES TIC ELXOVES TWV ULYodIXMOVY
aprdu®y 21, 22, 23 lvon (0o e

1, _ _ _ _ _
1 |21Z2 + 22%3 + 2321 — Z122 — Za23 — 2321

182. 'Eotw 21,22 800 wryadixol apriuol xar Uy, e to avtioTolyo dloavOouaTtd.
Na anodeiete oti 1oy leL:

1Ly & Z129 + 2120 =0

Katomy va anodelZete 6Tt 0 eulhypoo TUAROL UE dXQEo TIC ELXOVES TWV U, U
elvor xddeto 0T0 EVIUYPAUUUO TUNHUOL UE dXQEOL TIC ELXOVES TWV W, Z oV Xl WOVO

7 u—v ’ 7
av o apripdc =2 elvor pavtaoTide

183. Ot exdveg TV Wyadxdy aprduoy 21 xat zg eivar ta onuela A xou B. Na
anodeiete 611 10 Tpiywvo OAB eivon opdoywvio 610 O xou 1600XENES Ay XaL
wévo av 23 + 23 = 0.

184. Na Bpelel 0 YEWUETPIXOC TOTOC TWV EXOVLY TV UYUBIXOV dpluoy 2
Yt Toug omoloug loyvel Re (%) = 2Im (%)

185. Na Bpeite TOV YEWUETPIXO TOTO TWV EXOVWY TWV WYUdIXOY dplduoy z
yta Toug omoloug oyveL 222 = 22 4+ 72+ 82+ 8Z.

IN 7 / ’ /2 2 2 ’
186. INo to wryadixd apriud z elvor YVmotd 6Tt |1 + 22‘ + ‘1 — 22‘ = c 61OV
¢ > 1. Na Bpeite tov yewuetpixd 1610 TN EXOVAC TOU 2.
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18 1.3. To Miyabixé Erninedo

187. Xe xdle pryadind aprdud z # 0 tou omolou 1 exdva avnxer oTny eudela

_ ’ ’ 1 ’ /
y = az + f avuotoryole tov wyadixé w = <. Na Ppelte tov yYewpeTpind

TOTO NG EXOVOC TOU W.

188. Nu PBpelel 0 yewuetpixdg 16M0¢ TN EXOVAC TOL W = 12 + 3 OTaY, XATd
nepintwon, woylet:

1. H ewxdva tou z avixel otny evdeio 2 +y = 1.
2. zz=1

3. |z—2+3i|=1

4. Re(z) = —1
5. Im(z) =3
189. No Bpedel 0 yewpetpindg TOMOC TN EXOVAS TOL W = ZZT*{ oTay, xotd

nepintwon, woylet:

1. (2i+3)z+ (20 —3)z =2

2. |z43+i =2
190. 'Eotw 6t w = (3 +2i) 2 — 3zi.
L. Av z = o + Bi va Beeite ta Re (w), Im (w).

2. Na anodeiete 61t oL exxbveS 0T0 UYadxd EMUNEDO TwV apIU®Y W V-
xouv otny eudela x + 3y = 0.

191. Na Aboete Vv doxnomn 141 yenolHoToLOVTIC YEWUETPIXE ETLYELRNUOTAL.

192. Ou aprdypol 21, 29 €youvv Ty WO |21 + 22| < |21 — 22|, Hotde elvar o
YEWUETPXOS TOTOC NG EXOVIS TOU YIVOUEVOU TOUG;

193. And Tig eZetdoeig Tou 1993, Aéoun I. Alveta 1 cuvdptnon

z—1)(z+1
z € C xau Re (z) # 0.
1. No amodelZete 6t f (—2) = f(2)
2. Na Bpeite 1o eidoc e xaundAne otnv onoio avixouy to onueia M (z,y)

yio T omolar ou wryadixol apdyol z = ax + PByi e o, B, x, y € R xu
afx # 0 wavornowvy t oyéon Re [f (2)] =0
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194. Bpeite noldg and toug pyadixols Tou IXAVOToLY TNV oyéon
|z =141 =2

€YEL TO UEYIOTO X0 TOLOS TO ENAYLOTO UETEO;

o 1 2

G
:
4
3
2
(1
\y 2 3 1 H 1 7
z

195. And Tig eZetdoeic Tou 1994, Acoun L. Ocwpolye Toug pryadt-
%x00¢ apLipols z, w xot wi TETOIOLE WOTE W = 2 — 21 XAl Wi = é—i—ai, o € R*.
Na 8eieteg 6Tt av 10 a yetafdihetar 610 R* xan oy der w = wq, T6T€ 1) €1XOVAL
P tou z o710 wryadxo eninedo xiveltan o€ pio utepBoiy.

196. 'Eotww P, Q ot eixéveg v wryadixwy 21, 2. Nao anodeilete 6TL av T0
tplyevo OPQ eiva 1obmhevpo téte Yot 1oy leL 27 + 25 = 21 2.

197. No anodeifete 61t av a, B € R pe @ > [ 16T 0L EXOVEC TOV Uy adixwy
z mou enahndebouy Ty e€iowon 2Z = az + aZ + [ avixouy o x0Oxho.

198. And Tig egetdoeic Tou 2008. Av yio toug uryadixoig aprdyoie z
xo w oy HouY

‘(i+2\/§)z‘:6 o Jw— (1— )| = |w— (3 — 3i)]

’ ’
toTE Vo Ppelte:

1. TO YEWUETPIXO TOTO TWV EIXOVWY TWV ULy adiX®V apipdy 2.
2. TO YEWUETPIXO TOTO TWV EIXOVWY TV UYodIX®OY optdu®dy w.
3. v eNdytotn Ty Tou |wl.

4 4
4. v eldyotn T Tou |z — w).

199. Ano 7o dwxywviopwd Putnam, 1959. No anodeilete 61t av ot
EXOVES TOV, DL8PopwY, WyadxdY apidumy 21 XaL 22 €ival X0pLPEC LOOTAE)-
POU TELYWVOL TOTE 1 TpiTn x0pLYT aUTOL ToL TELY®VOL Va EivaL 1] ELXOVA TOU
wryadeol apriuo

—WZz1 — w222

6mov w ebvon pla un mparypotied pila e eiowone 23 = 1.
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20 1.3. To Miyabixé Erninedo

200. Eotww 800 otadepol wryadxol p, g ue oo pétpa xar n ouvdptnon f(z) =
pz+qZz, z € C. No anodeilete 611 ol ebdves wov f (2) avixouy oe pla evdeio.

201. O xOUxhog Tou AnoAAwviou. 'Eotww 21,22 d0o didgpopot apripof.

z—z1

No anodeifete 6Tt av —

= ¢ 61oL ¢ YeTixdg TpayPaTndg aptiuog 61dpopog

ToU 1 TOTE 0 YEWUETPXOS TOTOC TN EIXOVAC TOL 2 elvan xOXNOS UE XEVTPO TNV
2 c|z1—z2|
[1—c?|

oV TOV ﬁzl - 1szQ %ol oaxTival

202. Arné Tt Mathematical Tripos tou Cambridge, 1998. Eotw
wla evdeion L xou €0t a 0 uryadixdg mou avtiotolyel oto {yvog e xddetng
mou dyetan and TNy apy” v afoévey O oty L. Na anodeilete 6t 1 eiowon
e L ypdopetar

z2 =0+ dai

XL ETOUEVOS OTN LOPYT
20+ az = 20
Y ovvéyeta va Peeite Ty e&lowomn g xaundANg Tov TpoxinTEL av oTa onueio

e L egappooiel o petaoynuatiopéds 2 — L. No dioete yewpetpixt| epunveia.

203. A6 too Mathematical Tripos Tou Cambridge, 2000. Ia xdde
Vetxd npaypatind aprdud k opilovye 1o ohvoho

z—1
=k
z+1
1. No anobdeiete 6Tt Yo xdde k # 1 ot eixdvec Twv pyodixdy Tou GUVOAOU

Sk maplotdvouy x0xho tou onolou va unoloyioete 0 %EVTPO xal TNV
oxtivaL.

Sk—{ZGC:

2. Na dwoete axdun uio mhien neprypapy| ToU GUVOLOL TLV EXOVLY TOu ST.

3. Eotww nouvdptnon f : C — Cue f(z) = —2z. Naddoete pio yeopetpxt
neptypapn g f xou va anodel€ete Ot

f(Sk) =8

1
E

204. Eow a € C pe |a|] < 1. T xdde onyelo tou pryadixod emnédou 1o
omoio elvar eixdva Tou uryadixol apripod z éva and ta mapuxdte Yo oy el
z—

l1—az

z—a
1—az

>1

<1l

Enopévewe 1o uryadixd eninedo ywplletar o tpla ywpla avdhoyo ye to motd
oyéon ahndeder yia o onueia Toug. Na neprypdete autd T ywplo.

TuoarizH: Ioyber | =% | = ;;f‘l‘ = ‘%‘ ;;i . AdBete v’ 6dwv Ty doxnon 201
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KegpdAaio 1. Mryabikoi Apiduol 21

I OMAAA

205. Ot eix6vec v uyadxdy apdudy z — 1, z+1, 22

Vewaxd. Na Bpeite tov yewuetpixd 1610 TG EIXOVAS TOU 2.

elvon onpeio ouvev-

206. No anodeiZete 1 1 e€iowon tou xOxhov |z — zp| = p eivon l6odHVaUN pe
™y 2Z = 2Re (27) + p* — |20/

207. BOewpolye Toug avd dVo didpopoug uryadxovs aptiuols 21, 22, 23, 24 TOL : :
, / ~ ; 7 , ~ s , Kxabdioc ITtohepaioc

Ol ELXOVES TOUC AVl TRELG OV aviixouv otny (Bia evdela. No anodelete 6T oL 85-165

EIXOVES TOUG elval omueia OLoXUXAXE oV XL LOVO oV Loy DEL

(21 — 22) (23 — 24)

(21 — 24) (23 — 22) ek

THOAEIEH: Xuvdudote tic acxfoeic (180), (187)

208. To Ocwpenua IItorepaiov-Euler. Oecwpolye toug pwyadixois 21,

29, 23, 24. Leonhard Euler
1707 -1783

1. Na arnodeiete 6Tl
(21 — 22) (23 — 24) + (21 — 24) (22 — 23) = (21 — 23) (22 — 24)
2. Na anodelete 611

(21 — 22) (23 — za)| + |(21 — 24) (22 — 23)| < [(21 — 23) (22 — 24)

3. No amodellete Ot 1 10OTNTAL TNV TEONYOVUEYT oVIcOTNTA Loy VEL AV %ol

. , . August Ferdinard Mébi
HOVO av oL EIXOVES TV 21, 22, 23, 24 Elvou oMuela OpOXUXNIXE. HBUSt FerCInare Nopis

1790-1868
YTHOAEIZH: Acite xou tny doxnon 207.

209. O Metaocynuatiowds tov Mobius. H anewédvion z — f‘éig

ovopdleton yetaoynuatiopds touv Mobius. No anodeilete ot av ad — By # 0
16T 0 petaoynuatiopds Mobius anewoviler evdeieg - xOxhoug oe evdeieg 1
x0xAoug.

210. Eotw 61 etxdva tou pryadixol aptdpod z avixet otov x0xho ue eZlowon
22 +y?+ Az + By + C. 'Eoww m = 2|

1. Na anodeiZete 61t m = — (ARe (2) + B Im (2) + C)
2. No anodeifete 61t m2B2 + (QBQC — A%2B? B4) m+ B2C? <0

NP4 ’ 4 4 4 4
3. No anobdel€ete OTL 1 YéyioTn xou 1 ENAYIOTN TWH Tou 2 €lval ot

(A2 + B2) —2C £ /(A2 + B2) (A2 + B2 — 4C)
2
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22 1.4. Aoxtjoeg oe 6Ao to kepdAaio

Aoxnoelg o 6ho To xEQPAAALO

211. Yrdpyer dpaye axéponoc n # 0 étor bote (1+14)" = (2+4)";

212. T toug wryadixolc apriuolc 21, 22 elvar Yvwot6 61t |21]| = |22| = 1. Na
arodeifete 6Tl av

21 — 29+ 2129 = «x

ue a € R tote 1oy vel
21 — 29+ az129 = 1

213. And T e€etdoeig Tou 2003. Aivovron ot pyadxol aprdpol z =
a+ Bi, 6mov a, f € R xaw w = 32 — iz + 4, 6mou Z ebvar o ouluyrhg Tou 2.

1. Noa anodeiéete 6T
Re(w)=3a—-p3+4

Im (w) =35 — «

2. Na anodeiete 611, av ot eixdveg Tou w o6To Pryadixd eninedo xwvolvto
oty evdela ye elowon y = = — 12, 161€ ot IxdVES TOL Z XWVOUVTUL GTNY
eudela pe ellowon y = = — 2.

3. Na Bpeite motog and toug wryadixode aptipolc 2, oL EIXOVES TV OTolwY
xwolvTton oty evlela ye eglowon y = = — 2, €yel 10 eAdyoTo duVaTo

wétpo.

214. Alvetar 611 v wryadxol apriuol avixouy o otadepd xOxAo Ue XEVTpo TV
apy Y| TV aZovwy xat €youy otadepd dpoloua. Na anodeilete 6T1 xou 1) exdVaL
Tou apOoloUATOS TWV AVTIOTEOP®Y Toug avixel eniong oe otadepd x0xho.

215. No anodeilete 6Tt av yio Toug pryadixols aprduols 21, 22, ..., 2, LOYVEL

z21—1 29 — 1 2y — 1
: , <1, .. |FE—]<1
21 +1 29 +1 Zy+1
T6TE 1oy Vel XU
21t z9+...+2,—1 1
Z1t2z+ ..tz +i

216. No meprypdete 10 GOVOAO TWV UYadIX®y 2 Yiol Toug onoloug toy e
O0<|z—1<1+|z

217. No nepiypddete 10 0OvVOro TV Uyadix®y 2 Yla Toug onoloug To Tpay-
wotixd pépoc tou aprduol (1 + 1) 22 etvan Yetind.
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KegpdAaio 1. Mryabikoi Apiduol 23

218. Na amodeiydel ot av yia éva pnyadind apipd z LTdEyoLY Uy adixol
aprdpol u, w ue
ul = w| <1 (%)

WOTE

z=u+w (k)

|z] <2 (%% %)

)\)\/ 4 7. *** 7 4 X 7
AAAQL XL AVTIOTROYPWC AV YL TOV 2 LOYUEL T TOTE UTAPY OLY pJYOCOLXOL

aprdpol u, w Ghote va oybouv ot (¥), (**).

219. And Tig e&etdosig Touv 1984, Aéoun I. 'Eotw z o uyadixde
apriude x + yi ue y # 0 (x, y npaypatixol apripofl). Oétovue w = j—_Ql, 6mou
Z o ovluyne tou z. Na anodeilete 6Tt 0 w elvon TEoyUaTiXOS aprduos, GV xat
wévo av to onpeio (z,y), wg tpoc éva oploxavovixd cvotnua avapopds 0y,
aviixel o€ plo urepBoly and v omola €youv eZonpelel o xopupéc TNg.

220. Na Bpeite dhoug Toug wryadixois 2z yio Toug omoioug oy deL

z+1

2

z
221. No anodeilete 6t av 21| < 1, |z2| < 1 t61€ |21 — 22| < |1 — 2122
222. T toug 21, 22 € C 1oylel 23 + 2120 + 25 = 0. AciZte 61t 21| = |29].

223. T toug 21, 22 € C oybet 22% + 2129 —1—32% = 0. Na vrnoroyioete 10 Iz—;}

224. Eow ot wyadcol apwipol 21 = 2 4 37, 290 = —1 4 2i. Na Beeite
ooy poTixole aprdpole K, A TéToloug WOTE 25 + 25 = K21 + Aza.
225. No anodeilete 6t av a € R xau |z1] = |22] = 1 t61€ oyder
|21 + 22 + az120 — 1] = |21 + 22 — 2122 + ¢
226. Na Bpeite Toug myadixolc w yia Toug onoloug Loy lel w? = —5 — 12i.

227. Oewpolye 6houg Toug uryadxolg apriuolc 2 Y Toug onoloug uTdpyeEL
axépatoc m ote 2" = (2 + 1)™. Na anodeifete 6Tt oL exdvec OAwY ATV
TV optluoy avixouy otny o evdeia.

228. No anodeilete 611 av 1) €1xOVA TOU Pryadixol aptipol avhixel 6Tov xOxAo
ue xévtpo 10 K (1,0) xon axtiva 1 té1€ 01 wryadixol apripol 27T — 27| 2V brov
v puotxdg, éyouv foa uétpa.
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24 1.4. Aoxtjoeg oe 6Ao to kepdAaio

’, ~

229. Eotw ot avd 800 didgopot uryadol z1, 22, 23, 24. Na anodeilete 6T av

2

dVo and Toug apriuoic

29 T R23 23— 21 21 — 22

Z1 —247 Z9 —2’4’ Z3 — 24
elvon gavtactixol T6te Yo elvan xan o Tpitog.

230. No anobdeffete dtt av 21 + 22 + 23 = 0 xou 2 + 23 + 25 = 0 t61e
|21] = |z2| = |z3]-

231. INa mow TR Tou p € R 10 mpaypatixd uépog tou uryadixol aptipod

14i 2430 s , .
21 2pi —|— 314 glval 6o p.E TO (.PO(VTO(GTLXO TOL pEpOC,

z =

232. No anodeilete 6TL av Yl Toug avd dvo Bidgopoug wryadixoie aptduoi
21, %2, 23 W) LEL z% + zg + z§ = 2129 + 2923 + 2321 TOTE OL EIXOVEC TOUC elvalt
X0PLYES LGOTAEVEOL TPLYVOU.

233. Me ) Borfdewa tng doxnong 1.4 vo anodellete o6t av a, B,y clvar Tpelg
ava dVo Bidpopot uryadxol aprduol ot onolot xavorooy pla onotadrnrote and
TIC oUVUAXES NS doxnong 72 TOTE oL EIXOVES TOUS 010 Wyadixd eninedo elvon
X0PLYES LGOTAEVEOL TPLYVOU.

234. No unohoyioete 10 euPaddv ToU TELYWYOL TOL 0TOlOL XOPLYES Elval OL
EIXOVES TV UYodixovy 21 = 2 4 34, 20 = —1 + 7 xau 21 29.

235. Na anobdel€ete 6Tt av A elvar Yetixde mpaypatixdg xon 21, 22 Uryodixol
T61E 10y 0EL

1
21+ 22f” < (14 X) |2 + (1 + X) Bk

236. No Ppeite 10V YEQUETEIXO TOTO TV EXOVOY TV UYAOXOV aptdudy 2
Yt Touc omoloug woylet |z — 17 + [z + 1> = 4

237. Na anodellete 6Tl yioo xde pryadixd aprdud 2 oylet:

(Z—;Z)2+%(z+2)(z—2)— (2%2)2_%

238. No enaindedoete Tic 106TNTES

Re (iz) = —Im (2)
Im (iz) = Re (2)

239. Eotww 61 yia 10 wryadnd aprdud z woylet |z — 21| < a x|z — 29| < f.
No arodelfete 4t ‘z — %‘ < #
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KegpdAaio 1. Mryabikoi Apiduol 25

240. No anodeilete 6T yio xdde TpLdda Wryadxdy aprdumy 21, 22, 23 WY VEL
21 + |22 + |2s]* + 21 + 22 + 23] = |21 + 220 + |22 + 23 + |23 + 21

241. Na Bpeite 10 YEWUETPIXO TOTO TOV EIXOVLY TWV dpldu®dV 2 Yla Toug
onofouc woydet (|z] — 2i) (|2 + 2i) = (Re (2) + 2)?

242. Eotww 61w = 22 g € R*. Na anodelZete 61t av 10 2 diatpéyel Tov

4Eova TWY QUVTACTIXGY TOTE T0 W dlatpéyel Tov xOxho z2 + y? = 1.

243. No anodeilete 6TL av 1 ewdva Tou Pryadixol apruol z ypdgel x0Oxho

xévtpou O xar axtivag o # 1 16Te 1) eixdva Tou w = 2 + % Yedper TNy €Nkewdm
2

z2 ) —
(1+a2)? t (1-a2)? — L

ue eglowon

244. 'Eotw ot pryadxol apdpol z1, 22, 23 pe 23 = (1 — X) z1+Az2 pe A € [0, 1].
No anodeiete 6t |21 — 23| + |23 — 22| = |21 — 22].

245. No omodeiZete 61t av o aprdude 3 (z + 2)2 +i(z — 2) elvon gavtooTide
t61€ |2 —i| > $V/11

246. Ocwpolye Vv ouvvdptnon f : C* — C e f(2) = 2 + % [Totolc
wyadolg amewxoviler 1 f oe mpaypatixoie;

247. T toug uryadxoig aprduols 21, 22, 23 UE % ¢ R eivar yvowoté 61t

2 1 1

<3 <1 22

Nao anodeiete dTL oL exdveS TOUS o 1 dpY T TwV AOVwY elvor onueior opoxu-
xAixd. YmoammH: Aette Tqv doxnon (187)

248. Na anodelfete ou |1 — wz]? — |w — 2|* = (1— |w?|) (1 - |z|2>.

249. Ay 2193 =1 t6tc 0 aptduog 21972 4 21(_1;72 elvon mporypatixdg. ot
250. No oarodeilete 6t av (u+1)" + v’ = 0 (v Jetixde axépuwoc) TOHTE
Re (u) = —3.

251. No Ppeite T0v YEOUETPIXO TOTO TNE EIXOVAS TOU 2 oV EVIL YVWOTO OTL
|2+ kil* 4 |z — ki|> = 10k2, k>0

252. No anodeiete 61t av 21| + [22] = ... = |z,| = 1 t61€ 0 apriude
1 1 1
zn1t+znt+t..t+znt+—+—+...+—
21 2 2y

e@’ooov opileton elvon mporypaTindg.

253. Na anodeilete 611 av oy lel
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26 1.4. Aoxtjoeg oe 6Ao to kepdAaio

e 21 +2z2+...+2,=0
o |z1| =|2|=..|z|=1

T67€ 1oy Vet
|z —z1|+ |z — 22|+ ..+ |z — 2| >V

254. No anodeifete 6TL av
o Ot A, Ag, ., Ay lvan un apvnixol mporyportieol ue A\p + Ao+ ... + A, =
o [z <1, |2 <1,z <1

TOTE Loy LEL:
[Ad1z1 + Aozo + ...+ Az < 1

255. 1. Noa anodeiéete 6T
21— 2o’ Hlzp = 25"z — 2121 + 22 + 25 = 3 (|21 + 20 + |2%)

2. No anobdeilete 6Tt av |z1] = |22]| = |z3] = 1 xau |21 + 22 + 23] = 3 t61¢
Z1 — 29 — Z3.

2z+1
1z+1

256. Anod toug wyadixolg Z Tou IXAVOTOoVY TNV oYEan ‘ = 2 notog €yel

T0 €NAY10TO UE£TPO;

X! 4 4 2 4 4
257. No amodeilete 6Tt av oL edVES TWV 2, W I0ATEYOLY ANO TNV apYT TWY

24w
Z—w

2
alovwy téTE 0 apiudg ( ) , € 600V opileTon, Elvol TEOYUTIXOC.
258. O wyadixdg aprdude z dev elvon Tpayuatixdg o0Te PavTaoTixdS xou Loy VEL

621+522+6 / , N
irars € R Acflre 6 [2] = 1.

259. No anodeilete 6TL av 1 eixdva Tou uryadxo) apriuol z = & + yi avixet
070 €0WTEPIXO TOL X0OxAOU e x€vTtpo 0 xar axtiva 1 TOTE 1 ExXdVaL TOL W =
22 + y?i avhxel 070 eoTEPINS TOU TPIYGVOU UE xopuéc Ta onuela O (0,0),
A(1,0), B(0,1).

260. 1. No arnodeifete 61t av oL appol z, 22, 23 éyouv mpaypatind pépog

wxpoTEPO 1 {oo tou 0 téTE TO mMpayuaTd pépog Tou 2 elvon 0.

2. No amodeifete 61t av [z + 1] < 1 xow [22 + 1] <1 xou |22 + 1] < 1 1t61¢
z=0.

261. No anodeiete 6Tl 0L EXOVES TV WYadIXwY 21, 22, 23 £ivan onpeio cuveu-
Vetad av xar wovo av woylet 2122 + 2923 + 2321 € R.

THOAEIZH: Acite xou tnv doxnon (180).
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KegpdAaio 1. Mryabikoi Apiduol 27

262. Ao €va Yépa Tou daywvicwol Putnam tou 1947. 'Eow
f(2) =24+ az+bye a,b € C. No anodeydet 6t av |f (2)] = 1 yio xdde 2
we |z| = 1 téte woybet a = b= 0.

YHOAEIEH: Ou npénet |f (1) = |f (=1)| =1 xw |f (¢)| = |f (=) = 1.

263. Ao Tig e€etdoetlg Tou 2005. Alvovton ot pryadixol apriuol 21, 22,
z3 We |z1| = [z2] = |z3| = 3.

1. Aci€te 6L 71 = %.
’ / / 21 29 ’ ,
2. Aeilre 61 0 apriude I + 2 elvau mparypatixoe.
3. Aceilte bt |21 + 29 + 23] = % |21 20 + 229 - 23 + 23 - 21|

264. INa toug mpaypatixolg apipols a,y wydet 0 < v < a. BOtwpolue
6houg toug wyadxolg aprluols z Yio Toug omoloug Loy Ve

|z +9]+ |z =] = 2a ()

[Towx etvon 1 wxpdTeEEN X0oU TOLL 1) UEYAAVTERT) TLWT| TOU Unopel Vo Tdpel T0 P€Tpo
TOU Z;

265. Eotw 6t 21 = %J_rz ol Z9 = %, t e R.
1. Beeite ta yétpa TV 21, 22
2. Aci&te 6tL o1 21, 22 €youv To (B0 PaviacTixd uépoc.

3. Aci&te 611 av yia Tov Vetind axépono m oyvel 27" + 25" = 2" + 25" to1¢
o m elvar dptiog.

266. Bpeite wyoadixoic a,b, c mou éyouv pétpo 1 xar a + b+ ¢ = abc = 1.

YHoAEIEH: Aciéte 1L ab+bc+ca=1xu bt (z—a)(z—b)(z—c)=23 22 +z— 1.
267. T to wyodied apriud 2 ebvar yvwotd 6t oyber 23 + 23 = 16.
1. No anodeilete 6t |2| > 2.
2. Mrogel dpaye va elvan |2 = 2.

268. And Tig e€etdoelg Tov 2006. Aivovton or pryadixol apripol 21, 29, 23
we |z1] = |22] = |z3| = 1 %o 21 + 29 + 23 = 0.

1. Noa anodeiéete otl:

(&) |21 — 22| = |22 — 23] = |23 — 21]
(B) |21 — zf* <4 xou Re (2122) > —1

Na Bpeite 10 YEOUETPXO TOTO TWV EXOVOY TWV 21, 22,23 OTO ULYadiXo
eninedo xadwg xou to €ldog Tou TELYWVOL Tou AUTES aynuatilouy.
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28 1.4. Aoxtjoeg oe 6Ao to kepdAaio

269. Aivovtar ot pryadixol apdpol z1, 22,23 UE |21] = |22| = |z3] = 1 xw
21 + 22 + 23 # 0. Na anodeifete o7

1. |Zizetzezatasa | _ q
’ z1+2z2+23

2. (z1+22)(22+23)(23+21) cR
212223

270. 'Eow X € R otadepdc ue A > 1. No hdoete 610 6OVORO TV ULy adLxXdy
y e&lowon:
wH+A|w+ A +i=0

271. 'Eotww ot wyadwxol aprdyol u xou v = Sl;ou-

1. TroVétoupe 6t |u| = 2. Acifte 6T 1 emdva Tou v avixer o xOxho
¢otw C.

2. Tro¥étouye 611 1 etxdva Tou u avixel otny evdeio pe eglowony = —r—2.
Aci&te 6T eixdva Tou v avixel o€ eudela €0Tw € 1 omolol EPANTETUL OTOV
x0xho C tou epwthuatos (o).

272. No anodelZete 4Tl oL EIXOVES OAWY TOV UYadiX®V TNS LopPhg

B 14+ ms

Z = .
1—mi’

meR (x)

4 N 7 /. 4 4 4 ?
aviixouy otov govadtaio xOxho (xévtpo 1 wpy Twv afévwy, uxtiva 1). No
eZeTdoeTE av Ot TapATdve wryadixol aprduol «eZavthoivy tov xOxho dnhadn av
xdde onueio Tou govadiaiou xOxAou eivon exdva xdmoou pryadixod e LopPhc

(%)

273. Yrdpyouv dpaye otadepol wryadixol a, B €étol wote yia xde 2z € C va
woybel Z = az + 5;

274. Na anodeyVel 6Tt yior xdie pryadixd aprdud 2 oy et
142 <1+ 2 + |2
275. Na anodeyel 6Tt yio xdie pryadixd aprdud 2 oylet
142+ [1+2+2%>1

THoAEI=H: Na daxpivete Tic Tepimthoes |z| > 1 xa |z] < 1. Xtnv debtepn va napatneicete 6T

L+ 2]+ |1+ 2+ 22| > 1+ 22| + |1+ 2 + 22|

276. Na anodeifete 6Tt

lz4+al—lz+a—-1+]z+6]—|z+5-1] <2
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KegpdAaio 1. Mryabikoi Apiduol 29

277. I toug pyadixolc apriuolc 21, 22, 23 Elvat YVOOTO OTL OL EIXOVES TOUC
avixovy otov xUxho C ue x€vipo tnyv opynh twv a&ovewy xou axtiva p. Nao
anodelete OTL av o wyadixdg aprdudg

2129 + 2023 + 2321
21+ 29+ 23

opiletan toTE 1 Edva Tou emiong avixel otov C

278. 1. I to wryadxd aprdud z oy et

w(z) (320

Na Beeite 10 yewuetpind 610 L NG EIXOVIAS TOU 2.

2. T to wryadxd aprdud w oy det

2w 2w
27 ) = mm [ 2=
Re<w+1> m(w+1) (k)
Na Beeite 10 yewuetpind 1610 M TN €1XOVAG TOL W.

3. No Bpeite toug pryadixois mou ixavorolody xou g 800 oyéoelg (x), ().

’ N 7 7 4 4 N ’

4. "Evac wyodixde z ixavormotel Ty oyéon (x) xar évag pyadixdc w ixovo-
nolel ty oyéon (x*). Iow eivar n péytotn xou mota 1) eENdyLoTn T oL
umopel vo mdpet To U€TPo Tou 2 — w;

279. Na anodeiete 6Tt av oL EXOVES TWV 21, 22, 23 0pilouy Tplywvo To6TE TO
Boplxevtpo tou efvan 1) exdva Tou AEZEE - AelZte axdun 6Tt av, emmhéoy, ol
EIXOVEC TWV 21, 22, 23 AVAXOLY GTOV povadlofo x0xAo T6Te T0 0p¥OXEVTPO TOU
TELYOVOL glvou 1) ELXOVAL TOU 21 + 2 + 23.

280. 'Ectw H 10 60voro OAwV TV uyadixwy tou éyouy ué€tpo 1 xou z,w € H

1. No anodeigete ot Yo toydet 2 +w — 2w + 1 = 0 av xou pévo av oy e
z+w+zw—1=0

2. Bpeite toug z,w av elvan yvwoté ot (z — 1) (w —1) =2

281. Ye xde nporypatixd aprdud t avtiotoryolue Tov wryadixd apriud f (t) =
1+t

7 7
- Aeilte o

LAl = || =1

2. 'Bow ot t; +to = 2 xau t1tg = —1. Na Bpeite v andotaon tov
exovoy v f(t1), f (t2).
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30 1.4. Aoxtjoeg oe 6Ao to kepdAaio

282. No anodelfete 6t av 22 + 2z + 1 = 0 té1E:

o + 2+ 9% = 3aBy = (a+ B+7) (a+ Bz +72°%) (a+ B2* + 72)

n m2+4n —_ Z‘n2+4m

283. No anodeiZete 61t av i™ =" (m,n € N) 161 ¢

22(2—1)
14z

284. Eiva |z| = 1. Bgeite 10

285. No Bpelte ToV YEWUETPIXO TOTO TV EXOVOY TWV UYadIX®Y 2 VLo TOUG
omofoug oy et ‘z + %| = 2.
THOAEIZH: (x2 +y2)2 —4 (12 + y2) +2 (12 - y2) +1= (x2 —1—-2y +y2) (12 -1+ 2y+y2)

286. No anodeiZete 6t av |z| =1 t61e Im (%) =0
(z+1)

287. Nau anodeiete 6Tt vy xde (edyog uryadixody aprdudy 21, 22 10yY0oLY Ta
axohova:

1. (1 - yzl\Z) (1 - 122\2) = (1+21%) (1+ Z122) — (21 + 22) (21 + 22)

2. |21 — 2| < (1+ \zlyZ) (1+ yzQ\Z)
288. Av |6z + 1| = |4z — 1] Peeite 0 |22 + 1].

7 ’ ’ 2
289. TNa toug pryadixolc 21, 22 elvan Yvowotd Ot 21| = |22 = L xa (21 — 22)° =
—4. Na Beeite toug 21, 22.

290. And Tic e€etdoeig Tov 1960. (ApyitexTtovixy Ocscoahovi-
%xng) Aidetou 1 eiowote

2?24+ (2 = 1)z +8)\ —4r =0
N optolel 0 A ote 0 pf + p3 va efvor péyiotov.
EnezHrasH: To A Yewpeiton npoypatixds xor p1, p2 ebvon ot pilec e egiowone.

291. Eow 6t |2z1] = 71 %o 22| = rp pe 0 < r; < rg. Na Bpeite v
UEYUADTERY Xou TNV UiXpOTERT TIUY ToU Unopel va Tdpel 1 TapdoTaoy:

A= |2’1 —22|+|2’1+22|

292. Eow 61 |z1| = |22] = |z3] # 0 xat Re (2—;) = Re (;—i) = Re (i—i’) =
m. Na Bpedel o m.
293. 'Eotww 1 eglowon

P dar+B=0

6mou ol «, 8 eivar npaypatixol apripol. No Bpeite noiéc oyéoelg npénet va
IXavoTololy ol @, B €1l wote 1 elowon va Exel U mpaypatixés pileg ue pétpo
wxpdTERO oL 1.
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294. No anodeiZete 6Tt av woylel |21 + 22| = 2 t61e Yo toyler Re (2122) < 1.

295. T Tov wryadd apwlpd z wyber |22+ 1| = |z — 1. No Beelte tnv
UEYLOTN Xa TNV EASYIOTN TIWH TOL UETEOL TOu 2.
TmoAEI=H: Aeifte mpdta 6t v z # 1 woylet (2 +2)2 + (2 + 2) + |2|* — 3|2|2 = 0. Me z = Re(z)

éxoupe pla eglowon wc tpoc T Tov TEEREL VoL Exel Tpayotixés AMIoELC.

296. Eotw 29 # 0 otadepdc uryadixods xar a otadepds mpoypotixds. No
Beeite Tov YEWUETPXO TOTO TOV EMOVODV TV UYadiX®V aptdumy 2z ylo Toug
onofouc oy et Re (202) = o .

297. Eow 6t |z| = 2. Na anodeylel bt

298. 'Eotww 61t yia Toug wyadixoig aprduoic z, w 1oy bouy ol oyéoels:
Re((14+i)2)=1, wz=1
1. No Bpeite 10 YEWUETPIXO TOTO TWV EXOVRY TV 2, W

2. Na Bpeite molog and toug pyadixols z €xel T0 WxpOTERPO BUVITO UETEO.
Mrnopolue va xdvoupe 1o {B1o yio Toug pryadixois w;

299. Ao Tig e&etdoelg Tou 2009. Ocwpolye Toug pryadixoig ool
z=02A+ 1)+ (22 -1)i, AeR

1. (o) Na Beeite v e€iowon tne eudelac mdve oty onoia Bploxovtar ot
EXOVES TWV ULy adLX@Y aprdu®y 2, Yo Tig didpopeg Tiwég tou A € R.

(B") And touc nopandve wryadixols va anodeilete 6t o wryadixde aptd-
KOG 20 €YEL TO UiXPOTERO BUVATO PETPO.

2. Na Bpedodv ot uryadxol aprduol w ot onolol ixavonololy tny egiowon
2 _
|lw]” +w — 12 = 2

6mou zg = 1 —1i = o wyadixdg apriuds TOL AVAPEPETAL OTO TROTYOUUEVO

EPOTNUOL.
300. Eotw pla ouvdptnon ¢ : C — C ye g axdhovieg BiotnTeS:
o p(z4+w)=p(2)+¢(w) i dha T z,w € C
o v(zw) =p(z)p(w) yia Gha a0 z,w € C

o v(z)==zywohataz€R
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32 1.4. Aoxtjoeg oe 6Ao to kepdAaio

Na anobdeiZete 6t 1 Ya wyber ¢ (2) = 2z v 6ha T z € C elte Yo woyler
¢ (z) =z vy Ok T z € C.

301. Eotww pla ouvdptnon a: C — R pe tig axdhovdeg ot Tes:
o a(z) =z yo un apyNTIXS TEAYUATIXG 2
o a(z122) = a(z1) a(z2) Yy xdVe Lebyoc wyadxodv 21, 22.
o Tndpyet Vetixde npaypotinods M wote a(z) < M vy xde z pe |z =1
Na anodeilete ot a (2) = |2| yia xde 2.

302. And Tic e€etdoelg Tou 2010. Alveta 7 e&lowon
z+ 2 =2
z

6mov z € C ye z # 0.

1. Na Bpeeite tig pileg 21 xou 29 g e&lowong.

2. No anodeifete 6t 27010 + 23010 = ¢

3. Av yio toug wyadxoig aprduoic w Loy el

|lw—443i] = |21 — 22

TOTE Vo BpElte TO YEWUETPIXO TOTMO TWV EXOVWY TOV W OTO Uryadlxo
eninedo.

4. T toug wryadixoie apripuotc w Tou epOTALATOS 3, Vo AmOdElEETE OTL
3<|w| <t7

303. No onodeifete 61t av o v > 0 eivar guoxds xon oyver (z+1)” +
(x — )" =0 t61€ 0 x elvon mporypaTixde.

304. Eow a,b € Cue|a—b| = |a| = [b] > 0. Bpeite tnv tun tne napdotaong
a\4 b\*
(3) + (‘) '

305. TN toug pryadxote aprdpols 21, 2o oy Vet

’22’1 — Z9 — 23’ = ’22 - 23’
pidei
|22’2 —Z1 — 253| = |2:1 - 253|
Nao anodeyydel 611 21 = 29 .
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306. And Tic e€etdoelg Tou 2011. 'Eotw ot wryadxol apripol z xar w
Ue 2 # 3i, ol onolot xavomololy T OYECEL:

]z—3i]—|—]§—i—3i]:2

XOolL
p— —3. S
w ==z H_z—?)i

1. No Bpeite ToV YEOUETPIXO TOTO TWV EIXOVWV TWV Uy adix®y apipdy 2.

2. No anodeifete 6Tt
1

zZ+31=——
z— 31
3. No anobdeilete 6TL 0 w elvan mparypoatixde apriude xaw 61t 2 < w < 2.

4. Na anodeifete 6Tu:
|z —w| = [2]

307. And Tig eZetdoelg Tov 2012,  Oewpolye Toug pyadixols aptd-
wolc 2z xat w yla Toug onoloug Wy oLV oL ETOUEVES GYECELS:

2= 1P+ [z + 1 =4 (1)
lw — 5w| = 12 (2)

1. No anodellete 6Tl 0 YEOUETPIXOG TOTOC TWV EXOVOY TWV ULYUdIXDV o-
eluwy 2z oto eninedo elvon xOxAog pe x€vipo TNV apy” TV aEOVKY X
axtiva p = 1.

2. Av 21, 23 givar 500 and ToUg TapUTdVE Uyadxols apipolc 2 pe |21 — 22| =
V2 téte va Ppeite 10 |21 + 29

w

. No anodel€ete 611 0 YEOUETPIXOC TOTOG TV EXOVLY TV ULYAdIXWY o-
’ ~ ’ 2 2
ewludv w oo eninedo eivan N éhhewhn ue eZiowon G + 4 = 1 xou o1
ouvéyetla va Bpeite ) péytotn xar Ty eAdyloTn 1uf Tou |wl.

4. T toug wryadixole aprdpolc z, w mou enaindedouv tic oyéoeic (1) xau
(2) va arodeilete 6L
1< |zw] <4

308. No oyedldoecTe TOV YEWUETPIXO TOTO TNG EIXOVAS TOU 2 GTIC axdhouvdeg
TEPITTAOELS:

1. [Re(z)| =1
2. Re(|z]) =1
3. [Re(2)|+ Im(2)] =1
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34 1.4. Aoxtjoeg oe 6Ao to kepdAaio

309. Abo un napdhiniec evdeiec tépvouy tov xOxho |z| = 1 ota onueia Tov

elvol EIXOVEC TV Uyadx@v a,b xa ¢, d avtiotolync.

%006 omnuelo Toug elvan 1 ExOVA Tou Uy adixol

Na anodeydel 611 10

310. Ano Tig e€etdoelg Tou 2013.  Oewpolue Toug pryadixois aprd-

woi¢ { yto toug onoloug oy et

(z—2)(zZ—-2) +|z—2 =2

1. No amodellete 0Tl 0 YEWUETPIXOS TOTOC TV EXOVOY TWV UYodIX®OY 2
elvon xOxhog pe xévtpo K(2,0) xou axtiva p = 1= 1.
X1 ouVEYELY, Yo XGUE Uy AdLXO Z TTOU AVIXEL OTOV TUPATAVE YEWUETEIXO

6710, Vo anodeilete 6t 2| < 3.

2. Av o1 wyadxol aprdyol 21 , 22 TOL AVAXOLY CTOV TUPAUTAVE YEWUETEIXO
6710 elvan pileg g e&lowong w? + Bw + v =0 pe w wyadind apriuo,
B,y € R, xou [Im(21) — Im(22)| = 2 t61€ va anodeiZete 6t B = 4 %o

v =3.

3. Oewpolue touvg wyadixolc aptduolc ag, (g, g oL OTOloL AVAXOUY GTOV
P Y P ) A,
YEWUETPIXOG TOTO Tou epwThApaTog 1. Av o myadixde aptdudc v ixavonolel

™ oyéon:

V3 v +av+ o =0

t61e va anodeiete ot v < 4 .
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2.1
2.1.1

Kegpdiowo 2

'Optoc W OLL Zuvéxstoc
>VUVOPETNCEWY

Yuvoptioeig. Ilpdelg cuvaptioewy

A" OMAAA

311. Na e€etdoete av o apripde 22 ebvar T g ouvdptnorne f (z) = 22 —

4z + 1.
312. Eotw n ouvdptnon
-1 <0
No vrohoyioete v Th e napdotaone A= f(0) + f (=2) + f(f (-2))

313. 'Eotw 1 ouvdptnon g (z) = 723 — 2 + 1. Aeifte 61 g(2z) — g (z) =
z (492% — 2).

314. 'Eoto 1 owdptnon f (z) = 2% — 3z + 2. No anodeifete 61t yio xdie h

wybet f (2 +h) =f(2—h).

315. 'Eotw 1 ouvdptnon f(z) = = + /z. No enokndeboete v w0dtnta
f(r—h) = R S

flx+h)—f(x—h)=2h (1 + e e

316. I'iw v ouvdptnon f (z) = azr’+ B+~ wyvet f (1) =3, f(-1) = -3,
f(2) =12. Na Beeite t a, 5,7.

317. And ta 9€pata Touv dtaywvicpot Flanders, 1991. 'Eotw

)=t @)

Av y = f(z) téte 10 7 elvon [oo pe:

35



36 2.1. XYwaptioeg. Ipdéag ovvaptiioewy

L. 7 2. f(}) 3. — LW 4o~ b s
318. Ilotwo civar 10 nedio oplouol TV cLVAUPTACEWY
L f()=Vz—-142V/3—2x
2. 9(0) = 7etem
319. No Beeite to nediar 0pIOUOD TWV TAPAXATGD GUVAPTHOEWY:
1. f(z) =242 +3 4.h(x):\/ﬁ7x+3
2-90(50):m 5. w(z) =In(2? — 4z + 3)

3. g(z) =Va?—4z+3 6.¢(x):m

320. No Bpeite ta nedla 0piool TV GUVIRTACEWY

L f(2) = /= 2. g(x) = V=

321. Ilow and tw onpeia A(1,1), B(-3,6), I’ (t -2,2— %) avixouy ot
Ypapixf napdotacn tne ouvdptnong f (x) = %;

322. T nowa T Tou t 1o onuelo M (t, —11) avixet otn ypopixn tapdotao
e f (z) = 22% — 37 — 1

323. H ypuouh nopdotaon g ouvdptnone f (z) = az? + x — 2 diépyeta
and to onueio M (1,4). Howog eivar 0 o
324. H ypagux nopdotacn tng ouvdptnong

ar +1
T+«

fle) =

diépyetan and to onpeio A(2,7). Na Beeite to f(7).
325. No xdvete Ti¢ YPUPIXES TUPACTICELS TWV CUVAPTHOEWY

T z <0 Jx-1, <0
Lf(x):{x—i—l, x>0 2'f(x)_{x-|—1, x>0

326. Ailvovtou ot ouvopthoes f (z) = 2?2+ 1 xou g (z) = %xQ — 4+ % WV

omolwyv ot Ypapxéc napactdoel téuvovia ota A, B.
1. Na Ppeilte ta A, B.
2. Na Beeite v ediowon e evdelag AB.

327. 1o EMOUEVA OYARATA VO EXPRACETE TO Y CUVAPTNOEL TOU .
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(T1T) o (IV)

328. Yta endyueva oyfuata Beeite v ouvdptnon f.

7

(@) 17 ®)
329. Yto endueva oyfpata Beeite Ty ouvdptnon f.

() )

330. Yt endpeva oyfuata Peeite v ouvdptnon f (Xto oyfua («) n Cy
anaptileton and éva nuxdxho xou 800 Nuevdelec).

() (®)
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38 2.1. XYwaptioeg. Ipdéag ovvaptiioewy

4 4 7 4
331. Yto emdUEVA OYARATA VO EXPPACETE TO d GUVAPTHCEL TOU .

\fm-;
/ i) Mz, (@)
d f(x) M (] (@)

(@ DA ®
332. T mow T Tou A 1) ouvdptnon f (z) = (A2 — 1)a? + Az + 1 pe nedio
optopol 10 R eivar fon pe tv ouvdptnon g (z) = 322 + 2z + 1 1ol éyer nedio
oplopob enfong to R;

333. No anodellete 4Tt 0L GUVIUPTNOELS:

2 —z+1 r<l1
f(x):{x2—3x+2{+2x—1 xu g(x)=< —2?+5r-3 1<z<?2
2 —x+1 x> 2

ebvau {oec.

334. T o T tou A to onueio M (1, A) avrixer oty ypapix tapdoTtact
me f(z) =23 +z+1;

335. Y10 oyfpa anewxoviletar 1 ypagixy TopdoTaoy TG

F@) =3 @ +3) @ —1) (o 4)

To onueia A, B,T" avAxouv otov &ova 'z, ta E, H otov y'y xau BALAZ.

Na Beeite tic ouvteTaypeveS TV onueiwy:
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1. E 2. A,B,T 3. Z,H

336. Aivovta ot cuvapthoec f(x) = V9 — 22, g(x) = Va2 — 3z +2. Nau

oploete tic ouvapthoe f+g, f-g, 5-

337. To &dpowopa twv f(z) = V1 —22 xa g(x) = Va? — 2 dev opiletau.
T

338. H ouvdptnon f eivar otadeph xan 4f (7) = 11. Hoto eivor 1o f (11);
339. Eotw 1 ouwdptnon f(z) = 2. Na anodeifete 61 xde oprude
didpopoc tou 2 eivar T e f. Enlong va anodeilete 611 0 2 dev elvon T

e f.
340. Mia ouvéptnon f eivan 1-1 xou f (22 — 1) = f(9). oo eivar o z;

341. No anodeilete 6Tl 0L Topaxdtw cuVAPTHCELS Ye Tedio opiouol to R eivar
1-1:

L. f(z)=3x+1 3. s(x)=a3+1
2. g(z)=3%%1 41 4. g(x)=%+5

342. No anodeilete 6Tl o1 mapaxdtew cuvapthoelg Ye medio oplopol to R dev
elvaw 1 —1:

L. f(z)=|z|+1 3. s(z) = = + 22
2. g(z)=2+z+1 4. g(x)=e€"

343. Nuo Bpeite ouvdptnom pe nedio opiogod 10 R tétoa dote yia dho o
va woyvel f(x+1) =2z + 1.

344. Iloiég eivar oL avtioTEOPES TV TUPUXATE CUVIPTHOEWY;
L. f:R—=R, f(zx)=¢e"
2. g:R* >R, gx)=21
3. h:[0,+00) = R, h(x)=2?

345. Noa opioete v alvieon go f oTic axdrouleg TEPIMTOOEIC:

1L f(z)=141 g(z)=/1+2

2. f(x)=2>+2,9() =V —5+Vo -2
3. fle)=2® 222 —2+2,g(z) =lnx

346. Aivovto ot ouvapthioes f, g ue f(z) = |z] + 1 xu g(z) =z + 1 xa
nedio optopol 1o D. Eivar ot cuvaptroeig loeg otav:
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40 2.1. XYwaptioeg. Ipdéag ovvaptiioewy

1. D=R; 2. D= (—1,1); 3. D= (2,4);

347. Y10 emdueva oyRUATI LTAPYOUY OL YEAPIXES TUPACTACELS TV CUVAPTY-
oewv f xo g, h. Na e€etdoete av €youv péyloto ¥ ehdyloTo.

Ch
cy Cy /

348. Ocwpolye dVo ouvapthoels f, g opopéveg 6to R xau v cuvdptnon

h(w) =Tm ((f (@) +ig (2))%)
Nao anodei€ete 611 xdde piCa e h eivon xan pila e f % e g.

349. Acifte 6u n ovvdptnon g(z) = 2z — 1 elvor avuiotpédiun. Metd va
Beelte ta xowvd onueio Ty Ypapxoy tapaotdocwy Ty Cy, C;l.

350. Mia auvdptnon f €yet ovoro tpdy o didotnua [—1,1]. Tlow6 eivor o
o0volo TV e ouvdptnone g (z) = 2f (z) + 3;

351. H evdelo y = 1 téuverl v ypagixi| tapdotac tne ouvdptnone f oe 8o
onuela. Eivow n f avtiotpéduun;

B’ OMAAA

352. No Beeite ta nedla 0pIoYol 1wV GUVIPTACEWY:

Loo(x)=vV1—+vV1—2a? 2. o (z) =In(e* — 5e” +6)

353. I v owvdpton f(z) = %ﬁ?k)

[0,1] wyler f(z) € [0,1]. Na Beeite to k.

2 ’ 7 4
elvar Yvooto Ot v xdde x €

354. T plo ouvdptnon f: R — Rioyler f2 (z) + 22e?® = 2ze® f (x) yio dhat
o . Noa Beeite tov tOno g f.

355. And ta Yépata tov Swaywvicwol Flanders, 1991. Eotw 7
ouvdptnon f : [0,400) = R pe f(z) = z — /z. Téte 10 chvoho TGOV TN
elvou:

1. [0,400)
2. R
3. [-1, 4+00)
1>
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4. Kdmowo odvolo nov nepiéyetar oe ddotnua (o, B e a, S € R

5. [-%,+00)
356. Ilog mpéner va emheyel 0 a Gote 10 TEdlo OpIOUOL TNG CLVAETNONG
f (@) = 515 va repiéyer to didotna I = [—1,1];

357. Nu Bpeite ouvdptnom pe nedio opiogod 10 R tétoa dote yia dho o
va woyvel f(x +1) =2z + 1.

358. Nua Bpeite ouvdptnon ue nedlo opouod to R tétolo dote yioo Ol ToL &
va oyvel f(2x +1) =+ + 1.

359. I v ouvdptnon f : R — R ebvar yvwoté 6t oy e
fla+y)=f(@)+f)
v 6ha T,y € R. Noamodeilete 6t oy et
1. f(0)=0
2. f(—x)=—f(z) yra x&e z € R
(
4. f (%) = L1f(2) yio x40 z € R xou xéde v € N*
( (x) v xde yio xdde ¢ € Q pe ¢ > 0
( () vy xdde vy xdde ¢ € Q.
7. Me c = f (1) wyler f(q) = cq yia x&e q € Q.
360. I'a v ouvdptnon f : R = R elvan Yvwoto o1t yio xdlde z, y # 0 oy et
flay) = f(2)+ [ ()
No amodeiéete 6t
1. f(1)=0
2. T xdde = # 0 wyler f (L) = —f ().
3. [ xde z,y # 0 wyler f (%) =f(z)—f(y)
4. Av v 1o z # 0 woyler ¥ = a (v € N) t61e f(o) = vf(x).

5. f(~1) =0
6. T xdde = # 0 wyder f(—x) = f(z)
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ar+p

361. Eotw n ouvdptnon f(z) = 4.

e¢ ebvar Loodvaya:
L. (fof)(x) =z v xdde z # —%.
2. a=—0

we ay # 0. No anodeilete 6T Ta

362. INa pla ovvdptnon f : R — Rioyber fog = go f yia Oheg Ti¢ cuvapTroeig
g:R — R. No arnodeifete 61t f () = x vy xdde x € R

363. Acifte 6t n ouvdptnon f(z) = 23 + x — a ebvou avtiotpédun. Metd
Beeite ta xovd onuela NS Ypapxnc Tng Tapdotacng e f xou T avtioTpopng
™e.

364. And ta Y€pata Tou daywvicpot Flanders, 1990. Yo eninedo
1 e€lowon (:c2 + y2)2 = 4z%y opiler pia xapniln. To olvoro twv TeTayuévev
Y TV onuelwy g xoumiing elvou

1. [-1,1] 2. RT 3. [0,1] 4. [0,2] 5 R

365. And ta Yépata tou Siaywvicpwol Flanders, 1991. 'Eotw
a, € R xaw ot ouvopthoes fi, fa, ..., fu, ... Tou opilovto wg e€ng:

e fi(x)=ar+f

e Avv >21éte f, = fu_10 fi
H oycon figo0 = f1o02 # fro91 wnopel va 1oy beL:

L. Do plor T Tou a xou pio T tov B.

2. T 800 Tipég Tou o xou plor Ty Tou S.

3. T Tpelc Tiée Tou a xou plo Ty Tou B.

4. To plo Tipn Tov a xan omotadhrote Tipn Tou .

5. T 800 Tipég Tou o xan omotadnroTe Ty Tov B.

366. INo pla ouvdptnon f: R — R vndpyouv apriuol K, A €tol dote yio OAa
T x va oyler (fo f)(x) = kx + A. No anodeiete bt yio dha o 1oy leL
f(rx+X) =rf(x)+ A

367. Mia ouvdptnon f opiouévrn oe éva didotnua A ovoudleton xuUpTr av Yid
x&e z,y € A xau yia xde o, B € [0, 1] ue ae+ 5 = 1 woyleu:

flaz + By) < af (z) + Bf (y)

Nao anodeiete pla ouvdptnon f: A — R elvon xvpth av xow wévo av yio xdie
TELddo aprdu®y x1, T2, 3 € A e 1 < x2 < 3 1oyLEL

f(22) — f (1) < [ (x3) — f (22)

To — I - €T3 — T2
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368. Y10 embuevo oyfua va exppdoete 10 d CUVAPTHOEL TOU .

|
|

M (. f (@)

369. No Beeite i avtioTpoPes TWV TUPAXATL CUVAPTACEWY:

1. f:(—00,1] = Rye f(x) =322 — 62+ 1

x+1

2. g(x)=e=1+4+1

3. f:(~00,0] = R pe h(z) =e®+ e*

370. 'Eow yla ouvdptnon f : R — R. Na arnodeilete 611 1 ouvdptnon
g(x) = %’M elvar dptio eved N h(z) = W elvon mepLtth. Bdoet
ToUToUL BelTE 6TL %dde cuvdpTnom ue nedio oplopol to R unopel va ypougel we
dipotopa wlag dptiag xou plog TEPLTTAC CLVAPTNONG.

y=g(@)

371. 'Eow pla ouvdptnorn f opopévn o éva didotnua A tétola GOoTe va
nadpvel Tée oto didotnua (—1,1). Eotw 1 ouvdptnon

I AC)
g(x)_l-i-fQ(l‘)

Na anodeiZete 6Tt av 1 f elvon yynolng govdtovn t6te xan 1 g elvon yvnoling
wovotovy ue eidog povotoviag dto pe e f.

372. Ye noéc and TG EMOUEVES TMEQITTAOOEIC 1] ouvdptnon f elva yvnolng
avovoa oto ddoTnua A
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44 2.1. XYwaptioeg. Ipdéag ovvaptiioewy

1. f(x) =3z — V2, A= (—00,+)
2. f()=x(z+1), A= (-3-2)
3. f(x)=2+1, A= (-1,1)

4. f(z)=-1 A=(0,+00)

5. f(z) = nuz, A = (0,+00)

6. f(z) =22, A=10,1]

373. Alvovtor ot cuVapTACELS

e+ e ® et —e %
fa =" g =5

(vrepBohiké auvnuitovo xou vrepfolikd nuitovo). Na anodeilete ot
1. H f eivon dptia xou 1 g mepttty.
2. Ioyver f(z) > g(x) yio ko T
3. H g elvou yvnolwg adEouoa.

4. Ioybet
fAa)—g°(x) =1
Yiow OAOL T .
Téhoc:

5. Na Beeite v avtiotpogn e g.
374. No anodeiZete 1L av n go f eivan 1-1 téte xou 1 f elvon 1-1.
375. Eotw f () = 22+3. Navrohoyloete v napdotaon: A= f~1(f (1) + f~1(1)).

376. 'Eotw 61 1 f elvar yvnolwg ad&ovoa. No anodellete 6T av yio xdmoto
z woyer f (2?2 —2z) < f(—1) téte Yo ebvan z = 1.

377. I vy ouvvdptnon f @ (0,+00) — R woyder f(e¥) = 22 + 1. Na
anodeiZete 61t Y xde Lebyog Vetindv apdumdy a, 5 oylel f(af) =2lna+
2In B+ 1.

378. T pia ouvdptnon f ue medio opiopot to R woyder f(z+1) = f(2?)
v xde x. Elvar avtiotpéduun;

379. Mo eivor n avtiotpoon e f(z) = 22T v =1,2,..;

380. Me f () = 2 Beeite tov a Gote va oyler f = fL.

T
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381. Av ot fog xwu g elvar yvnoing avovseg xau g (Dy) = Dy eivan dpaye
xat M f yvnolwg adfovoa;

382. T pio ouvdptnon f : R — R xaw v tpeig aprdpoic a < B < v ebvan

yvooté ou (f(B) — f(a)) (f (v) — f(B)) < 0. Mnopel n f va eivou yvnoiog
HovOTOVY;

383. Na anodeilete Aentouepn 6Tl plo yynolwe wovotovn ouvdptnor €xet To
Toh0 o piCa.
384. Tndpyouv dpaye YVNoing HOVOTOVES TERLODIXEC GUVIPTHOELS;

385. O ouvapthioeic f, g, h eivan opiopéveg oe éva Sdotnuo A xat Talpvouv
Vetuxég Tipég. O dvo mpwteg elvon ad&ovoeg xau 1 teity elvon @divovoa. Na
xadoploete 1o eldog povotoviag 1wV GUVIPTHOEWY:

1. f+g—nh 2. fg—h, 3.ﬁ+3h

386. O ovvaptioec f,g, elvar opiopévec oe €va didotnua A xou malpvouy
Vetxéc tpée. Na anodellete otu

1. Av n f nopovoidler péyoto (avtiotolyws: edytoto) 610 T TOTE 1) %
rapouotdler eENdytoto (avtioTolywe: PéYoTto) 010 Xo.

2. Av ot f, g nopovotdlouy eNdytoto (avtiotolywe: péyoto) oto zp TOTE
xou 1 f + g mapouvoidler ehdyioto (avtiotolywe: uéyloto) 6To o

1.
387. Me f(z) = L4

1. Na anodeifete 6t 1 f etvou avtioteéduun xou woyber f = f~L
2. No oploete v cuvdptnon fo (2f).

388. Na amodeilete o1 xdle yvnolwg povotovn cuvdptnon eivon avtioTpéd-
un xou Ot 1 avtiotpoprn tng eivan eniong yvnolwe povotovn pe to {do eldog
novotoviac.

389. H ypaguxh| napdotaon wog ouvdptnone f elvon 1 eudela mou diépyetan
and 1o onueio A(2,3) xou €yet ouvteheot| dreudivoenwe 2. Agob Bpeite tov
tOmo e f va Bpeite v L

390. 'Eotw f pla yvnoing ablovoa ouvdptnon. Na anodellete 6L ta xowd
onueta twv Cy xon Cy-1 -€¢” 600V UTdpyOLV- avfixouy oTny evdeia y = .

391. No arnodeifete 611 1 ouvdptnon f (z) = z*nu?z — cvve oto ddoTnua

A= [O, %] elvon yvnolwg ad&ovoa.

392. No anodeifete 61t 1 ouvdptnon f(z) = v/z |z + 1] |z + 2| |z + 3] ebvau
yvnoing adtovoa.
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46 2.1. XYwaptioeg. Ipdéag ovvaptiioewy

393. No anodellete 6TL av plo cuvdptnon f tapouctdlel EAIYLOTO GTO To Xl
1 g eivar ad&ovoa téTE N g o f mapouotdlel xar auTH eAdyloTo 610 Xo. Ti Vo
ouvéBawve av 1 g ftav giivouoa; Mropeite «ue 1o pdty va Beeite To eAdyloto
e w (x) = 2N 4 KT,

394. 'Eotw 1 cuvdptnon

o= {7 22!

Na Beeite yia motée Twég tou A 1 f ebvon 1-1. Do autég g Tipée va Ppedel 1
7
395. I TV ouvdptnon f eivar Yvwoté 6Tt yia 6l ta & € R 1oy et

FP @)+ f () +a=0

Agot anodeiete ot n f etvan 1-1 va Bpeite v avtiotpogn xat to eidog povo-
Toviog e f.

396. Mia ouvdptnom eivar 1-1. Mropei va eivon dpTio;

397. Miu ouvdptnon f : (0,1) — R eivar yvnolwe povétovr. ‘Eyel uéyioto;
EXdyioto;

398. 1. Nuanodelete 61t n ouvdptnon f (z) = (2)" + ()" etvor yvnotoc
pdivouoa.

2. No anodeiete 611 ) e€lowon 37 447 = 57 €yer povadixy Aoon tov apriud
2.

399. O ouvopthoec f(x) = nux xou g(x) = epx eivar Yvnolng povotoveg
oto Sidomua (0,5) xa emopéves avtioteéges. Trodéote 6t éyete pia o-
orduounyavy (xopmioutepdxt) pe to onolo propeite va Pploxete 1o f1(z) yia

x&de z. Tloc Ya Beeite 10 g~ 1(a);

400. Ia v ouvdptnon f: R — R elvor yvwoté 6t woyder f(f (z)) =z vy
x60e x. No anodeiete 6t ebvon 1 — 1. Katémv v anodeiete 6t f = f L
Mrogeite va Bpeite pla ouvdptnon ye auth Ty widTnTe; ‘AN,

401. T v ouvdptnon f : R = R ebvar yvwot6 6t 1oy let
af (2) + f(1—z)=2"+2+3

v xdde x. Na Beeite v f.

YTmoAerzH: No Oéoete énov z 10 1 — .

402. T pio cuvdptnon f elvar yvwotd 6tL ta onueio e Ypupixis Tne mopd-

otaong e elvon ta onpelor M (ii—%, ii—%), t # 2,3. Na Bpeite v f.
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403. 'Eotw 1 owoyévaa owaptijoewr fy(z) = 22 + Xz + 1, A € R (B
oY 1et)-

1. Bpeite ouvdptnom fi @ote 1 Cy va diépyeton and o onueio M(1,v/2).

2. Trdpyet dpaye ouvdptnom fi NG TUPATAVE OXOYEVELLS TOL WEPOG TNG
Yeapixhic tne moapdotacne vo Peloxeta xdtw and Tov dZova x'x;

404. Mia ouvdptnon ¢ clvar yvnolwg abiovoa. Na Aboete v eiowon

% (:):2 —1—4) = @ (4z)

405. Ano Tig e€etdoelg Tou 1998, Aéopn I. H ouvdptnon f: R = R
ixavornolel T oyéon:

FUf@)+f@)=22+3 z€R
1. No anodeilete 6TL 1) f elvan «éva mpog €vay.

2. Na Moete v edlowon:

f(22° +2)=f(4—2), z€R

406. 'Eoctw

. No anodeilete ot 1 f elvon yvnolng adEouoa.

. Na anodeiZete 61t 10 oOvoho ey e f elvon 1o didotnua (—1,1).

3. Na Beeite pv f7L.
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48 2.1. XYwaptioeg. Ipdéag ovvaptiioewy

407. T v ouvdptnon f : R — R elvar yvwoté oty dha o 1oy et:

4

B3 +1<fx)<at—2*+22°+3z+1

Na Bpeite ta f(0) xou f(1).
408. 'Eotw n ouvdptnon f () = 2z + V4z? + 1

1. No anodeilete 6Tt yia xdde 21 # 22 10y Vel

fla)=fle) (., z1 + 1o
T — T2 VA + 1+ (/422 + 1

f(z1)—f(z2) >0

7 / 14 /7
2. Na anodeilete 6Tl yioo xdde x1 # w2 o)y et rp—

3. Na anodeilete 6t 1 f elvar avtiotpédiun.
4. No Beeite v aviiotpogn e f.

409. 'Eotw f: A = R pla yvnolong povétovn cuvdptnon énou to A eivon éva
avoikto drdotnua. Na anodellete 6TL 1 f Sev €xer obTE Yéyioto olTe EAdyLOTO.

410. H ouvdptnon f(x) = e~ Bev et ehdytoto. Tati;

411. No anodeilete 6t av 1 ouvdptnon f €yel yéytotn Tr 1o M tote Yo
f(:vl);-f(:vz) < M.

xe x1, 22 € Dy Yo 1oy leL
412. Eotww 6t pio cuvdptnon civar oplopévn oc avoxtod didotnua xar €yEL
wéytotn uur. No anodeilete dti 8¢ elvar povotovn,.

(2—t)z?+2t

413. T mow T tou ¢ ow owvopthces f(z) = 55— xa g(z) =

(2t—1)x242

. ’
o121 Elval LOEC;

414. Oewpovye dVo ouvapthoelc f,g opouéves oto R. 'Eotww I 1 tavrotiki)
oguvdptnon tou R (dnhadh I(z) = = v bha T ).

1. Na anodeiete 6t av go f =1 tote 0 f ebvoan 1 — 1.
2. Na anodeilete 6Tt av f o g = I t61€ 10 cOvoho Tiwwy g f elvon to R.

3. Na anodellete 6Tt av go f =1, fog =1 t6te 7 f elvon avtiotpédiun xou
n avtioTpogn g elvau 1 g.
415. Noanodel€ete 6tL av ot ouvapthoelc f, g eivon avtiotpédiueg xat opiCeton 1

oOvdeon gof téte xau 1 gof etvan avtioteédun xau woyler (go f)H = flog L.

416. Eotw f(z) =22 — 2+ 2 xou h(z) = o (x — 1). Na Bpeite ouvdptnon
g(x) = az + B o Gote go f = h.
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417. And Tig e€etdosig Tov 1997, Aéoun 1. Eotw C n ypauur tou
emnédou pe elowon y = azd + Bz? + yx + 8, dnov a, B, 7, Seivor mporypatixof
apripol xa a # 0. 'Eotw A(x1,11), B (22,vy2), I' (z3,y3), A (4,y1) onpeia
¢ C. Trodétoue 611 T0 P€oo tou evduypduuou TuApatoc AB cuunintel ye to
wéoo tou evduypdupou tufuatoc I'A xou eniong urodétovpe 6Tt t0 Yéoo autd
dev avixel oty evdeia mou €yel egiowon B+ 3ax = 0.

1. No anodetydet 61t o1 - 29 = 23 - 24

2. No anodeyel 61t 10 onueio A ouuninter pe to onueio I' ¥ pe to onueio
A.

418. Eivou dpaye 1o ddpotopa 800 avioTeéPiuwy cLVIPTACEWY AVTIoTEEYLUN
oLVAETNOT;

419. Na anodeiete 6Tt yioo xdde ouvdptnon f undpyet a € R étol dote 7
ouvdptnom g (x) = f () — a va €yer pla Toukdyiotov pila.

[ OMAAA

420. Eivaw yvwot6 xou uropeite va 1o ypnowwonoteite eheliepa 6T av opllovtan
ot ouvaptioec go f xou ho(go f) téte opilovtar xou ot hog xou (ho g)o f xau
wdhiota oyvel (hog)o f =ho(go f). llpoonadeiote dwoete pla anddeiln.

421. 'Eotww pla ouvdptnon f xa A, B 80o pn xevd urocivola tou mediou
optopol tne. Na anodelleve o1t

1. f(AUB) = f(A)U f(B)
2. AV ANB #0 w6t f(ANB) C f(A) U f (B)

Na dwoete éva napdderypa pe 1o onolo va gaivetar 6t 1 wodétta oto (B) dev
oy Vet.

422. To pla ouvdptnomn oplopyévn oe éva didotnua A 1oy det
J@)=f(y) < (x—y)* oo,y
Na anodeiete ot elvan otadep).

423. And ta Yepata tng Ohvprniddag APMO, 1989. Na nposdio-
ploete Ohec Tic ouvaptioec f: R — R yia 1ig onoleg oy del:

o H f elvan yvnolwe ad&ovoa.

o f(x)+g(z)=2x bnovg=f1
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‘Opia XuvapTtroewy
A" OMAAA

424. Yta embyeva oyruata anewxoviletar 1 ypapixy Tapdotact ulag cuvdp-
mong f e medio opiopol 1o R, Xe xdde mepintworn va cUUTANP®OETE TiC
l0OTNTES:

f@2=.. limf(x)=.. fB3)=.. lmf(x)=..

x—2 z—3

(€) (<)

425. No cUUTANPEWOETE TIC LOOTNTES:

1. limx = 3. lim g = 5. lim 8= 7. limu =
r—2 T rx—f[T u—2
6.
2. lim 22 = 4. lim o lim (=8)= 8 limu=
r—3 z—p z—p u—v

426. Y10 oynua Tou axoloulel LTdEYEL 1] YRuPIXY) TapdoTaoT] Lidg oLVAPTNONS

f.
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Na ouuninpwoete Tig 106TNTES:

> My S = o My 0=
3. z_lgr_nl_ f(zx)= 7. lir{l_ f(z)=
b S0 - 5 i 1) =

427. Yta oyfpata Tou axolovdodv LTAEYEL ) Yeupix TupdoTao uiag ou-
vapnone f. Na PBeeite xdde éva and ta dpla

lm f(2), lim f(2), lm f(), lin f (@)

T——2" z——21 r—2+

ue dedoyuévo 6Tl oe xdie mepintwon elvon +00 1 —0o0.
\ \ ! \

\ \ / \
\ 1 \ / ! \

1 — T
o |1 \ K
(¥) (©) ‘
Y
428. No unohoyloete T Tapoxdtw dpta
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1. lim (2% —1) 3. lim Va2+1 5. lim (Jz| + 1)
z—1 rz——1 T
3 2 _ i d T
2. ;11312 (2% — 3z + 2) 4. g;Ii>H—l1 (lx| +1) 6. ;11311 =13

429. No vnohoyloete T mapoxdtw dpta

: z2—1 : x2—3z+2 : 234222 —x—2
Ll 55 o Jim =t 5 i,
. 2_ . 3_Ap2 . 3 2_

2. lim % 4. lim % 6. th %
r—1 - r—2 - T——

430. No vnohoyloete T mapaxdTw dpta

. Di—z—1 .ox=2 . |4z—2|—|z+1]
1. lim (@+1) —2-1 =z 5. lim &B=— 1Tl
z—0 z—1 3. }Eg, £E2—% z—1 z?—1
. z—443|z| 4. 1 22 +dx+4 s |2z42]—|z+1]-3
e L . lim &reres i U
2. lim = oy Tt 6. lim Sy
431. No unohoyloete T mapaxdTw dpta
_ . p—/3m=3 . Am
1. lim \/25 11 3. hmxgi?’ﬁ2 5. lim 22
z—1 7 z—2 T z—16 VT—4
2. lim Y233 4. lim =23 6. lim Y5tz—l
T p—o1 6 r——8 VI—2 r——4 T+

432. H ouvdptnon f eivar opiopévn oto R xou woyder lim f(x) = 1 xau

z—0
lim f (z) = 0. No Bpeite ta nopaxdtw dpta:
z—1
. . npx 3 x
L lim f (z + 1) 3. ili%f(x) 5. lim f (27)
2. 1i -1 4. 1i —1)e” . lim 1
limy f (2~ 1) lim £ ((r—1)e?) 6. limIn(f (x)
433. Na unohoyioete 10 bpio lim f (x) oTic Topaxdte TEPITTMOEL:
T—T0
z, x<0, -
L. f(x)—{xQ 23>0 btav xp = 2
<
2. f(x):{a;j:; , @sl btav o = 2
z+1 7 x 1

_ o <1 _
3.f($)—{x+17 |x|22owvx0— 4

rx—2, <2

oty Tg =€
x+2, z>2 0

i )=

434. No Beeite ta opLo
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435.

436

437.

438.

439.

li z2+5 s (z—=1)V2—x . (z+h)*—z?
s b Jim 5 5 Jim

2
lim _x7=3 . 1+22—1 . 3_ 22 x+1
LR o e
‘Eoto 1 ouvdptnon ¢ (z) = %. Na urohoyloete ta dpto:
lim x 2. lim T 3. lim 1—=2
Hﬁw( ) lim ¢ (v/z) HH@@( )

Na cupmhnpwoete Tic 10dTNTEC:

lim ﬁ =
r—5~
lim %8 =
r—6—
lim ﬁ =
7"
lim ﬁ =
r—8~

Na Beeite ta mapaxdtew opia

lim 5

x—24+ T
lim
r—2+

1
2x—4

lim
T2+ z2—4

Na Beeite ta mapaxdtew opia

i L
1
z——3+ T3

1

lim  —=;

z——3+ 7%
Na Beeite ta dpra

z—3
z—2 (z—2)

2

: 47
;11311 z3+22—5x+3

lim =
r—9~
lim
7+
lim
T—8+

lim =
z—9+

lim
z—2+ 8—z3

: T+a3
IB%JF z3+22—-52+3

lim lz—1]4+
z——3— T3
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P o oy VEE3tvaid
5. IEHJQ% 6. Mm e
440. No cuuTANEOOETE TIC I0OTNTES
. lim (z+3)= 4. lim Vx+1=
T—+00 T—+00
i 1 _ i — =
2. xll)I_Eoo 3 = 5. xll)f_{loo (3 —2x)
. 2 _g) — im —L— =
3 xEI-ll:loo (.’L’ 9) 6. xEI-ll:loo 3-2z
441. No cuuTANE®OOETE TIC I0OTNTES
1. lim 4°F! = 4. lim z(z—3)=
T—>+00 T—>+00
2. lim 22 41= 5. lim 2—z)vVoz+4=
xr——+00 xr——+00
. _2) — . 3\%
A =) 6t )
442. No Bpeite ta pLo
1. lim In(2?+1) 4. lim (jlz+1] —|z —1])
T——+00 T——+00
2. lim In(z*+1) 5. lim (2% +x)
T——00 T——00
3. lim (jJz+1]—3) 6. lim (z+|-z+1])
T——00 T—+00
443. No Beeite ta pLa
: 1o et
1. xllffoo 2"+ (3)") 4. IEIEOO 75
i 27437 . |22 —3z|+x
2. IEIEOO yERn 5. xll)f_{loo ™
: 27 4 3¢ : Vetityz
3 s 6 A T
444. 'Eot 1 ouvdptnon f () = iiiizig

1. Na Ppeite 10 nedio opiopot .

2. Na Bpeite ta dpla:

(@) Tim f(z) () lim f(z) (v) limf(z) (@) lim_f(z)

r—~00 T—r—00 T—5 r——5
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(€) lim f(z)(s) lim f(z) (@) lim f(z) () lim f(z)

T——2" z——271 T——2 r——1—

(1) lim f(x) () lm f () () Tn f(x) (8) lim f (2)

z——1F z——1
445. Alvetou 1 cuvdptnon
flx)=a?—2+2

Na Beeite ta dpra:

1. il_)fﬂlf(x) 7. ii_)na(hmf x—l—y)
2. lim f (y)

y—3
3. lim f () 5 i (i +)
4. lim f (f (2))

T2 9. 1Ln§(llmf :C-H/)
5. f (limyf @)
6. tim (a9 10. im (1 f )

446. Alvetou 1 ouvdptnon

P +pr+q z<1
/ (‘T) = \/xQ;rEIerl r>1

Na Beeite ta p, g 1ol dote 1 f va €yel dplo oTo 1.

447. Alvetou 1 ouvdptnon

f(

z) = —zrz+4 av z<1
- 3z avz>1

(A) Na Beeite 1o 6pto e f btav 1o z telver:

1. o105 5. oto 1 and yeyulltepeg Tiuég
2. 070 6 and wxpdTERES TIHES 6. oto 1 and uixpodTepeS TIHES
3. ot0 +00 7. oo 1

4. 6710 —00 8. oto Vm? +1

(B) No Bpeite yio motar mparypotixry T Tou v 1o 6pto g f 610 « ebvou:
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1. 4 2. a?

448. And tic egetdoeic Tov 1978, IMohuteyvixdg xaw Puoixo-
podnuatixog xOxhog. Na Bpeite, yonotuonoldviog YVeotég WoTnTES, To

bpto e ouvdptnone ¢ () = % btav © — 3.
449. And tig egetdoelg Tou 1984, Agoun IV. Eotw n npaypatixd
ouvdptnon ¥ e npaypatixic uetaBAntic = e ¢ (z) = ;f;\/;%. Na Beeite o
lim ¢ (x).
T—5
450. No Bpeite ta opLa
. lim (322 —7z+9 im0 3)
ac—l>r-i{loo( * v ) 6. acgr-ir-loo 222—1
. 2_ +1 . _E5nd
: _a.8 2 )
. 2 _p+1 .
4. lm T 9. IEIEOO Sx? —x+1
. 2 . 4 _ 3
d. xEToo pe 10. xll)r_noo 4ot —x° + 1

451. No Beeite ta dpia

o () oy ()
4. xli)rzloo(x|:c3—1|+:c2+1) 9. xETm(\/x+1+\/x+2_ﬁ)
-l 10. tim L

2.2.2 B"OMAAA

452. No anodeiZete 6t av lim |¢ (z)] = 0 téte lim ¢ (x) = 0.
Tr—0 Tr—0

453. T Tic ouvapthoe f, g elvar YvwoTo ot

lim f(x) =a,  lim |f(2) = g (a)| =0

T—0 T—0

Na arodeiete 6t lim g (x) = o
T—0
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454. Ocwpolye Tg ouvopthoelg Ye f,g pe medio opioyol to R tétoieg -
ote va oyvel f(xz) < 0 < g(x) yir dha ta . No anodeilete 6t av 1oy lel
lim |f (z) — g (z)| = 0 t6te woylet lim f (z) = lim g (z) = 0.

T—0o T—0 T—0

455. Av k > X > 0 va Bpelte 0 dpto lim =2
BP P r—4oo ¥ +A

456. T plo dptio ouvdptnor f ue nedio opiogod to R oy et lirf f(x)=a.
T—r+00
o etvan t0 xgrfoo (f (z)+ f (—2));
457. No anodelZete 6t av lim (f (z) — (az? + Bz + 7)) = 0 téte:
T—>+00

f(z)

2

1. a= lim
z—+o00 ¥

2. f= lim f=ar®

x—r+00 x

3. v= lim (f(z)— (az?+ pBx))

r——+00

458. T Ti¢ ouvapthoelg f xou g pe tedlo optogol to R woydet

lim (f(2) +g(@) =peR,  lim (f(z)g(x) = s R

li
T—0 T—0

No amodeiéete ot

lim (f%(z) +¢° (z)) =p* — 2s

T—0

459. No anodeilete 6t av Y Ty ouvdptnon f(z) yia xdde x # 0 woylel
(f (x) — 22) (f(x) - %) < 0 w6t lim f (2) = 1.
T—

2 2 /. . (>\—3u)$2+4$+1 _ .
460. o noég Tipée Twv A, u oylel wll)rfoo oqmets - = b

, , : e _
461. No Moete tny egiowon ilgb T = 2
462. T Ty ouvdptnomn ¢ : R = R elvor yvwotd 6t oy det
nux + ax < zo(z) < 2t + (a+ 1)z
yio 6hat T . Now anodeilete ot lir%go (x) =a+1.
T—r
463. Eoto f: R — R y mv onola 1oy et limlf (x) = 1. Na Bpeite 10 bpt0
z—
lim (z + 1) f (2£2).
z—0

xT

464. No Beeite 1o 6pt0
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58 2.2. Opa Xvvaptiioewv

465. Ano Tig e€etdoelg Tov 1987, Agoun I. Yt edetdoeic exeivng
e Ypovide télnxe to e€hg {Tnua

Na Beeite to dpio tne axorovdiac (o) ue

o, = (VI 6 +5 = VTvh 4 30+ 3) V6302 — 50+ 20
Nao anavtricete 10 avtioTolyo ep®TNUA YLoL CUVIPTAHOELS dNAAdY:

No Bpeite 10 6plo yioo & — +00 e ouVdpTNoNe

f(z)= (\/7$4+6x+5—\/7x4+3x+3) V6322 — 52 + 20

466. No Beeite 10 6pt0

x+1 1
. 2% +3%
lim

1 1
z—0t 927 — 3%

467. INa pla tohuwvupxr cuvdptnon f(x) eivar yvwotd ot

1. lim f (z) = —4

z—0

@) _y

2. lim peris

T—+00

3. lim £&) — 3£

r—2 Tta

Na Beéite v f xou toug apripoic a, B.

468. Bpeite 10 6p10
i o0 2 + 3+l

469. I Tic dudgopeg Twég tou 1 € R va Ppelte ta dpla:

1 lim (p—D)z3+4a+1
T 25400 pa?+1

9. lim Wobztdrtl

z—1 pa?+1
3. lim (\/acQ +2r -3+ ,u:c)
T—>+00

470. Alveto 1 cuvdptnon

ez +4, x2z<1
f(x)—{ 3x r>1

1. Noa Beeite ta 6pta tng f 6tay 10 & TelveL:
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(') o0 5 (¢) oto 1 and peyahltepes Tipés
' 6 and wxpdTEpES TIWE

((5; Zzz _1_220 poTEpes Tues () oto 1 and wxpdrepec tuéc

(8") ot0 —00 () o101

2. Na Bpeite yio mota tparypatin) Tipr Tou o 10 6plo g f oto « elvaw:
(@) 1
®) 5-9
471. Beeite 10 6plo
lim (\/ 2 +1+ /m')
T——00

472. No Beeite ta 6pia

1. lim z3 (\/x?’ +1—+Va3— 1)

T—+00

2. lim —oHerer]
"z 5+oo TH(1-22)(242)]

473. Av k> A > p > 1 now eivar 10 bpro lim (K% — A — p”)

r——+00

474. 'Eotww 7 ouvdptnon
fx)=+(z—a)(z—p)—z émov a<p

1. No Bpeite to nedio opioyol trne.

2. Na Beeite ta dpto:

() xg@oof(x) () lir‘%lf(x)
() xlggff(x) (@) dim (f(2)+f(-2))
(6) [t f(z) (n) lim |f ()]

475. 'Eotw n cuvdptnon

z?nps
N

1. No Bpeite to 6pio e f vy z — 0.

f ) =

2. No amodeilete 6TL 1) f Bev elvan povotovn oe xavéva and o dlaoTRUAT

(0,h) pye h > 0.
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22, <0

476. Oewpolpe tic ouvapthoeic f (7) = 1+ 2% xu h(z) = { 1 >0

Na Ppeite av undpyouv Tiég Tou A WOTE va Loy VEL

lim 7]‘(:1:) —A

FL s

477. No Beeite 10 6pt0

lim (2 + Pz + = + nuz)

r——+00

478. T v ouvdptnon f @ (0,+00) = R woyter |(142?) f (z) +2?| <z
v 6ha To . No Bpeite to lirf f ().
T—>+00

479. 'Eoto pio ouvdptnon ye tedio oplogol to ddotnua (o1, 02) xar P (o, )
éva onpeio tou emnédou. e xdde onueio M (x, f (x)) e Cr aviioTtotyolue
v anbéotoor tou d(z) and to P.

1. Na anodeilete 6Tt av o = 00 161 lim d (z) = +00
T—02

2. Avoyder lim d(x) = +o0 elvon dpaye o9 = +00;
T—02

480. 'Eotw 1 cuvdptnon

(:c2—|—1)y3+x2y2+(:c?’—i—x)y—i—:c?’—i—x

= 1'
f(2) y—-Foo zy? + xtz? + 1
Na anodeilete ot elvou {om e v ouvdptnon g (z) = %
481. Av
lim f (z) = t* — 2t
z—0
xou

lim f (quz) =t —2
xl 0 (’I] .’E)
Tolog p.TEOpEf va efvar o t,

482. No Beeite yio moég Tiée v a, 3 1oy let

lim (\/xQ—x—l—ax—B):0

r——+00

I OMAAA
483. No Beeite ta dpra

(aﬂ/fl)(;tﬂ-‘rlil)(IV+271)”'(xu+k—171)

1. lim

r—1 (:tf1)(x271)(:t371)...(xk71)
2. lim gta=Va-z
z—0 ac+a Voa—z
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o DA D @D 1)
3 I G D @) 1

484. 'Eoctw
P(z)=a2" 4+ ap 12"+, 02" 2 + .+ gz + ag

Q(z)=2"+ By_12” L+ B 02" 2+ ..+ Bz + Bo

xaL €0Te axoun

H(z) =V P(z) - VQ(z)

1. No anobdeiete 6Tt 10 nedio optopol g ouvdptnone H nepléyel xdmolo
didotnua g poppiic (1, +00).

2. No anodeifete 671

lim H (z) = 2Pt
T—+00 v

485. Ytnv doxnon autr Yo anodellete OTL 0L GUVAPTATELS TUY, Nt XAl P BEV
€youv 6plo Yo x — +00 xau yioo © — —o0. ‘Eotww f(z) = ovve.

1. No anodeilete 6T yio xdde T Tou T oy e

F22)=2f2(x) —1=1—2f2 (x—g)

2. No anodeilete 6t av 1 f €yet 6po L yioo & — +o0 t61€ 10 L Vot ebvon
TpaypaTixde aprdudg xou

L=2[*-1=1-2L7

3. No anobdeilete 6TL 1 f Bev €yel dplo yia & — +00.
4. Na anodeiete 6t n f dev €xet 6plo yiow & — —00.

5. No anodeiete 6TL 1 n dev €yel 6pto Yoo T — 400 1 YloL T — —00.

1—5<p2§ ,
TTep7s VO amodeifete

oTL M £ Bev €yEL Oplo YL & — +00 R YL T — —00.

6. Me v Bordeia g, yvwothe, oyéong ocvver =

2.3 Xuvéyela YuvopTRoEWY
2.3.1 A’OMAAA

Z 4 ¢ 4 ¢ 2 4
486. Y moiég and T TUPUXATL TEQINTWOELS 1 ouvdptnoT f elvon cuveyrg oto

Zo;
N.X. Mavpoyidvvne TTpbtuno Iepapatind Adxelo
www.nsmavrogiannis.gr Euvayyehnhc Lyohde Spdpvne

http://lyk-evsch-n-smyrn.att.sch.gr




62 2.3. Yuvéxaa Xvvaptiioewv

(Y) (©)
487. T TV ouvdptnoy f elvan Yvwotéd ot

e Eivon ouveyrc oto 2

e f(2)=3

Na cvpnhnpwoete Ti¢ 10OTNTES:

1. il_)ﬁé(f(x)—i-x): 5. lim f(x)=

2. lim (af (#)) = 6. lim f (z+1) =

3. lim (f (x) —9) = 7. lim (f(z =2) +2) =
4 lim g = 8. lim (757) =

488. Eotw f : R — R ouvveyhc oto 29 pe f(xo) = 6. No Bpedolv ta
ToEOXATE OplaL:

. 2f(z)+3
L lm ey

sl
2. Nm ey

C(f@) =216
3. Mm%

489. Nua eletdoete oe MOLES MEQINTOOELS 1) ouvdpTnon f elvar cuveyhc ato

o — —1.
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_ 2 22+1, z<-1
R 4'f(x):{x3+1 x> -1
22+1, <0 22+1, z<-1
2'f(x)_{:c+2, z>0 5. fla)= 241, z>1
22 +1, r<—1
3. f(2) = 2+1, z<-1 6. f(z)=<2(z+2) —-1l<z<1
' Tl xz+3, z>-1 41, z>1

490. XTig enOUEVES TEQITTAOOEIC Vo Bpelte av LTdpPyEL T TOU & 1] GUVIETNOT)
f ebvar ouveyrc oto 29 = 1.

z2—1
_E e v #1 _Jar+l x#1
L@ ={%0 0 17 s po={ T 27
r+1, z<1
2 fla) = e 4 f@x) =4 a, z=1
' N a, x=1 r+2, x>1

/’ / 14 14 Vs 7
491. Iloc and TIC TopaxdTw CUVUPTACELS ival CUVEYE(S;

1_f(x):{\/a?, 0<z<l1

T, rz>1

Ve, 0<z<1
T, z>1

2 ()= {
5 f(x)—{\/‘%’ 0<z<l1

T, > 2
492. No anodellete 6TL 1 oUVARTNON

256 g <3
f(z)= 1, r=3

20 —5 , x>3
elvor ouveyc.

493. Ano Tic e€etdoeig Tou 1983, Aéoun IV. Na eetdoete we npog
TN OLUVEYEL TIC CUVAPTAHOEIC UE TOTOUS:

9042 x € R\ {2}

1. f(z)= { IEQ ot Véon xg = 2

av =2

z av >0
2. = = O¢ =0
g(x) {% s<po O deonzo
494. T'o ™y ouvvdptnon f elvar Yvwotd 6t elvon cuveyhc oto xg xar OTL

f(x0) = 18. Na vrohoyioete to GpLat:
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1. lim (f(z) +13)

T—T0

: zrox+13
> i o ()

3. lim (o)

w1 1G0)
495. O ouvapthoelg f xou g €youv medio opioyol t0 R xou o1 cuvaptrioelg
f+3g, 3f + g cbvar ouveyelc. No anodeilete 6t xaw 1 5f + 2g elvar cuveyrg.

THOAEI=H: Av ovopdoouvpe f+3g =h, 3f + g = s téte f = %s — éh, g=—gs+ %h %x.T.A.

496. Na anodeilete ot av ot f, f + g elvon ouveyelc 010 2o TOTE XU 1) g Elvant
OLVEYTC OTO Tp.

497. Ané Tig egetdoeic Tou 1986, Aéoun I. No npocdioploete ta
o, f WOTE 1 CUVARTNOT,

3ae*t + ¢ av r< -1
f(z)= 222 — az + 343 av —1<z<0
Bnux + aovvr +1  av 0<zx

. 4
Vo ELVAL OLUVEYTIC OTO R.

498. Ao Tic e€etdoelg Tou 1989, Aéoun IV. Aivetu 1 ocuvdptnon

[ e
f o) {i—%ﬂ , 0<z<2
x:
e, 2>2

o~ 7 7, 7 4 4
No npocdopiotel 10 a € R wote 1 ouvdptnon va elvar cuveyfc 6T0 19 = 2.

499. And Tic eetdoesic Tou 1980.
1. Aweton n ouvdptnon f mou opilel o tonoc f(z) = w you xde
x € R* xau eivan f (0) = 1. Na e€etaotel av elvon ouveync xou va yiver to
Yedpmpa b e,

2. Na Bpedel 10 bpo e ouvapthoewe y = —x + Va2 + 2z + 3 étav © —
+00.

2.3.2 B’OMAAA

500. O ouvapthoeic f, g civar oplopéveg oto R %o yia xdmoto zp € R 1oy et

L fl)
xh%rgclo 7 (@) = 400
xhﬁrgcl g(x)=s#0

4 ’ . 4
Na eZetdoete av punopel 1 f va ebvar cuveyrg oo .

Yevvoel ypagunh napdotacn
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501. No anodeilete 6TL av pla cuvdptnon f elvon cuveyrg oto o ToTE
lim (f(a+h)— f(a—h))=0
h—0

502. 'Eotw pio ouvdptnon f : A — R xou éva xhetot6d ddotnua [a, 5]. Na
anodeiete 6L av Y dYo onowdRroTe T1, T2 € A 0 hoyog petaolic tne f:

s o F(@1) = fz2)
1 — T2
ota 1, Tz avhxeL oto [a, ] téte N f elvan ouveyrc.

503. And Tic eetdoeic Tou 1979, ITohuteyvixdg xaw Puoixo-
padnuatixdg xOxAog. No eletdoete dv 1 ouvdpTnon ¢ Tou divetouw and
Tov t0n0 ¢ (z) = xQnu%, av & # 0 xa ¢ (0) = 0, eivar cuveyhc 6to olvoho
TWV TEUYUATIXOV APy,

, , , , ., , Rudolf Otto Sigismund
504. Ou Aéye ot wla ovvdptnon f xavonolel plo cuVIHXY TOL: Lipschitz

1832-1903
Lipschitz av undpyel Yetxdg apriudc c €tol wote va toyVeL:

|f (z1) = f(z2)| < clar — 22|
yiot ONoL TOL T, To.

Holder av undpyouv detixol aprduol ¢ xou a étor dote va oy det:

|f (21) = f (22)] < clz1 — z2|*
yiot OAoL T T, X

Nao amodetlete 61t av n f xavorotel pla and Ti¢ mapandve cuvifxec eivor Otto Ludwig Holder
ouveync. Av xdvate 800 amodelZelc UEDOTE TEC OE Uit XOITWVTAS TOLL amd TIG 1859-1937
300 ouvifxec efvon mo Yevixh. 2

505. T v ouvdptnon ¢ elvon Yvwotd ot }:I_)Hé % = 0. Nu arodeilete

6Tl ;;Héw (x) = a.
506. Na dwoete €vo TUPADELYUO ACUVEY WY CUVIPTACEWY UE ddpoloua cuVEYT
oLVaPTNO.

507. 'Eotw ® : R — R pia ouvdptnon mou eivan cuveyfic 0to zg. ‘Eotw axdun
wa ovvdptnon f: R — R tétola wote av toyvet

[f (@) = F ()l <@ (2) = @ (y)| v xde 2, y

No anodeiete bt n f elvon ouveyhic (Belte xaw v doxnon 504).

2Av ot ouvidrun tou Holder to « yiver ueyahdtepo tou 1 1 f eivon otadeph. Autd
Yo anddetyVel edxoha oto xepdhiono wwv IMopaydywy xot, ovolaotixd, eivar n doxnon Bl
oehido 257 tou oyolxol BiBhiov. To Bio anotéleopa unopel, mo d0oxoAa, va anodetyVel
%o Ywelc ™ yenon Ty napaydywy. Ilpdxeiton v v doxnon 422 tne I Opddac
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66 2.3. Yuvéxaa Xvvaptiioewv

508. 1. Oewpolye 800 ouvapthoeic f, g oplouéveg o€ Eva didoTnua A xou
To € A woTe:

e ot f, g elvau cuveyeic
o f(z)<g(x)
* f(z0) =g (z0)

Na anodeiete ot xde ouvdptnon h yio v onola oy el
f(z) < h(z) < g(z) yio xdde z € A
elvon cuveync oTo xg
2. No anodelZete 611 1 h elvar cuveyfic 6T0 2o 0TS axdrovle TEPITTOOELS

(o) —|x2—1|+1§h(:1:)§(x—1)2+1étocvx0:1
B) 1—lz| < h(x) <e® btav g =0

509. 'Eotw f ouveyfic ouvdptnon opouévn oto didotnua [a, []. Na arnodei-
Zete 6L av f(x) > 0y xdde x € [a, () tdte woyder f(B) > 0.

510. 'Eoctw f: A — R. Nua arnodeilete o1t

L AVOeA, f(z+y) = f(x)+f(y) vy dha T z,y xou ) f eivon ouveyhc
oto 0 téTE ewvon ouveEYTC.

2. Av0€e A, fx+y) = f(x) f(y) yia bha o0 z,y xou m f elvon ouveynic
oto 0 téTE ewvon ouveEYTC.

3. Avle A, f(zy) = f(x) f(y) yra bha w2,y xou m f ebvon cuveyhc oto
1 t67e evan ouveyTc.

4. Av1e A, f(xy) = f(x)+ f(y) yra Oha Tt z,y xou n f eivou ouveyhc
oto 1 téte ewvon ouveyTc.

511. Na anodeiZete ot av ol cuvaptioelc f, g elvor oployéveg ot éva SLdoTn-

wat xau ouveyele téte of ouvapthoe m(x) = min (f (x),g (x)) xu M (z) =

max (f (z), g (z)) eivon ouveyeic.

512. 'Eoto 1 eZiowon 22 + Ax + A = 0 ye dyvwoto 10 o %ot 1 cuvdptnoy
g(\) = nuxpdtepn pilatne X +Ar+A=0

Aci&te 6t 1 g ebvan ouveyrg.

513. Av n oOvieon go f elvar cuveyhc xar 1 g elvon ouvey g ebvar 1 f cuveyng;
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KegpdAaio 2. Opia ka1 Yvvéxaa Yvvaptioewr 67

514. And T e€etdoeic Tov 2000, Teyvoroyixy Katebduvon .
Alveton 1 ouvdptnon f ue

f(z) = 22 — 8z + 16 , 0<z<5b
= (@ +B)In(z—5+e)+2(a+1)e"™ |, z>5

1. Na Bpedolv o lim f(z), lim f(x)
T—5~ z—5t+

2. NaBpedolv ta o, B € R tdote n ouvdptnor f va ebvar cuveyric oto g = 5

3. T tic Tipée v o, B tou gpothpatos (B) va Peelte to Erf f(x).

515. Eotw pla yvnoiog abZovoa suveyrc ouvdptnon f : (o, ) — R. 'Eotw
zg € (a, 5). Mnopel dpaye va oyer lim f (x) = +oo;

T—=T
516. Eotw f: A = R pia ouvdptnon, g € A xa d(z) A andotaon tou tu-
yovtog onueiov M (x, f(x)) tne Cp and 1o onueio A(zo, f(r0)). No anodeilete
bt f elvou ouveyhc oto o av xat u6vo av xli_gvlod(x) =0.

2.3.3 I"OMAAA

517. H ocuvdptnomn tou axepoilou pmépoug. Xe xdde opdud = avti-
oTotyolpe® Tov ueyohltepo and Toug axepaioug Tou dev urnepBaivouy Tov z. O
apriude awtoe ouuBoliletar pe [x] xou ovoudletar aképaio pépos tov x. Anha-
0%

‘ [z ]=0 peyahltepoc and toug axepaiouc m pe m < x ‘

1. BeBouwieite 611 and tov opioud npoxdnter [3] = 3, [3,4] = 3, [2,8] =
2, [~2,8] = —4

2. No anodeifete ooz —1 < [z] <z < [z] +1
3. Eotwo f(z) = [z]
(o) No anobdetZete 61t 1 ouvdptnon f eivon otadepr oe xdie éva and o
drwothpata ..., [-3, —2),[—2,—1),[-1,0),[0,1),[1,2), ...
(B") No anodeifete 61 n f elvon adZovoa.

(Y) Na anodeiZete 6Tt 1 f eivon ouveyrhc oe dhoug toug aprdpolc extde
and Toug axepaioue.

(8) Na xdvete v ypapxy| topdotaon g f.

4. No xdvete ) ypagxh| topdotaoy g ouvdptnone ¢ () = xz], z €
[0, 3] xau va Bpeite T0 6OVOrO TIWOY TNC.

3 Anodewvieta b évac tétotog apdude uTdpyet
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68 2.4. Yvvaptiiceg ovvexels o€ didotnua

518. Eotw A = [o, 8] xu f: A — R ovveyfic. No anodeilete 6t undpyet
ToUAdytoToV Wla ouveyhc ouvdptnon ¢ : R — R tétola wote

g(x)=f(z) ywdéataz,yeA

Cg Cf

Y1 ouvéyela vo anodelete ue éva mapdderypa 6Tt To cuunépaoua dev Loy el
av A = (a, f].
2.4 Xvuvaptroelc cuveyelc oe didoTnua

24.1 A’OMAAA

519. No anodeiete oTic TOPUXATE TEPITTWOOES OTL 1 ouvdptnon f €yl plo
TouAdytotov pila oto Bidotnua A

T —ovve, A = (0, g)

X

L
2. f(zx)=z+nux+e*, A= (—mm)
3. f(z)=z+Inz—z, A= (3,2
L f

2 +nz+1, A= (eig,l)

X

)
)
)
)

520. Na arodeiéete 6Tt o xde nepintwon n ouvdptnon f €xel uia Tovhdylotoy
pila oT0 BidoTnua A.

1. f(z) =23 +2 -3 010 A=(0,2)

2. f(z) =2+ nux —3 ot0 A = (0,7)

3. f(z)=2"4+2 010 A=(-1,1)

4. f(z) =2 (2" + ) o010 A = (—1,1)

5. f(z)= (2% —1)In(2® +1) oto A =(-1,2)

6. f(z)=VaZ+1—e® om0 A=(-1,1)
Tpéturo Metpoyorizg Adxeto N.Z. Mowpoyidvvne
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KegpdAaio 2. Opia ka1 Yvvéxaa Yvvaptioewr 69

521. No arnodeifete 61 1 ellowon 1722 — 19 = ;%5 el wa ToukdytoTov Ao
wetalt -1 xan 0.

522. Eotw n ouvdptnon f (x) = 2% — e® + 1. Eivar, mpogavie f (0) = 0 xou

f(3) =10 — 3. Me Bdon autd ta dedopéva va anodeifete 6Tt o apripde -10
elvow iR e f.

523. I pio ouveyR ouvdptnon f opopévn oto R wydber f (1) + f(2) = 0.
AéiZte 6t Yo Eyer pia Toukdytotov pila oto didotnua [1,2].

524. O pilec e ouvdptnone f(x) = xt — 723 + 822 + 282 — 48 civar ot
apripol —2,2,3,4. Ti ntpbonuo €yer oo didotnua (—2,2);

525. No anodellete OTL oL mapaxdtw eZloWOoELS €Youy Wi ToUAdyloTov AUoT
oto ddotnpa [0, 1].

1. e‘”::viJrl 2. Inz=1-=x 3. 23 +puxr =277
526. Na anodeilete 611 1) e&lowon

In(x+2) =4z — 1
€yet uiot Touhdytotov Aor oto didotnua (—1,e — 2).

527. Na anodeilete 6TL o1 ypapnéc napaoTdoels Twv ouvapthoewy f(x) =
ovvx xa g (z) = x éyouv éva Touldytotov xové onueio.

TnoarizH: Epyacieite oto dudotnua [0, %]

528. Nu amodéiZete 61 1 eZiowon ot + (2 —2) 2? + (t — 1)z — 12 = 0 éyer
wio TovAdytotov pila oo (0, 2).

THOAEIZH: Tnv nepintwon t = 0 va v efetdoete ywpioTd.

529. Mropei dpaye pla, un otadepn, cuveyrc ouvdptnon f : [0,1] — R va
nalpvel povo Tic Twég 2, 3; Mdvo tig 1, 2, 3; Mdvo axépoueg Tiuég;

530. No cuumknpoocte Tov mivaxa:

flo)=] A= [f(A)=
x+1 (3,7
@’ [2, 5]
x? [—4, —1]
npr | (5 5]
Inx [1,€?)
% (2,3]
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70 2.4. Yvvaptiiceg ovvexels o€ didotnua

B’ OMAAA

531. No anodeiete oTic TOPUXATL TEPITTWOOES OTL 1 ouvdptnon f €yl plo
TouhdyioTtov pila oto Bdotnpa A

r) =2° +nur +1, A = (—o0, +0)

241

T) = gox—i—ln(x -l—l) A = (—%,%)

f(x) =
f(z) = 3+m+,\, A = (—00, +00)
f(x)
fla) =

532. 'Eotww ot apyol p,q,r pe 0 < p < r < q. No anodeiete 611 1) e€lowon
pPpx 4+ govve = r €yl plo ToUAdyLeTOV ADOT 0TO BLdoTNHU [O, g]

xs,as + = p; gs; = (o, B)

533. No anodeiZete 611 xde Toludvupo teptttol Poduol €yel uio TouldyLoToY
mparypotixy| pila.
534. I v ouveyt ouvdptnon f : R — R elvor yvwotd 611 €yer povadixh

olla 10 a xou 6Tt f (“ +1) > 0. Aeigte 6t f(a+1) > 0.

535. Eotww f : [, ] = R o ouveyhc ouvdptnon xat v € (o, B) tétolo wote

(f (@) =F (M) (f (B) = f (7)) > 0.

1. No xdvete yepxd oy€dia yia 10 mws tepinou Yo elvon 1 ypopixt topdota-

on e f.

2. No anodeilete 6Tt undpyouv dUo apriuol Evag PxpdTEPOS TOL ¥ xou €vag
weyalbTEROS TOL ¥ aToug omoloug 1) f malpvel loeg Tég.

536. Miu cuveyrc ouvdptnon ¢ eivar opiouévn oto [a, B] xar ot tpée g
ot «, B elvon pilec g e&lowong t2 — 1972t — 1953 = 0. Na arodeifete 611
1 ¢ €yer pio Toukdyotov pila oto (a, )

537. Eotww a < B 800 npaypatixol apriuol xar pla ouveync ouvdptnon f :
R — R nou dev éyet pilec. No anodellete dTL 1 ouvdpTnom

g(@)=(r—a)f(z-a)+(z=p)f(z-f)
€yet ulo Tovhdytotov pila oo didotnua [a, 5.
538. Eotw éva 1o didotnua [a, ] xa uia cuveyrc ouvdptnon f : [o, f] — R

1. Nu anodeilete 6Tt ot apdpol w, xou kf (o) + (1 —Fk) f(B) pe
k € [0, 1] Beloxovton petald v f(a), f(B)

2. No amodeifete 6Tl oL oL €EloWOELS

(@) f(z)= f(a);rf(ﬁ)
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KegpdAaio 2. Opia ka1 Yvvéxaa Yvvaptioewr 71

B) f(x)=Fkf(a)+ (1 —k)f(B), k€ [0,1] éyouv pia ToukdytoTtov
pila o0 [a, f]

539. 'Eotww P éva mohuwvupo Baduol peyaritepou 1 {oou tou 1. Na anodei-
gete OTL av Yo plot ouvey ) ouvdpTtnon f e medio opiouot To R oybel Pof =0
tote 1) f elvon otadepy).

540. Atvovtar ot Yetxol apdyol ci,cg,...,cp xw tp < to < ... < t,. Na
anodeilete OtL 1 e&lowon

C1 C2 Cv

=0
x—t1+x—t2+ +:1:—t1,

Eyer axpiBoc v—1 AMoeig, pla oe xde éva and ta dwotipata (t,t2) , ..., (tv—1, ).

541. Eotw pia ouveyhc ouvdptnom f optouévn oto didotnua A. xou ot aprdyol
a1, 0, ..., 0y, TOU avixouy 6To A

1. No anodeilete 611 undpyet apriuds o € A t€tol10¢ KOTE Vot Loy Vel

flan) + flag) +.. .+ faw)

14

fle) =

2. Tro¥étouye emniéov Ott 1 f malpver un apvnuxég tipée. Na anodeilete
6t undpyet apripoc a € A tétolog WoTE va oy Ve

fla)=¥/f(a1) flaz)- .. f(aw)

542. Na egetdoete av eivar ouveyelc ol axdhovdec ouVAPTHOEL:

1. H ouvdptnon nou avtiotoryel oe xdde popoloyntéo eioddnua Tov 9oeo
7OV AVONOYEL.

2. H ouvdptnon mou avtiototyel oto Bdpog evog Ttayudpouixol déuatog to
avahoyolV TENOC.

543. T v ouvdptnon f: R = R elvon yvwoté étu oy et
Pl +fa)=2"+r+1
Na Beedel  f otic axdhovdeg nepintwoelc:
1. H f eivan ouveyhic oto R
2. H f elvow ouveyhc oto (—o0,0) U (0, 400)

544. 'Eotww f pla ouveyhic ouvdptnon opouévn oto didotnua (o, 8] xou k > 0,
k # 1. Na anodeffete bt av kf(@) = (%)f(ﬂ) T6te 1 f €yel plo TouAdyloTOV
oila o0 [a, A].
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72 2.4. Yvvaptiiceg ovvexels o€ didotnua

545. 'Ecto f: (01,02) — R ovveyric. Na anodeilete 6t av

o lim f(x)= —o0 xu
r—o1

e lim f(z)=4o0
Tr—02

tote 1) f €yl obvoro Ty to R.

546. Ocwpolpe dVo ouveyelc ouvapTthoel opiouéveg oto drdotnua A. Na
anodelZete OTL av oL YPUPIXEC TUPAUCTACELS TOUS OEV Eyouv xowd onueio 1 1 Cy
Va etvar mdve and v Cy cite 1 Cy Vo elvar mdve and v Cy.

547. 'Eoto f : [a, 5] = Rovveyrfcue f (o) < axo f () > 8. Nauanodéilete
6t undpyet x € [a, f] wote f(z) = .

548. 'Eotw f : [a, 8] = R ovveyric vote f(a) = f(B).'Eotw v = # xa
§= 57704 No anodeiZete 61t undpyer x € [0, 9] wote f(x +a) = f (z+7)

549. To Oeswpnua Tov Brouwer. No anodeiete 6L xdde cuveyrg ou-
vapnon f and éva xhetoTtod Sidotnua A 1oV EAUTO TOU EYEL £VOL TOUAAYIGTOY
otadepd onueio dnAady) undpyel Eva ToUAdYLGTOV oToLyElo = Tou A TéTolo WOTE
va oyvel f(z) = x.

550. 1. Eotw f:(0,400) = Rye f(z) = 1. Ioyler npogavase f (z) > 0
v xdde x. Acei€te 6t dev undpyet YeTixdC ¢ TETOOC OOTE VAL oY VEL
f(z) > cyid bha o .

2. BEow f : [, f] = R ovveyrc tétoia dote f(x) > 0 yia xdde . Na
arodei&ete 611 undpyel undpy et VeTixde ¢ Tétolog hote vatoylet f (x) > ¢
Y& Oho T .

551. 'Eotw 1 cuvdptnon

Y S |
f(x)—{ (Az)® +3 r>1

Na anodeiete 611 undpyet TOUNGYOTOY plar TIn Tou A yiot T ontola 1) f elvan
oLVEYHC.

552. Eotww f : [, f] — R ovveyhc. Na anodeiete 6t undpyet £ € (a, 3)
€101 OOTE

ol +1 B+ 1
T ta e

553. T ) ouveyn ouvdptnon f: (1,2) = R elvar yvowotd ot oydet:

f (&)

In(z—1)+In(2—2)=mI2+ f(x)

Nao anodeiéete 611 1 f datnpeel otadepd npdonuo.
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KegpdAaio 2. Opia ka1 Yvvéxaa Yvvaptioewr 73

554. 'Eotw P (x) éva moluodvupo Badpold tovddytotov 1 xa f, g 800 cuvap-
Thoelg pe medio optopol o R ex twv omolwy 1 g elvar cuveyrc tétolec Gote

f=Poyg
Na anodeilete
1. H f elvar ouveyhc

2. Av 7 e€iowon f(x) = P(0) dev éyer MNoom t61e 1 g Swtnpel otoadepd
TedoNUO

555. Ocwpolye 800 ouveyels ouvapthoee f : R = R, g : R — R tétoec
oote yio xdde x € R ov apudpol f(z), g(x) va eivar etepdomnpot.

1. Na anodetlete oti ot Cyr, Cy dev €youv xowd onueia.

2. No anodeilete 6Tt av yio xdnowo g eivon f(xg) > g(zo) téTE VYot elvon xou
f(z) > g(x) vy 6ho o = (deite xar tny doxnorn 546).

3. Eow 611 undpyouv a, f étor wote f (o) = a xa g(B) = B. Agol
oelete 611 Tt @, B elvan SLdpopa v Sellete OTL LTdpYEL ¥ PETAED TOUC
étoL Wote va oy et

fF+g9() =~
243 I"OMAAA
556. Eotw A éva didotnua xau f pio cuveync ouvdptnomn oplouévr oto A.

1. Na anobdeiete 6Tt av yio xdnow «, 3,7 € A ye o < < 7 oylet

fla) < f(B) xaw f(y) < f(B) téte n f dev eivan 1-1.

2. No xotodhgete (B0 ovunépaoya e tou (o) xou yio TNV TEPINTWOT TOL

oyver f(a) > f(8) xou f(7) > f(B).
3. No anodeiete 6t av 1 f eivon 1-1 to71e elvar yvnolws povotovn,.

557. Ttnv doxnon auth propeite Vo XpNoLLOTOAoETE wC dEdoPéVN TV axdrouvdrn npdTa-

on:
o Meta&d 6o didpopwy mpayuatikdy vrdpyer évas tovddxiotov pntdés aptduds.

Eotw pla ouveyhic ouvdptnon f optopévn oe éva didotnua A tétola Kote Yid
va oyver f(x) = 0 yio xdde pntd oprdud tou dwothuatog A.

Peter Gustav Lejeuene

1. Na anodeiZete ott av yio xdmoto xg € A wydet f(xg) # 0 t61e 2o ¢ Q. 1lg(i)r5icil51;e5tg

2. Na anodeifete 61t av yia xdnoto xg € A woydet f (xg) # 0 t61€ LUndpyet
didotnua I mou meptéyer o xg xou toyve f(x) # 0y xdde x € INA

3. No anodeifete 6t oyler f(z) =0 yio Oha 1o © € A.
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74 2.4. Yvvaptiiceg ovvexels o€ didotnua

Xpnowonotelote 10 TPOoNYOVUEVO Yiol Vo amodelEeTe OTL

1. Av 800 ouveyelg ouvaptioels oplopéveg ae €va dldoTnua maipvouy (oeg
TIWES 0TOUS PNTONE AWTOY TOL Bl THLNTOS TOTE elvan (oeC.

2. H ouvdptnor tou Dirichlet
1 z€Q
ro={y t58
dev elvar ouveyhe.

3. To npéBAnua tou Cauchy. O pdveg ouveyelc ocuvapthioeg f : R —
R pe v o Ta

flety)=f(@)+fy) yodatazy
efvan (Belte xau v doxnom 359) ot cuVAPTAHOELS TS LOoPYhC

f (@) =as
4. Na Bpeite dheg tic ouveyelc ouvapthoeic f : R — R yio tic onoleg 1oy et
fl+y)=f()fly) yodhataz,y

558. 'Eotw pia cuveyrc ocuvdptnon oplouévn oe éva didotnua A xon tétola
®ote Ta Gpta TS oTa dxpa Tou A va efvan +00. Na anodellete 6t 1 f €yel
ENdyioTo.

559. And ta Opata tng 11ng Olvumiddag EXXA, 1977. Ocw-
POUUE TO TOALGDYLUO

20 4w w1

Ao dropa natlouv 1o mapaxdte Ty vidt. O mpdTog avtixaotd onolovdiro-
TE an6 TOLG AOTEPIOXOLS UE XdmoloV aptdusd, xatémy o dedtepog avTixatioTd
Ue xdmotov apLipd omoloVEHTOTE and Toug UTOAOITOUS aoTepioxoug, oTEPa O
TpwTog avuxadioTtd évay and toug aotepioxous ue aptdud x.0.x (Xuvolixd 9
xvhoels). Av To ToAUGVLPO Tou TpoxUTTEL Bev el mpaypatixés pilec xep-
0ilet 0 mpwtog malxtng. Av €yel TouAdytotov pio mporypotixt pila xepdilet o
devtepoc. Mmopel va xepbdioel o dedtepog naixtng aveldptnta and TovV TEOTO
Touy Vidto0 Tou TEMTOU;

560. To Yewpnua ctadepol) onueiov Tov Banach. Eotww cuvdptn-
on f : R — R nou wavonotel pia ouvdrixn Lipschitz (deite doxnon 504) pe
otadepd wxpdtepn Tou 1 dnhadt undpyel Yetindg apriude ¢ < 1 étol Gote va
oy Vet:

|f (1) = [ (22)] < clay — 22
yioo 6ho ot 1, x2. No anodeiete 6t 1 f €xet axpiBog éva otadepd onuceio
dnhadt) 1 eZlowon f(x) = = €xer axpBog pio hoom.
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Aoxnoelg o 6ho To xEQPAAALO

561. Av 7 f eivou opopévn oto didotnua [a, f], elvor yvnoiwe avovoa oto
didotnua [, o) xou yvnolwe @iivovoa oto didotnua (xg, B]. Etvar dpaye 1o
f (@) péyroro e f;

562. Ta v ouvdptnon f oylel
(f(:):)—xg—x6) (f(:):)—x4—x2) <0
yia xdde z € R.
1. No anodeilete ot 1 f elvon ouveyhc oto 0.

2. Na Beeite 10 li)m f(z)

“+oo

3. Na Beeite 10 xkrfoo <\/f () +1—+/f (x))

563. Bpeite ta 6pio lim 2%, lim log, 2.

T—+00 T—+00

564. Ocwpolye Toug apriuolc a xor oy < g < ... < @, XU TN CLVAETNOY
ox)=(r—o1)(z—az)...(x —ay) + . Acilte b1 dev eivan 1-1.

’ , ; X . (1+12)x
565. Na anodeiZete 61 n ouvdptnon f: R — Ryue f(z) = T T #0
xou f(0) = 0 eivan aouveyhc xou avtiotpéduurn. Aeilte ot 1 aviiotpoph tne
elvor ouveyc.

566. I pla cuvdptnon f: R — R elvar yvwotd 6t yia xdde o < B oy bet
f([er, B]) C [, B]. NowamobdeiZete 6t f (z) = x yio Okt ot .

567. Eotw 1 ouvdptnon f (z) = ZE2 ye a # 1. Na oploete v ouvdptnon
fofof.

568. T plo cuvdptnon f ue wedio oploon 10 R woyver f2 (z) + f (z) —x =0
v xdde z. Agol anodeilete 6T yia xdde x1 # o 1oy leL

) = |71 — 9]
|f (21) = f (22)] 172 (z1) + f (21) f (z2) + 2 (22) + 1]

N4 ’ ’ 7. /
det&te xotomy 6Tt elvan ouveyTS.
569. Acilte 61t av 1 ouvdptnon g o f €xet obvolo TGV 0 R 16T 1) g EYEL

obvoho Ty 1o R. Ioylel dpaye 1o mponyoluevo av avti yioa «GOVOLO THUGVY
elyaue «medio oplopovy;

570. Bpeite 10 6plo

lim (\/ 2+ 1+ ;wc)

T—r—00
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571. 'Eow y = f(x) = @B Nelfre bnz=f (y).

T oyz—a

X
572. T motéc twwéc tou a woyder lim ( atl ) =0;
G TLEC AVEL A o\ 202 ;

573. H ouvdptnon f : R — R eivar ouveyng xau 1oy det

i 2@ = 2 a0)

A @) — f(w)

Na Ppeite 10 6plo:
].'Hl ? X + h2 + h
h1—>0 ( 0 )

574. Na anodellete 6TL deV LTAPYOUY AVTIOTPEYPIUES TEPLODIXEC CLUVAPTAOELS.
575. T mowd Ty Tou A 1 ouVdpETNHOY

13N ke , <0
f(x)_{5>\+ac+1x2)\+:v , x>0

elvon oUVEYNC;
576. 'Eotww 1 pnt ocuvdptnon

xt — 923 4+ 2522 — 24x + 4
3 —5x2 +8x —4

f ) =

1. Na Beeite to nedio opioyol tng.

2. Na Bpeite yia mowx 0 € RU {—00,+00} 10 6plo g f v o — o eivan
TEAYHOTIXOS aptiuog.

577. Eotw pla ouveyhc ouvdptnon f : (a, B) — R. Trnodétovue 6t lign f(z)=
T—
A e R xa lir%f (x) = B € R xu A # B. No anodeilete 61t 10 avoixto did-
T—r

Tua pe dxpa ta A, B nepiéyetar 6to oOVoho TV g f.

578. No anodeilete 61 dev uTdpyet YVNoiwe adlEouoa TOAWYLILXY CUVARETNOT)
dotiou Badyov.

579. 'Eoto n ouvdptnon f () = 1+ + 3.

1. Na anobdei€ete 6T elvan avtioteédiun xar 6Tt T0 GOVOAO TV NG €lval
o R.

2. No anodeifete 6Tt yia xdde o toyder f1 (1 + npo + nu3a) = nua.
580. Ao Tig e€etdoelg Tov 1981.

1. Na Beetdel o lim 2’ =2a41

eo—1- @1
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, 3_..2 _
2. Alvetaw 1y ouvdptnon ue THno y = %

NS oL 1 optaxt| T TS, OTAV TO T TEIVEL 6TO -2.

. Noa Bpedel o nedio oplopol

581. Bpeite 1o Adoc:

o Y ELmT (1) (\/:152—1—1—:1:):0(\/:162—1—1—:1:):0

x—+00 x T—+00 \ T

582. Miu ocuveyXc ouvdptnon €yet Twéc oe xdde ddotnua. Acilte 6Tt T0
olvoho TV e eivon o R.

583. Noa oyYOMdoETE TO ToPUXATE:

Aiveton 1 ouvexyhc owvdptnon f @ R — R xou ov apduol
anodellete 6Tt undpyel 0 € R tétowo dote N eiowon f(z) = 6
va éxer wla Touhdyiotov pila oo (a, B).

Abon,.
Oewpolye TN cLVdpTnoN
g(@)=flaz+p(A—-z))—yz-56(1-12), =€l 1]

H g elvar cuveyhic oto [0, 1] xou emniéov

9(0) = f(B) — 6, g(1) = f(a) — -
Eneldn
9(0)g(1)=(f(B) =) (f(a) —7) <0
and to Yedprnua Bolzano, undpye: € € (0,1) dote g(§) =0
fla€+p(1—-8)=7+6(1-8)

Apa, av 6 = ¥§ + (1 =€), o aprdpéc p = af + (1 — &) da
ebvon pila e eglowone f(z) = 6 xon pdhiota p € (o, B), apol
£c(0,1).

584. H ouvdpton f eivar yvnolwg ablovoa. Ilod eivar 1o €ldog povotoviag
e ouvdptnone g (z) = f (—ef(lfe_x));

2 ’ . Lﬂf}) — ’ ’ . f(2ﬂ£’)
585. Trodétouue ot ilg%) - 1. Beelte 10 6pto ilil’%) =

586. Tro¥étoupe ott o < v < B xaf 611 6o cuvapthoe f,g
e civon oplopéveg xou ouveyelc ota (—oo, f], [, +00) avtioTolywe
o yio xdle x € [a, f] wyder f(z) = g(x).

Na anodei€ete 611 1 cuVdETNHO

x x <
h ( x) _ f ( ) ) Y
glx) . ==y
elvon ouVEYTC.
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78 2.5. Aocxnhoeg o€ 0o to kepdAaio

587. Mia ouvdptnon f oplopévn oto R elvar yvnolwe ablouoa xou cuveyrs.
T 800 appolc a < boyler f2(a) + f2(b) + 13 = 4f (a) + 6f (b). Bpeite
o f(la,0]).

588. 'Eotww 1 cuvdptnon
fl(z) = (x+1) 2_<%+ﬁ) x#0
0 z=0

No anobeifete 611 1) cuvdptnon auTh, av xou acLVeync (va to eéyEete) nalpvet
bhec Tic npée petalld tov f(2), f(—2).

589. Mia oudda opeiBatwv avePaivel TNy xopupt evog Bouvod axohoudmvTag
wlar optopévr dradpour| xat oTny ouvEyeLa xateBaivel axohovdwvtag axp3ng TNy
(B Sradpoury. H avdPoon xou 1 xatdPBaocy dijpxcoay neplocdtepo and 24 Hpeg.
Na anodeiete 1 undpyet éva onueio tng dadpopnc oto omolo 1 oudda Beédnxe
000 Qopég TNV (Bl Kpa 500 BIUPOPETIXWY NUEPDYV.

590. Mio un undevix) ouvdptnon f €yel nedio oplopol o R xan 1oy et
flaty)+f@—y)=2f(x)f(y) yoodlotozy
No arodetéete ot
L. f(0)=1
2. H f elvou dptiat
3. f(2z) =2f%(x) — 1 yw 6ot T T

591. T v ouvdptnon f elvon Yvwoto Ot eivar oplopévn xou cLYVEYHS GTO
[0,1] xou 6Tt f(0) = 1, f(1) = 0. Iowl and toug mapuxdtw WyLplopole Eivar
BéRotov 6TL mpoxhnTouy and Tic LTOVETELS;

1. Trdpyet € € [0, 1] éxor dote yio xdde z € [0, 1] voroyder f(§) > f(x).

2. Trdpyer € € [0, 1] étot wote f(§) =

N[ NI

3. Tndpyer € € [0, 1] étot wote f(§) =
4. H f eivou pdivovoa.
5. To obvolo ey e f ebvon to [0, 1].

6. Yrdpyet £ € [0, 1] étor wote

(imr@) =s(e)
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592. H ypagu napdotacn g ouvdptnong

ar +1
T+«

f(x) =
diépyetan and to onueio A(2,7). Na Peeite o f(7).

593. Eotw f pla yvnolwg @divovoa xar cuveyRc cuvdptnon oplopévy oTo
o0Ovoho TV TpayuaTix®y aptduwy. Nao arodeilete ot

1. H eZiowon f(x) = x éyer axpBoe wio Mor.

2. To chotnua

z = f(y)
y=f(2)
z=f(x)

€xel axpBwg pla Moo,

594. 'Eotw wla ouvdptnon f : A — R xw 29 € A. Eow d: A — Ry
ouvdptnon tou avtiototyilet xde onueio M (x, f (x)) g Cp oty andotaot
Tou and to onueio P (xo, f (x0)). Na anodeilete bt

1. AvA=Réte lim d(z)=+o0
r—+00

2. H f elvou ouveyhc oto zp av xou pévo av toyber lim d(z) = 0.
T—T0

595. Eoto f(z) = 22 — 3z + 2 xo plo ouvdptnon g : R — R tétox dote

v Oha Tt & var toyVer (f o g) (x) < 0. No anodeilete 6t lim 92) — g

= Foo (@)

596. And Tic egetdoeig tov 1995, Aéoun 1. 'Eotw pla cuvdptnon
f R — R ouveyhc oto [a, B] xor ot wyadixol wprdpol z = o? +if (@),
w=f(B)+if% e af # 0. Av |w|* + |2|* = |w — z|* va anodeiZete bu
elowon f(x) = 0 éyer pla Tovhdyiotov pila oto ddotnua [o, ).

597. Eépoupe 6Tl av pla ouveyhc ouvdptnon f opiletar oe ddotnuo A xou
dev etvon otadepr toteE T0 GOVOho TV TNe ebvan didotnua. Aei&te dtL av t0
A eivon xhetot6 Sidotnua xou to f(A) eivar eniong xhewotéd didotnua.

598. Nu Bpeite dheg Tic ouveyeic ouvaptioeic f : R — R yia ¢ onoleg 1oy de

37—56

(f @) = 75 (a2 + 72 (@) +16 (1 ()?))

yioL Ohot T .

599. Eotw f : [a, 8] = R pla ouvdptnon. YTrodétouue bt n f nolpver xdie
T axpBoc 800 gopéc. Anhadn 6t yio xdde x1 € [a, B] undpyet axpBde éva
xg € [, B] étor bote f(x1) = f (x2). Na anodeilete 6t 1 f de pnopel vo etvan
oLVEYHS.
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600. Nu anodeiete 61t xde xvpth cuvdptnon (Seite doxnon 834) eivou ou-
vEYTNC.

601. 1. Eotww f:[0,1] — R pia cuveyric ouvdptnon. YTrodétoupe 6t

f(1>+4f(§>+f<0>=o

No anodeiete bt n f éyer pla touldytotov pila oo (0,1).

2. Xpnowonotelote 0 TpoNYolUEVo Epd TN Yo Vo anodéiete b 1 eki-
owo
dox® +3B2° + 2yr = a4+ B+

€yet pio Toukdyotov Ao oto (0, 1).

602. 'Eotw f: R — R pla adouvoa ouvdptnon tétola kOTE Yia Ok To & Vol
oy Vet

F(f (@) = ka?
6mou k elvor otadepde mparypotinds apLiuog

1. No anodeilete ott av eivon k # 0 7 f Yo ebvar yvnolwg adZovoa.

2. Na PBpeite plo ToUAdYlOTOV CUVAETNON UE TNV TORATAVE WOLOTHTA OTIC
nepintwoeg 6nov k=0, k> 0.

3. Na anodeiete 6Tt eV UTdPYEL CUVAETNOT PE TNV TOPATAVE BLOTNTH OTAY
elvar k < 0.

603. Ocwpolye dUo cuveyels ouvapthoel f, g oplopéveg oTo BrdoTnua A Té-
Totec Wote va loyVel f(x) # g (z) yio xdde z € A

1. Noa anodeiéete 6T
o 1 Yo woyler f(z) > g (x) vy 6ha o
o cite Yo oyler f(z) < g (x) vy 6hat oL

2. 'Botww h: A — R ovveyhic tétola ®OTE Vo oy Vel

(h(z) = f(x)) (h(z) —g(x)) =0
Yiow OAOL T .

(o) No amodeiete b1 av 1 Cp tépvel 1 Cr, Cy o€ onuela Ye TeTunuéveg
r1, Ty TOTE

1. I #.’EQ

Y Apyébrepa Vo umopeite va ddoete wia mo edxon anddelEn ye Pdon to Vedpnua tou
Rolle

Tlpbtuno Hewopatixd Adxelo N.X. Mavpoyidvvne
Evayyehnhc Tyohic Zpdpvne www.nsmavrogiannis.gr
http://lyk-evsch-n-smyrn.att.sch.gr




KegpdAaio 2. Opia ka1 Yvvéxaa Yvvaptioewr 81

ii. H eZlowon h(z) = M et wio Toukdytotov pila oto
AVOIXTO DIACTNUA UE dXpA TAL T1, 2.

(B") No anodeilete 6Tt

o 1 Yo oy leL h(x)

= f(x) vy Okt Tt
o cite VYo woylet h(x) =

g (x) vy Oho T

604. H =&ilowon touv Kepler. 'Eotww K, A npaypatxol aprdyol ye £ # 0,
Al < 1.

li -
Johannes Kepler
1571-1630

1. No anodeilete 6T yio xdde x e&lowon

Y = KT + Anuy
€yer axpiBg ulo Aoon y.
2. No anobdei€ete oTL 1 oyéon
f(z) = ke + Muf (x)
opilel pla ouvdptnon f: R — R
3. T ) ouvdpTnom f tou tponyouuévou epwthuatog (2):

(') Na deiZete 6t eivon 1-1.
(B") No Bpeeite tov tHno e avtiotpopne .

(v) Na anodeiZete 61t yio xdde zp, x 10y 0eL

k
£@) = f o) £ ol
(8) Na anodeiZete 6t n f eivar ouveyrc.
(¢) Na arodeiZete f(0) = 0.
() Na arodeiZete 61t xgrfoof(x) = +o0, xgrzloof(x) = Foo (dVo

TEPINTOOELC AVIAOY X UE TO TPOONUO Tou k.

() Na anobdeiZete 61t 10 obvoho Tuey ¢ f eivon o R
605. 'Eotww f pla ouvdptnon e tedio opiopod to R yio tv onola toylet

|f (z1) — f(22)| = |71 — 2]

yioo Oha T 1, L.

1. Na anodeilete 6t yio do0év A Yo ebvon f(x) = f(0) +  elte Yu elvou

flz)=f(0)—=

2. No anodeiete 6t av Y ta zq, 22 woylel f (z1) = f(0)+z1 xou f(z2) =
f(0) — 29 téte xdmoto and o w1, T2 elvon 0.
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82 2.5. Aocxnhoeg o€ 0o to kepdAaio

3. No arodeiéete ot

A f(z)=f(0)+ 2 yix bha a0 @

eite f(z) = f(0) —z vy Oho T

606. And tnv Kwelixn Madnpatixy Olvpmidda, 1983. Eotw
f:10,1] = R vy tpv onola oy et

e f(0)=r(1)
o [f(z)—fW|<|z—ylyadhataz#y
Na anodeilete oty yioo Oha ta z, y woylet |f (x) — f(y)] < %

607. And Tic e€etdoeic Tou naveniotnkiov Tou Berkeley, 1991.
Na amoderydel 6Tt av f: R — R ouveyhc xou yia xdde = # y woyleL:

[f @) = F W) >z =yl (+)

t61€ 10 oOvoho Twwy ¢ f ebvar to R.

THOAEIZH: Acifete 6t av 1 f wxavoroel Ty cuvdfixn (%) to autd wyber xow pe v h(z) =
f () — £ (0) n omola diépyeton and tny apyh Ty afdvwy. Apxel va deifete 6Tt n h €xel GOVONO TGOV
10 R. Egapudote t) cuvdhxn (x) yia ta 2,0 yvio va delte 1o uépoc tou eminédou 6mou Yo Bploxetet
N Cp. No xdvete éva oyfua. Acilete b1t n h eivon 1-1. Aelte téhoc 6Tt dodévtoc m undpyet wia

wwh e h mou Lenepvder To m pla mou elvon wixpdTePY TOL.

608. Ocwpolye f,g 800 ouveyeic ouvapThoelc Ye tedlo oplopol To BLdGTHUA

[, B].

1. No anodeilete ott av yio Oha T & Loy el

flx) <g(x)

t61e Yo undpyet Vetindg optdpde ¢ €ToL OOTE Yo OAL To T VaL Loy VEL
f(z)+ec<g(z)

2. Na anodeilete 61t av oL f, g €youvv Ty Bla yéytotn T 16t Yo undpyet
éva Touhdytotov xg € [o, f] étot wote f (z9) = g (z0).

609. And Tic e€etdocic Tou naveniotnkiouv Tou Berkeley, 1995.
‘Eotww f,g: [o, 8] = R 800 ouveyeic ouvapthoelc mou talpvouy pn apvnTixéc
Tipéc xou €youv v B péyoty TR, Na anodeiete 6t undpyer t € [a, ]
OOTE:

F2() +3f () = g° () + 39 (1)
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610. Ao Tov draywviocpwd Harvard-MIT, 2002. Ado xOxhol éyouv
Sapétpouc foec pe Vd xon didxevtpo d. Me A(d) ouuBohilovye to euBadbv
TOU xOXAOL UE TNV WixpoTepn axTiva mou unopel va meptéyetl Toug dho auTtolg

x0Oxhouc. Bpeite 1o 6plo  lim
d—+o00

dz -

611. Eotw f : R — Rulaouveyfcouvdptnonpe lim f(x) = lim f(z) =
T—>—00 T—>+00
+00. Oewpolye axdun TIC CUVIPTHCELS :

T T

= ze(-1,1 =—— . =zeR
@)= oy r€CLY) o@ =

1. Noanodeilete o1t ot g, ¢ eivar avtiotpédiueg xon 6Tt 1) uia elvor avtiotpogn
™G GAATG. 5

2. No anobdeilete 611 1 0 elvar Yvnolwg adlovoa.

3. 'Eotw n ouvdptnon w : [—1,1] = R pe

1 , x==+1
“<“’”):{a<f<so<x>>>, l<z<l

(o) No anodeilete 611 1 w elvar ouveyTc.

(B") No anodeilete 611 1 w €xer uéylotn nph 1 xou bt
w)=1er==1

(v) Na onodei€ete 6t 1 w €yer eldylotn Tiph €otw m xol 6Tt m =
o (f (¢ (z0))) Y xdnowo zg € (—1,1).

(8) NoamodelZete yio 10 T TOU TPONYOLPEVOL EpwTHTOS oy Vet f (¢ (x)) >
f(@(zg)) yra x&de zp € (—1,1).

4. Na anodetZete 6L 1 f éyet ehdyrotn s, ©
612. 'Eow f: R — R uio cuveyrc ouvdptnon tétola wote
f(@)f(f(z)) =1
v xdde x € R. Alvetar axéun 6t f(0) = 2.

1. Bpeite o f(f(0)).

2. AeiZte 6t undpyet a wote f(a) = 1.

3. Bpeite 10 f(1)

®Av éyete dnaviioet Ty doxnom 406 éxete anAVTAOEL OE AUTO TO EPMTNUAL.
5To epdtnua authd pnopet va anavendel xor autotehde dnhadh ywplc va yenotporomndody
oL 7,  OAAG YPNOLLOTIOLOVTAC TOV OPLOUO TOL 0ploL Xt VEWENULATA CLVEYXWY CUVAPTACEWY.
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613. 'Eoto f(z) = 2. Oewpolyue v ouvdptnon g mou aviiotoyilet xdde
Tpaypotid optdud t otny uéytotn T e ouvdptnomg oto ddotnua [t, ¢ + 1].
Bpeite v g xou e€etdote av elvon ouveyrc.

614. T v ouvdptnon f elva yvwotd ot

lim [f(zo +h) — f(wo — 1)] =0

[TpoxOnter and auth Ty mhnpogopio 6Tt 1 f elvon cuveyhc oTo Xp;
615. I v ouvdptnon f elvan Yvwotd 6t yia xdde ¢, z,y oy et
fFA=ta+ty)=0-1t)f(z) +1f(y)

AeiZte 6u n f eivan e poperc f (z) = ax + .

616. Eotw f: A — R ovveyrc xo yvnolwg adéovoa, g : A — R ouveyrc
xou yvnolwe gdivousa ue f(A) C g (A). Téte n eZiowon f(x) = g (x) éxer
axpBoe wia Ao,
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Kegpdiawo 3

Aropopindg Aoylopog

IMopdywyol cuvopTHoEwY

A" OMAAA

617. Na vnohoyioete 1o f'(z9) 0TI TOPAXATE TEPITTOOELS:

1.

620.

1.

621.

f(x) =35, 20=1 4. f(z) =V +2?, zo=1
@) =2+ nux, mo=7 5. f(z)=2", z9=1
f@)=zlnz, z0=€? 6. f(z)=ze", xo=0

7 4 7/
. Noa Bpedoiv o1 napdywyol 1wV cUVIPTHOEWY:

Cfl@) =5 3. f(z) = S5=

f(x) = I-f;f;:c 4. f(z)=1In ﬁ—ﬂ

. Na Beedodv ol tapdywyol TV cuvIpTRoEWY:

f(@)=axd+ B+ yr+ 9 3. f(z)=E2vVa? = a2

f (@)= 2Va—a? 4. f(z)=(z—a)(x=p)(x—7)
Na Bpettodv ol tapdywyol TV ouVIRTHCEWY
f(x)zlfrgif::x 2.g(ac):ac—|—‘x2—x‘

Ané tic eéetdoeic tov 1982 (HaveAlriviec I Avxeiou). Or ouvapthioeic
f(z), g(x) éxouv xowd nedio optopol o A C R xou napaywyilovton tavtol od-
ut6. Emnhéov ebvau g(x) # 0 yio xdde 2 € A. Oewpodye tohpa Ty cLVAETNON

¢ () =

%. No anodeydel 6t av ¢’ (p) = 0 t61€ ebvan ¢ (p) = ]gc:g;.

85



Leonhard Euler
1707-1783

86 3.1. IHapdywyor cuvvaptiicewy

622. 'Eva nopddeiypo tou Euler. No anobellete o1 av

623. Trnolétovpe 61t o f, g elvon 800 mapaywYIoUES CUVAPTHOELS OPIOUEVES
oe éva Sudotnua A. Na enahnieloete Ti¢ 106TNTES!

L (f2(2) g (@) =2f (2) f' (2) g (2) + f* (2) ¢ ()

i
P@H _ @) @)~ ) @)=g ()
o (VL) .
( > PN O B

3. (Pla+1)—g?(@+1) =2f(x+1) f(x+1)—2g(x+1) g (x+1)
4 (f(na)g (a?)) = Ll (D) lole?)
5. (f (@) /@ + g (@) = f (@) SO (@) + /O (@) + 955,

g(x) >0

/
6. ((F@)7) = (g (2) f (@) In f (&) + 1 (2) g (@) ( (@),
f(xz)>0
624. Oewpolye Tig cuvapThoels f, g Tou eivar 800 Popég Tapaywyiowes. AeiE-
e OTL:

(f(g(@))" = f"(9(2)) (¢) (@) + f' (9 () " (x)

625. Y10 oyfpa anewxoviletar 1 ypapixt napdotaoy plog ouvdptnone f xat n
eantopévn g Cy oto onueio e A(2,4). Na Bpeite v f/(2).

/

l\
|/
/)
\

/)

Cr

/T

626. O ouvapthoeic f, g elvan opouéveg ato R, nopaywyioweg xou woylet
) +g*(z) =2 + 22 +4

yioo Oho Tt . Now anodetlete ot oy et

@ f@)+d@)gl@)=z+1
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627. No Peeite my eZlowon tng egantopévng g Cr oo onueio g M (xo, f (20))
0TI axONOVYES TEPITTWOELC:

L. f(e)=x+¢€", 20=1 3.f(x):§—ﬂ,x0:2
2. f(x) =22+ Inz, zg=1 4. f(x) = nur + ovve, xo = 5

628. TNo Tic napaywylowes ouvapthoels f : R = R, g : R — R 1oydel
f(x)g(xz) = 2. Mnropel n ypapixh napdotaon xou tne f xat tne g va Sépyetan
and TV apyf TV aEovewy;

3

, ; / / _ 52”
629. Ye no6 onpelo g ypaguic mapdotaong g f (z) = & — 25~ +Tx —4

1 epantopévn oynuatilet ue tov dCova xa’ ywvia 45

630. No Beeite v elowon g egantopévne tne Cp mou diépyetar amd 10
onuelo M oTig axdhovleg TEQIMTOOEIS:

f(x): M (=1,-1)
2. f(2)=2, M(1,1)
3. f(x):x—i— LM (1,1)
4. f(z)=x+x, M(1,2)

631. Nao enoindedoete ot
1. H f (z) = —z + 2nuzx + 3ovve wavornoel my " (z) + f (x) + 2 = 0.
2. H f(z) = $In’ 2+ Inz + 1 wavorowet my f/(z) 2 + f” (z) 2% = 1.

3. H f(x) = nue+ovvz+e™" wavoroei ty ' (x)+ f"(x)+f'(z)+ f(z) =
0.

4. H f (x) = 2€” wavonotel v Jf,((‘;)) + J;”/((;f)) —9

632. Av ot ouvaptioeic f, g, h, s elvou Tapaywyloweg o éva Sidotnua dellte

f'(x) g (x) ‘+ f(z) g () ‘
W (x) s(z) h(z) ¢ (z)

f(z) g(@) |
h(z) s(z)

633. o noléc Tiwés TV K, A 1 ouvdptnom

23 , v <1
f(x)_{m:—l—)\ , x>1

elvou moparywylown oto «;

Z Z ’ 7 7 _ oarx+ta
634. I notég Tég Tou a 1 xhion g Yeapuxig tapdotaong g f (z) = o
oo onueto A (0,1) efvou fom pe 3
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Sir Isaac Newton
1643-1727

Gottfried Wilhelm von
Leibniz

1646-1716

88 3.1. IHapdywyor cuvvaptiicewy

635. 'Eva ntapddetypa tou Newton. 'Eotw 61t ot «, B elvan otandepég xan
611 ot tapaywylowes ouvapthoes = (t),y (1), z (t) ouvdéovton ue v oyéon:

2} (t) =z )y () +a’z(t) -2 =0
Noa arodeiéete 6Tl
3z’ (1) 2® (t) — ' () y? (t) — 2x (1) ¥ () y () + 22" (1) = 0

636. No anodeilete 6T 0y = px + ¢ elvon e@antopévn NS YeupLxXic TupdoTa-
one e f (x) = az? + Bx + v oe onpelo pe TeTENPéVY s ov xu Ppévo av 1oy Vel
p=2as+f,q=—as’+7.

637. Na Bpeite Tnv %01 EQATTOUEVT TWV YRAPLXWY TUPUCTICEWY TV CUVIP-
thoewy f () = =3 — -5 xu g (2) = § (23 — 627 + 92 — 9).

638. (Leibniz, 1710) Eotw y () = u(z)v (x) 6nov ot u,v eivar 3 popéc
nopaywyiowes. No anodeilete ot

" " /! "
Yy =u v+ 2uv 4+ uv

n n n_/ 1w/ n
Yy =u v+ 3uv + 3uv + uv

639. Na Bpeite 1 a, 8 €tol wote nevdeio y = 243 vo epdntetan oTnY YupLxt
rapdotacn e ouvdptnone f (x) = 22 + 2ax + 33 oto onucio pe TeTuRUéN
o = 1.

640. No enaindedoete 4T oL YpapIxés TopaoTIoELS TV ouvapThoewy f (z) =

2 2 2 Z / / , 7 Z
x® xou g (x) = 2% — 22+ 1 éyouv éva L6vo %o onueio xar HTL 0L EQATTOUEVES

Toug o€ aUT6 To onuelo elvon xddeTee.

641. No anodeiéete 6t av

f(x)=1—ovvx

(%) -
[ (x) f (@)
642. H ouvdptnon f eivau oplopévn oto R, 800 popég mapaywylown xat oy el
f(1)=f"(1)=1. Eow g (x) = f (e*). Nu ppeite 10 ¢" (0).

643. 'Eotw n ouvdptnon f(x) = ae® + Bx. Av /(1) =2, f"(1) = 3 va
Beelte o f(1).

644. 'Eotww 1 ouwvdpmon f(z) = 2° — 2 — 2. 'Eotww A, B 1o onyelo enaphic
v epantouévey tne Cr mou Siépyovia and 1o onueio M (1,—-3). Na Ppeeite
Vv e&lowor tne evdeiag AB.

2
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645. No Beeite v e&lowon tng €QanTOUEVNS TN YRAPIXNC TAPAOTACNS TNG
3241 , r<l1
f(x)—{ 422 =2z +2 , =z>1
oto onueio tng pe teTtunuévn 1.
646. Eotw f(z) =nu(Inx). Na anodeiete 61t
2" (x) +af () + f(x) =0

647. 'Eoctwo f (x) = Zl’ﬁti No Beeite yia ot 1| tou p oyver f/(1)+f'(0) =
0.

B’ OMAAA

648. 'Eotw f(z) = |2? — 3z +2|. Na eletdoete av urdpyer 1 nopdywyog
me f:

1. ¥roxg =1 2. Y1029 =—1

649. T v ouvdptnon f : R — R elvaw yvwoto ot
x4+ nur < f(2) < 2+ nuz + x2e”
Na Beeite v mapdywyo g oo 0.

650. And to padnuatind diaywvicwd Harvard-MIT, 2004. Eotw
f mapaywylown. Yrodétoupe 6t v cuvdptnon f(x) — f(2z) éyer napdywyo 5
ot0 = 1 ot mapdywyo 7 oto x = 2. Bpeite v napdywyo e f(x) — f(4x)
ot z = 1.

651. Y10 oyrfua mou axohovlel eupaviletar oto (B0 choTnua a&dVwY 1 Y-
puxr) mapdotacn v cuvapticewy f(x) = nux, g (z) = nua® yio tués Tou x
wetald 0 xou 1,5. H npdtn ouvdptnon avtiotolyel otov apdpd x (Vewmpeiton ot
exppdlet rad) o nuitovo tou. H deltepn ouvdptnon avtiotoyel otov aprdud
x 10 NEitovo twv x potp®yv. Ot dVo autéc cuvaptioelc elvar dlagopetinég. A.y.
f(1)=nul=0,84¢eve f (1) =nul° =0,01745.

_—

y = nu

y = nua’
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90 3.1. IHapdywyor cuvvaptiicewy

1. Na det€ete 61 g () = nu (355)

2. Na Beeite v napdywyo g g (x)
652. No Bpeite 1o a, B av pe f (z) = az? + g ebvar (1) =2, f'(1) = 2.
653. e xdde x avtiotolyolue 1o onuelo M(z,y) e evdeioc 22 + 3y = 1 pe

tetunuévn z. Eotw d(x) n andotaon tov M and v apyh tov aiévey. No
Beelte vy napdywyo g d(z).

654. D plo ouvdpon f: R — Ruoyder f(x+y) = f(z) + f(y) v 6l
T x,y. No anodeilete ot av 1 f nopaywyileta oe éva xg napaywyiletou o
x&de xg.

655. Ao Tig e€etdoeig Tov 1999, Aéoun IV. Alveta n ouvdptnon
f(x) =np? (ax), z € R. Na Beeite v T tou a Gote va 1oy Vel

" (x) +4Oz2f(:1:) =2 yxddexr €R
656. Alvoviaw or f (2) = €” xau g (z) = e*/1 — 2z. Na anodeiZete 6
(f (@) g (@) =f(2)¢ ()

657. Eoto f(z) = 62° — 2023, No anodeifete 6T 1o onuela 6mou 1 Cf éyel
opilovtia egantouévn elvor ouvevlelaxd.

658. 'Eotw 1o tohvodvupo f () = apz” + - -+ a1z + ap. Na anodeilete ot
n egantouévn e Cy oto onuelo tneg pe tetunuévn 0 ebvor 1y = anx + ap.

659. Av f, g elvou 800 cuvapTRoelC TOTE AEPE OTL OL YRAPIXES TOUG TUPACTACELS

Z z ’ 7 7 z 7/ z
Cy,Cqy epantovtan av €Youy xov6 oNUEio GTO OTOI0 €YOUY X0V EPUTTOUEVY.
No anobdeiete 611 pe

f@)=Inz, g(z)=
ot Cy,Cy edmTovTon.

660. No Beeite Vv mapdywyo g cLVIETNONS

?npl +2? 2 #£0
f(x)_{ 0 z=0

661. No doocte €va mapdderypa plag ouvdptnong ue tedio optopol 1o R nou:
1. No nupaywyileton oe Oha T 29 EXTOC And EvaL.
2. Na nopayoyileta oe oha o £g exTt6g and d0o.

3. Na napaywyileta oc oha o £¢ eXTOS and AnELRA.
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662. And tic eZetdoelg touv 1997, Aéopn L. Yuc eletdoeic tou
exelvou Tou €toug BoUNxe To axdrovdo Yéua:

Trodétouye OTL UTHPYEL TEAYUOTIXY CUVAETNOY g TapAYwYlown
oto R tétoln ¢hote, umdpyel mpoypatixods aptduds o, OoTE Vo
oy Vel

glx+y)=eYg(x)+eg(y)+zy+a yoxide z,y €R
No arnode{ete bt
1) g(0) =—-a
ii) ¢’ () = g () + ¢’ (0) e + = yio x&de x € R
Ac ovopdoouye pe (T) v oyéon tne unddeone.
1. Na¥éoete x =y = 0 oy (T) yio va deilete 61 Yo ebvan g(0) = —a

2. No napaywyioete v (1) pla gopd we npoc @ xan pio popd w< 1pog y
yioo va defete 6Tt Yo toy el yio Oha T X, Y-

g (x+y)=e’d (@) +e'g(y) +y (3.1)

g (z+y)=e"g (Y +e'g(z) +a (32)

e (9 (@) —g(2)) =" (¢ (W) g () + (y—2) =0 (3.3)
Xpnowomnotelote ta mponyolueva Y va del€ete ot

9(0)=0 (3.4)

xaL OTL yiot OhaL ToL 0, Yy 1oy Vet
g (@)=g@)+4(0)e +x (3-5)
"Hon petadd dhhwy Yo éyete anodeilet 6tL {nrovoe to Vépa.
3. Me v BoRdewr tov (3.3), (3.5) deiZete 6t

eVr—e"y+y—x=0 (3.6)

4. No anodeiete 611 ouVdpTNoT UE TIC IOOTNTES OV avapépovTan aTo Yéua
dev umdpyer !

663. Nu Bpeite dhec Tic nopoforéc y = ax? + Bx + v Tou epdrtovior GTNV
evdelo y = 3z + 2 oo onuelo A(1,5).

664. Eotw f(z) = €”, A onuelo g Cr xou B 1 touf] g €QATTOREVNS NS
Cy oto A pe tov za’. Na anodetyVel 61 n npoBolf tou AB otov xa’ eivon éva
otadepd Brdvuoua.

665. Na dwoete éva mopdderypa 600 cuVIPTHOEWY Tou dev TapaywYilovtal
070 To aAAd T0 d¥polopa Toug va mapaywyileTon oTo Xo.
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92 3.1. IHapdywyor cuvvaptiicewy

666. Na Ppeite, e@’oc0v UTdpyEL, KOV EQATTOPEVY] TOV YPAPIXWY TARACTA-
cewv twy f (z) =23 — 82 — 19, g(z) = 2> + 2 — 1.

667. 'Eotww f: A — R. Nua arnodeiZete o1t

ILLAVO € A, f(z+y) = f(x)+ f(y) yio 6hat to0 2,y xou 1 f elvou
nopaywylown oto 0 toTE evan Taporywyiow.

2. Av0e A, f(xz+y)=f(x)f(y) yio Oho T 2,y xou 1 f ebvon maporyw-
yiown oto 0 t6TE ewvon mapaywyiow.

3. Avle A, f(xy) = f(z) f (y) v dhat ta @, y xou 1) f eivan naporywyiown
oto 1 téte ewvon noapaywyliow.

4. Av1e A, f(zy) = f(z)+ f(y) yia 6ha T 2,y xou 1 f elvon mopaye-
yiown oto 1 t61e ewvon mapaywyiow.

668. O oprdude p Myeta oAy pilo tou ToAvwvdgou P(z) av undpyet no-
Auovupo S(x) €tol OoTe va oy e

P(z)=(x—p)?S(z), S(p)#0

Na anodeilete b1t éva tohvdvupo P(z) pe mpaypatixolc ouvteheotéc Va €yel
Tov p € R S| plla av xou pévo av 1oy lel

P(p)=P(p)=0, P"(p)#0
669. And Tic egetaoeig Tov 1994, Aéoun 1.

1. Eotw p npaypatixde apdudc A(z), B(x) nohu@vupa e mpoypatixoie
ovvteheotés wote B(p) # 0 xa 10 A(z) éyer Badud peyahitepo A
oo tou 2. Na anodeifete 61 undpyet mohvdvupo f(x) tétoo Gote
A(x)B(z) = (z —p)* f (z), av xou uévo av A (p) = A’ (p) = 0.

2. 'Eotw v axépaiog yeyaldtepog 1 foog tou 1. Na Bpeite Ti¢ Tiuée tov
K, Ayt T onolec 1o toAumvuuo Q (x) = z¥ (VxS + ka2 4+ Mz + 8) EYEL
napdyovta 1o (z — 2)2.

670. NoufBpeite o onuela tne Ypapuxfc nopdotaone tne f (x) = nu2z—2nu’a,
z € [0,27] ot onola 1 egantopévr elvar tapdhhnin otov dZova .

671. T v ouvdptnon f: R = R elvar yvwot6 61t elvon ouveyhc xou 6Tt

f (=)
1m =
z—0 N2z
Bpeite vy [ (0).
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672. No anodellete 6Tt av yio TRV cuveyy ouvdptnon f oy let

f (x)

;=teR

lim
T—a (ZL’ — a)

t6te M g (2) = | f (x)] napaywyiletou ot0 29 = .

673. No Beeite v e€iowon g epantopévng e YeaPixhc TopdoTaoNnS TNe

fz) = 322+ 1 , T<l1
YT 42?2z 42 , o>1

oto onpeio g ye tetpnuévn 1.
674. Eotw n cuvdptnon
f (z) = anu2z + pnux + yovve

Na Beeite ta o, 3,7 €10l wote va oy et

J@=r@=7(3)=1

675. T tic ouvoptioeic f, g elvar Yvwoto 6t elvan oplopévec oto R, mopa-
ywyloweg oto -1 xou 6Tt 1oy e

2 @)+ g% (x) = a® + 227 +1
yioL Ohot T .

1. Na Beeite ta f(—1),g(—1)

7 ’ o . f T o . T
2. No omodeiZere 61t f/ (—1) = lim L2 ¢/ (=1) = lim ﬁi

a——1 T+’

3. Na anodeifete 61 (f' (—1))* + (¢ (—=1))* = 9.

676. Na anodeilete 61t 1 ouvdptnon f : A — R elvar napaywylown oto
xo € A av xar uévo av undpyet a € R étol wote 1 ouvdpTnom

f(@)—f(=0)
Q , T =T

va elvon oLUVEYTC 010 T

677. H napatrenor touv Kapadeodwpen. Na anodeilete ot av pio Keovoravtivos Kapadeodwpt
ouvdptnon f elvon tapaywyiown oto T T6TE UTdEYEL cLVAETNOT f TETold WOTE 1873-1950

o H f elvon ouveyric o1o zg
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94 3.1. IHapdywyor cuvvaptiicewy

o [ 6ha ta x wyber f(x) = f(xo) + f(x) (z — o)
o flzo) = f'(z0)
Nao dwrtunwoete xat va anodelZete 10 avtioTpoo.

678. No anodeiete 611 o oNuelar TS YRAPIXAC TORIOTAONS THS CLVAPTNONG
f (z) = 62° — 2023 ota onola 1 dedtepn napdywyoc undevileton efvar cuvey-
Vetod.

679. Eotww nouvdptnon f (z) = epz. NaBpeite tov ouvieheots dteudivoene
¢ epantouévng g Cp oe éva onueio g Tou omolou 1 TeTaypévn eivon 18.

680. Ilwc mpémet vo emAEEOLYE TO v WOTE 1) EQPATTOUEVT TNS YRAPIXHS Topd-
otaone e f (z) = 23 + 222 — x + 1 010 onpelo A(a, f(a)) vo diépyeton arnd
0 onueio M(2,9);

o

681. No anodellete 6Tl Ol EPUTTOUEVES TNG YPAPIXNC TAPHOTAONS THS Y = o
ota onuelo Tourc g pe Ty evdela y = B elvon napdhAniec.

682. Eivar n evldela y = 2z + 3 epantouévn g Yeapixhc TopdoTaons TNne
3

y=ux

683. An6 to padnuatixd diaywvicnd Harvard-MIT, 2005. Eotw
f(z) = 23+ az + b, ye a # b, yia v onola unoVétovue 6Tl N EQPUTTOPEVES
NS YPUPLXAS TUPAoTIONS TNG OTd oNUeid Y TETUNUEVES & = a xou & = b elvon
nopdhhnhec. Bpeite to f(1).

684. Mio eudela ue ouvteleoTy| Sleudivoewe A TEUVEL TNV YpaPixY| TapdoTaoT
e f () = 22 + ax + B oc dlo onuelo pe tetpnuévec o1, T9. Na anodeifete
oL\ = 7f,(‘”1);rf,(x2).

685. 'Eotw uia cuvdptnon f oplopévn oe éva didotnua, 1 onola naipvel Vetinég
Tipéc xou ebvan mapaywyiown oto a. Na anodéilete 6T

o f@-f @) _ 1@

2T w-a 7@

686. Eotw f pla cuvdptnon opiouévn oe éva didotnua xar o Eva onueio Tou
dlaoTh . A ) lim {@)=/(z0)
fuatog avtod. Av to 6plo lim o=
T—=T
x0¢ apripdg ToTe N f Aéyetan apiotepd mapaywyionun oto To xou 1) TWY TOU
oplou apiotepn mapdywyos tns f oto xo. Avahoyo opiCetar évvora tng delid

Topaywylowng ouvdptnong.

UTAPYEL XAl EVOL TEOYUOTL-

1. No amodeilete 6tL av 1 f elvon aplotepd xar dedid mapaywyiown oto g
t6Te Yo ebvon mopaywylown 6to T av xou U6vo v 1 aploTERY| xou 1) Be€Ld
napdywyog tn f elvan {oec.
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2. No amodeilete 6t av 1 f elvon aplotepd xan de€id napaywylown oto
to1E ebvan ouveyg oTo Tg.

687. Eotw 1 cuvdptnon

_ @ty x#0

1. No anodeilete ot 1 f elvon mapaywylown pe

/ B 2:077;1%—0111/% , x#0
f(x)_{ 0 , z=0

2. Na pehetfioete w¢ mpoc v ouvéyeta vy f'.

688. And Tig e&etdoeic Tov 2000, Ostixy Katebduvon. Nua ya-
paxtnploete TI¢ mpotdoelg mou axolovdoly YPdPOVTUC GTO TETPABIO CUC TNV
évoelln Ywoto 1| Addoc dinha 010 Ypduua mou avtioTtolyel oe xdde npdtao.

4 7 ’ ! Z. 7 4
1. Av n f elvar napaywyiown oto xg, 6t 1 f' elvar ndvtote cuveyrc ato
Zg-

2. Av n f elvou ouveyrc oto T, T0TE 1) f elvan Tapaywyiown oto xg.
3. Av n f éye debrepn napdywyo oto xg, TotE 1) f elvon cuveyfic oT0 Xo.

689. 'Eotw éva ddotnua A xou g € A. Eotw f: A — R pla ouvdptnon
mou ebvar cuveync oto g xar o > 1. No anodeiete 6tL 1) cuvdptnom

g(x)_{|$—xo|af($) , ;CEA7:C#‘TO

0 , T =xg

elvou mapaywyiown oto .
Acite axdun 6t av emniéov 1 f elvon mopaywyiown oc xdde onpeio Tou
A extég lowg Tou xg xou @ > 2 toTE 1) g €lvon 800 Popég TapaywYIoWn 6TO Xo.

690. Eotww f : R — R pla dptia ouvdptnon n omnola eivar mapaywylot-
un oto xg. No anodeilete 6T 1 f ebvan mopaywylown oto —xp xou oylel
' (—z0) = —f (x0). Xe ti anhovotebeta 1 anddeln av yvwpilovye ot n f
elvou mapaywylown oc 6ho 10 R; No dratundoete xan vo anodetlete avdhoyn
TEOTACT, YIoL TEQLTTY GUVAPTNON.

691. Eotw pla ouvdptnon f oployévn oc éva didotnua A xu g € A. Eotw
6Tt T0 bplo

f(z0) = }1112% f(xo + h)Q—hf (xo — h)

undpyet xou ebvor Tparypatixde apriude. O aprdude autde ovopdletar Tapdywyog
Riemann tnc f oo xo.

(3.7)
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1. Na anobdellete 6Tt av n f elvon mapaywylown oto Tp TOTE LTAPYEL 1|
napdywyoc Riemann e f oto zp xou toylder f(xg) = f (o)

2. 'Eotw n ouvdptnon f () = |z|. No arodeilete o1t av xou 1) f Bev ebvau
napaywylown oto zg woyler f(0) = 0.

3. Tro¥étoupe 6Tt ol nupdywyol Riemann twwv f, g undpyouy oto 9. Na
anodeilete 6T T0 aUTO oyLeL Y TV ouvdptnon h = f + g xou 6Tl

~ ~

h(xo) = f (0) + g (z0)

Georg Friedrich Bernhard ’ , ’ , ; , ~ 7 ,
Riemann 692}. Eotw OTE 1 ouvdptnon f elvau OP‘?PEEW] o€ svciz OlCi(OTY]pO( A alj)ou TPEIS
popéc mapaywylon. o ta x tou de undevileton 1 f’ opileton n cuvdptnom:

535

1 onola ovoudletar Tapdywyos Schwarz tng f.

1826-1866

[ (x)

1. Na Beeite my f* 6tav f(z) = €”

2. No Beeite tny f* étav f (2) = 22 + 1 xou A = (0, +00)

3. Na anodeifete bt av yio v cuvdptnon g toylet f (x) g (x) = 1 yioa xde
x € A téte Vo woyder f* (z) = g* (x).

Hermann Amandus ’ ¢ : — 1 .Y
an A 693. Eorfn ] xaww)tn,c pe eliowon \/E—i-\/@ = /axun au?sm €yt = 1
Tty € efvon Yvwot6 6t eivon epantopévn e C. Naurnohoyioete to ddpolopa
Ptaq.

1843-1921

694. O I'ohhaioc 610 €pyo tou «Addoyor tepi Vo véwy emotnudry (1638)
unédetle TV axodhovlr pédodo yia TNV katd mpooéyyio ydpadn wag Topd-
Bohng: Kpeudye pla Aentd ahuooida and 800 xuppid A,B xar anotundvoupe
10 oyfua e (eAvoooedris kauriAn). AMELovtac to phxoc xou Tic VEoELC
othpiEng Vo €youpe drapopeTinéc napaBohéc.
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50 ypovia uetd évag amd toug adehgolc Bernoulli, o Jacob Bernoulli Bprixe
™y oxplB wadnuatig Exgpaon g dAUcooed00E xaUTOANG:

ct+c"

, ¢>0, 1
5 c c#

y =

Na anodeiete otL 1) napandvew e&iowon de unopel va eivan e€iowon topaBorrc. |

Anhod| vo arnodeifete 6t dev undpyet mapePort y = az? + Bx + v étol
OoTe

¥+ c"

ar? + B+ = —

v xédde = € R.

695. I pla ouvdptnon f: R — R oy et Galileo Galilei
1564-1642

fx+y) - f (@) = ax®y + Bry® + vy°
v xde x,y (o, 8,7 otadepéc). No anodeilete 6t elvar mapaywylown.

696. Ocwpoiye dho ouvapthoeic f, g Tou eivan tapaywyiowes oto o pe ¢’ (o) # |
0. No anodeifete 611 lim f(x):f(a) = f:(a)
z—a 9(@)—9(@) — g'(a)

697. No anodéilete 6Tt av 1 ouvdptnon x f(x) €xyet topdywyo oto o # 0 xau
n f elvar cuveyrc oto xg t6TE N f elvan mapaywylown oto xg.

Hov ypnowonotfoate 6t 1 f elvow ouveyrc oto zp; Eivor awth n unddeon  jacob (Jacques) Bernoulli
amapaiTTn; 1654-1705

698. Ao Tic e€etdoeig Tov 1990, Acoun IV. Alvetu 1 cuvdptnon
g 1 omola elvon opiouévn oo R, 800 gopéc napaywylowrn cdutd xar toydel 6Tt
g(—=1) =7. Av ) f eivou pio cuvdptnomn pe

f(@)=3(x=2)%g(2r—5)
vo anodeilete 6Tl 1) f elvan 800 popéc mapaywyiown oto R xar va vtohoyioete
wmv f7(2).

699. Arno 1o onueio A (zo,yo) dyovia ot egantopéves AB, A" npoc v ypa-
Quxh mopdotaoy e ouvdptnone f (x) = 2. Tloée ouvihxec tpénet va txavo-
TOVY oL T, Yo WOTE va toyler AB = AT,

700. Av
flz) = |2 — ||

mow elvan 1 e€lowon egantopévng g Cr oto onueio tng ue teTunuévn -2;

701. H mapdywyog g f elvon YvooTH.
[Tow eivan 1 mtapdywyog e f (77,u2:v) + f (U’UI/QZL');
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702. Eivar Yvwot6 6t yio  # 1 oy let

5 vt 1
l+z+z°+.. +1"=—
r—1

Bdoel tovtou va unohoyioete to ddpoloua

1422+ 322+ ... +va¥ !

703. No anodeiete 611 1) eantopévn tng EAAeWdng 2—2 + %—z =1 oo onuelo
e M (x0,%0), Yo > 0 eivou 1 eudeio 29F 4 % =1.

a2

704. Bpeite epantouévn e Ypuwixhc mopdotaone tne y = e tou didpyetu
and Y opY Y TWV aEOVWY.

705. T motég TWES TRV K, A, 1L OL YRUPIXES TWV CUVAPTHCEWY
f(z) =2+ Kz + X
g(x) =2 + px
€youy o epantopévn oto onueio A(1,3);

706. No anodellete 6Tl Ol EQANTOUEVES TWV YPAPIXWY TUPUCTACEWY TWV GL-
vapthoewy f () = 5=, g(z) = logy z ot onuela toug A(0,1), B(1,0) té-
uvovton xddeTa.

[ OMAAA

707. Eotw f pla ouvdptnon mou eivon tpelc popés mapaywyiown o éva Hid-

otnua A xa tne onolac ot napdywyot naipvouy Yetixée npée. ‘Eotw u (z) =
1 1

(f" ()2 xuwv(x) = f(x)(f (x))” 2. No anodeiete bt

708. Eotwo f(z) = ﬁi’? No amodelZete 6Tt Yo TNV VI-00TH TopdywYo ¢
[ woyde

—v—1
£ (z) = w (—1)" ! <:1: + %)

O puviuwoég peTaBolrg
A" OMAAA

709. No Bpeite 10 puiud petaBohnc Tou ¥ 1S TPOS T OTAV:
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1. 2z+3y=4 4. e +e¥ =1
2. xy =3 5. Inz+Iny=1
3. 22 +y? =4,y>0 6. (x2+1)(y2+1):2,y>0

710. To onueio A, B xivoOvtar otoug Vetixolg nudoveg Oz, Oy xou 1 ¥éon
ToUG XaTd TV Yeovixh otyun t elvan A (z (t),0), B (0,y (t)).

d(t)

1. BEotww 6t z (t) = 3t, y(t) = 4t. Na Bpeite 10 pudud petaBolic tou
whxouc d (t) = AB xou tou eyfadol E (t) = (OAB).

2. Na xdvete tov {810 uTohoYIoUS YEVIXS dNAadY| OTay Bev E€peTe TIC oUVAp-
mioeic x (t), y (t). (Eto tehixd anotéheopa Yo vndpyouy ot z (), y (t)
xou ot tapdywyot toug &’ (1), v (t)).

711. H 9éomn evog xivntol oto eninedo elvor 1o onueio
M (z(t), y (1))

6mov ot z (t), y(t) eivar napaywylowes ouvapthoec. [low oyéorn ouvdéer ta
z(t),y(t), o (t),y (t) oTav:

1. To xwvntd xiveltow otov x0xAo

2 +y? =10

2. To »wnt6 xwveltan oty eudela x + y = 10.
3. To xwntd xwveltan oty eudela oty xaundAn ue egiowon

e’ +eY=10
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B’ OMAAA

712. Na Ppeite mow oyéorn cuvdéel My TaydTNTA TOU QUTOXIVATOU %Ol TOU
PUUOULAXOUUEVOU XTd TNV YeoVixT! oTiyUY Tou To delTepo anéyel andotaoy S

and tov Toiyo.
iy /

713. "Eva vhixd onueio xwvelta otov dova zx’ étor dote yio xdde ypovixt
otypn t n ¥éon tou elvan

s(t) = VK2 + 2
6mou k, ¢ eivan Yetiée otadepée. Na anodeilete ot n tayvtnta tou v(t):
1. Elvou wxpodtepn tou k.
2. Telver oto k btav t — +o0.

714. Ané Tig egetdoelg Tou 1993, Acowrn I. Abvetn opldn ywvia
20y xa 10 evdOypappo tufua AB prixoug 10m tou omolov ta dxpa A, B
ohoBaivouv mévw otic thevpés Oy xou Ox avtiotolyws. To onuelo B xveltan
we otadepn TaydTnTa v = 2m/ sec xou 1 Véom tou Tdvw otov dZova Ox divetar
and v ouvdptnom s (t) = vt, t € [0,5] émou t o ypbvoc (o€ deutepdhenta)

1. Na Bpedei 1o epBaddv E (t) tou tpryddyvou AOB we cuvdptnomn tou ypo-
VOU.

2. Tlo6e eivar 0 pudude petafolrfic tou epfBadol E(t) tn otiypr xatd tny
omola to uixog tou Twhatog OA eivon 6 m;

715. And tig e€etdoeig Touv 1998, Agowun 1. 'Evac yewpyde npooiétel
T POVAdEC MTAOUATOC OE Wi oy poTixh] XahMEpyeld xot GUANEYEL g(x) novddeg
ToU TapAYbpEVOU TpoidvToc. Av g (x) = Mo+ M (1 — e'®) énov My, M xa
o etvon YeTinég otadepés va ex@pdoete To puIUG PETABOANS TOU TopAYOUEVOU
Tpoi6vToC g ouvdptnom tne g. o eivon 1 onuacio g otadepds Mo;

Tao dewprpata Fermat, Rolle, Lagrange

A" OMAAA

716. Yto emoOueva oy AUATO QUIVETAUL 1) YRAUPIXT] TARACTACT TWV CUVAPTHOEWY
f, g. Beeite oe nowr onpeio undeviCeton 1 topdywyog Toug xot Towd and auTd
elvon Tomxd axpdTATOL.
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) |

\e

NN,

717. T tic mapaxdtew cuvapThoels Vo Ypddete éva xatdhoyo ndavey Véoewy
axpOTATWY clUPWVA Ue To Yemdpnuo tou Fermat.

1. f(z)=142"—2 4. f(z) =32 —dz+6ln(z +1)
2. f(x)=32° -2 5. f(z) = 3€* —3e” + 2z
3. f(z) =" — 323 — J2? + 2 6. f(r)=Inz—z+In(zx+1)

718. Aol ehéyZeTe OTIC EMOUEVES TEQINTAOOELS, OTL 1) f Ixavomolel Tig uTové-
oetc Tou Yewphipatog tou Rolle va Beeite ta & tou pndevilouv v f'.

Lf:[-22] 5 R, f(x)=22+1
2. f:[-3,00) >R, f(x) =23 +322 +1

2
3. f: (32 =R, f(o) = 5

4. f:0,In2] = R, f(x) = €2® — 3e* + 2,

5. f:]0,1] - R, f(zx)=+Vz—=x

0 z=20
zlnz O0<x<1

6. f:[O,l]%R,f(x):{

719. Agol ehéylete oTC EMOUEVEC TMEQINTWOELS, OTL 1) f IXAVOTOLEL TIC LTTO-

Véoelc Tou Vewpripatog péong tTwhc tou Lagrange va Bpeite ta € yio T onola

i (&) = f(ﬂﬁ):();(a)_

1. f:[1,4 =R, f(z) =222 +1

2. f:[1,4 =R, f(z) =223 +22+1

42

(z) =
(z)
3. f:[1,4 =R, f(z) = 2&t3
4. f: 1,4 =R, f(z) =
(z)

5. f:[L4] =R, f(z)=2x+1
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6. f:[1,4 =R, f(x)=vV—-a?+5x—4

720. And Tic eEetdoeic Mathematical Tripos, Cambridge, 1935.
Na Beeite 10 € tou Yewphuatoc pyéone Tiphc yio v ouvvdptnonon f(x) =
z (z — 1) (z — 2) oo ddotnua [0, 5.

B’ OMAAA

721. Alvetou n cuvdptnon

x
r = —

/(@) 1+ ||

1. No anodeilete ot elvon mopoywylown xou va Beelte Ty napdywyo tng.

2. Na egoppdoete 10 Yedpnua uéone tiwhic oto ddotnua [—1, 1]

722. No anodeilete otL av 00 cLVIPTAGELC IXavoToloLY Tig uTo¥EaEel; Tou Ve-
wpruatoc tou Rolle oto didotua [, B] xou dev €youv ntapdhhnhes eQantouéves
T6TE Yot £Y0UV TOUNAYIOTOV Widl XOWVT| EQAUTTOUEVT.

723. 1o oyfuo undpyer n ypagpxh napdotaon twy onueinv M(x,y) mov
IXAVOTIOOVY TNV GyYEon:

w+1°=2> (1)

1. H oyéon (1) opilet pio ouvdptnon y = f(x). Na Beelte tov tHno me.
2. Na Beeite o nowa zg napaywyiletar 1 f.

3. Yta dxpa xdde Swothuatog e wopehc [—a, a) 7 f nalpver {oeg tipée.
Evtoltolc dev éyet egantopévn napdhhnhn otov xz’. (Na ehéyZete autd
Tov oyuptopd eZetdloviag av 1 f’ undevileton). Epyetar to napandve
oe avtideon pe to Yewpnua tou Rolle;

724. 'Eow f,g dbo napaywyiowes ouvaptroec pe nedio opopold to [0, 1]
TéTOlEC OTE:

e f(0)=9(1)=0

o f(z)#0, g(x) # 0y xdde x € (0,1)
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No anodeiete bt undpyer £ € (0,1) étor dote:

1Q 9O _,

& g
725. Arndé tic e€etdoeig tou IHHavemotnuiov tou Asiyi, 1984.
Na anodeiete otL dev undpyel k tétolog wote 1) eglowon 23— 120+ k=0 va
€yet d0o ddpopec pilec oo (0,1).

726. Ano tic eEetdoeic Mathematical Tripos, Cambridge, 1929.
No anodeifete 6Tt av

Qg
n+1

Qn—1

(@
+ L4+ +a, =0,
n

t61€ 1) e&lowon

aor” + a1z N+ ot ap 1+ a, =0
/’ /7 7 7
€yet wa Toukdyotov pila.

727. 'BEow f () = xlnx xou aprdyol o, B ye 0 < o < B. Now anodeiZete o1t
10 £ ToL Vewphipatog Yéone Tuhc Y Ty f oto didotnua [, 8] elvor o aprdpde

B

| =
=

B—a
aﬁga
728. Eotww f(z) =z (z — 1) (x — 2) (x — 3). No anodeiete 61t 1 nopdywyoc
e f éyer axpiBoe tpews pilec mou avixouv oto didotnua (0, 3).

729. No anodeiZete 6t 1) e&iowon e — 1 = (e — 1) 2 éyel axpBoc tpeic pilec
Tic 000 mpogavelc xar axdun wa oto didotnua (2,3).

730. No anodeilete 6L av 1 mopdywyog uiog ouvdptnone oplopévng oe €va
didotnua e Eyel pileg toTE N oLVdETNOY eivan 1-1.

731. Ao Tig e€etdoeig Tov 1983, Aéoun I. H cuvdptnon f oplouévn
xou oLVEYRS 0T0 XAeWwTo didotnua [, 8] éyel napdywyo oto avorxtd BidoTnua

(a, B) xau f () = f(B) = 0. No anoderydei:

1. 'Oty ouvdptnon F (x) = 1@ grou ¢ ¢ [a, ] undpyer ¢ € (o, B)

tét010 Hote F' (¢p) = 0. o

2. Av ¢ ¢ [, 8], 61 urdpyer cp € (o, ) Oote 1 egantopévy oto onueio
(co, f (co)) e Ypauuhc pe eZlowon y = f () diépyeton and 1o onueio
(c,0).

732. Ynpydeite oto Yewpnua tou Rolle énwe dtundvetoar oto Bifhlo cog
yior var amodel€ete Ty axdioudn yevixevor tou:
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e Eotw plo ouvdptnon oplopévn xa mopayoyiown oto ddotnua (o, ()
(o, B € R) tétola doTE

lim f(z)= lim f(z)=L

r—at z— B~
6mov L € R # L = £oo. Téte undpyet € € (a, B) étot wote f/(€) = 0.
Y ouvéyela:

1. Yxeqieite nwe dpaye VYo pnopolioe va anodeydel to Yewpnua tou Rolle
Omwe dlaTunveTol 6To BIBAD EeEXVOVTAC And TNV TOPATAVE YEVIXEVOT).

2. Yxegieite nwg Yo unopolooue oTny YEVIXELON Vo CLUTEPIAGBOLYE Xou
dloTHPATA OOV XATOLo amd Ta dxpa lvon F00.

733. 'Eotww 1 ocuvdptnon
f(@)=(z—a)f (= p)”
we u, v Yetxole axepaiovs xa x € [o, f]

1. No anodeiete 6t yio xdde = € (a , ) woylet:

F =@ (e )

r—a xz—p

2. Ago0 enandcdoete dtL 1 f ixavornolel Tic unovéoelg Tou Yewpruatog Tou
Rolle va anodeiZete 6t to € mou undeviler my f/ eivan to

4 Iz
_= O[+
¢ w+v u+y5

734. 'Eotw 61 n nupdywylown cuvdptnon f €yl oto didotnua A TouAdyloToY
7 X7 / ’ 2 !y ’ ’
v pilec. Na deiete 611 1 cuvdptnon (f (x)) et Touhdyotov 2v — 1 pilec.

735. Ano Tig eZetdoeig Tou 1990, Aéoun 1. Ocwpolye ) cuvdptnon
fpe

3
f(:c):%Jr <§+5)x2+(’y—5)x+5

6mov oL a, 3,7,0 elvar mpaypatixol apripol xou woyder § + g +v = 0. Nau

anodeiZete 6t undpyer £ € (0,1) tétol0 Gote 1 EPANTOYEVY TNG YPAPXAC

nopdotaone e f oto onueio (&, f(§)) va eivar napdAinhny tpog tov dZova

x'x.

736. And Tigc e€etdoeig Tou 1992, Agoun 1.

1. Na amoderydel 61 pla ouvdptnon f opouévn oto R €yer v biodtnTa
/= f avxo uévo av f (z) = ce®, bnov ¢ mpaypatixf otadepd.
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2. No Bpedel ouvdptnon g opopévn oto didotnua (—%, ), 1 onola txavo-
’ z / _ / —
nolel T oyéoe ¢ (z) ovva + g (x) nur = g (x) cvve xa ¢’ (0) = 1992.

737. Andb Tic e€etdoeig Tou 1996, Acown L. Alvovto o tpaypatixég
ouvaptroelc f, g mou €youv medio oplopol 1o clvoro R. Av ot f xou g €youv
OLVEYEIC TPOTES TAPAYDYOUS Xt GUVOEOVTAL LETAE) TOUS PE TIC OYETELS

fl'=9, ¢ =-f

61 var anodeilete ott undpyouy ot cuvapthoee 7 xar ¢ xau elvan cuveyelc.
Arnodel&te axdpa 61t oydouy ol oyéoelc

f"+f=9"+g9=0

xou 6T M ouvdptnon h = f2 + g2 ebvor otadepy.

738. To Yedpnpe péone TipRc touv Cauchy. Eotw f, g dbo ou-  Ausustin Louis Cauchy
vapTHoELS 0plopéves oto didotnua [, B] mou xavomooly Tig utoléoels Tou 1789-1857
VYewpruatog péone tiwnc. Emmiéov uvnodétovpe dti i napdywyog tne g de urn-

devileton xau 61t g () # g (B). Na anodeilete bt undpyel éva TouldyloTOY

€ € (a, ) tétolo wote
FB -1 LE
9(B)—g(a) g

739. TNa my napaywylown cuvdptnon f opopévn oto [a, f] oyler f(a) =
f(B) =0, No anodeiZete b1 undpyet € € (a, ) wote /(&) = f(§).

740. 'Eotww f, g oplopéveg xar napaywyioes oto A yio Ti¢ onoleg oy et
f(@)g(z) # f(z) g (x)

yio Ok Tt . Notanodetlete 611 petagh 50o onolwvdnrote plwy tne f undpyet
oila g g.

741. Eoww f ouvdptnon opopévn oo [a, B] n onola ixavorioel tic untodéoels
Tou Yewphpatog wéong Tiwne. No amodellete 611 UTdpyEl, xATd TEpInTWO,
€ € [a, B] éto1 dote:

L. f(ﬂ) eﬁig — f(Oé) eafé — (ﬁ _ Oé) (f (é’) + f/ (f))
2. J;/((Eg)) - &La + &Lﬁ 6nou f () # 0 oto (a, B)

TIOAEIZH:

1. Egapudote T0 Yewpnua wéone twhc oty f (z) e®

2. Egappbote t0 Yedpnua Rolle oty f (z) (z — o) (z — B)

742. 'Eow f: R — R yio tapaywyiown cuvdpetnorn. Na anodellete dtL av ot
[ o f elvan dptiec ouvapthoeic tote 1 f eivon otadepd.
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106 3.3. Ta Oewprjpara Fermat, Rolle, Lagrange

743. And tig e€etdoelg tou IMaveniotnuiov Ttou Aciyi, 1989.
AeiZte 6nav 1 ouvdptnon f elvon napaywyiown oto [a, ] xou 1 napdywyos e
elva ouveyric oo [a, B] xa napaywyiown oto (a, B) téte undpyer € € (o, B)
€Tol WoTE

3.3.3 I"OMAAA

744. Trnodétouue 6TL OL C1,C2, ..., ¢,y Elvan avar Bidpopol Tou 0 xar ot apriuol
t1, fa,..., ty elvon ava B0 didgopot. No anodeilete 611 1 e€iowon

e + .+ eatr =0

€yet 1o mohl v pilec oo didotnua (0, +00).

745. To Yewpnua tou Taylor. Eotww pla cuvdptnon f opouévn oto

Brook Taylor ddotnua A = [zg — h, z9 + h] 1 onola eivar n popéc napaywyiown.

1685-1731

1. Oewpolye TNy cuvdpTnom

n—1
1 .. i
F(t)=f(wo+h) =Y <P (mo+h—t), teA
il
Na anodeydel otu:
A

F'(t) = (zo+h—t)"*

(n—1)!
2. Oewpolye v cuvdpTtnon

Gt)=F (1) - (%’H)"Fw

Na anodeiydet ot
G (zo+h) = G (x9) =0

3. Na arnobderydel 6t undpyet € € (xg — h, zo + h) TéT010 GOTE

1
1

n— n— 1 n n
AL AR Ol

f (o +B) = f (@o)+ 1 (o) bt

(TYrog tou Taylor)

4. Na egoppooiel to tponyoluevo yia va anodetydel 6Tt undpyet £ petagd
tou 0 xou tou = # 0 étoL wote

1 1 1 1 1
T 2 3 n—1 n &
e'=14+—-—x+—=2"+=2"+.... + ———= + —a'e
1! 2! 3! (n—1)! n!
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3.4 O pdlog TNg MEP®ING TAPAY WY OV
3.4.1 A" OMAAA

746. No anodeilete 6Tl ol mapuxdtw cuvapTthoelg elvar yynoing abiouoes:
1. f 223 4+ 322 + 62 + 1

f(x) =
2. f(x)= lr1225"’+ac—1
3. f(x) =
4. f(x

747. Na Bpeite to SlaoTAUOTA 6TA OOl Ol TAPAXATE CUVAPTAHCELS Efval YVI-
olwe adfovoec.

1. f (x)—3:1: — 1222 +1

2. f(z)=e*—10e” +8x + 1

3. f(x) =223 +322+ 62+ 12In|z — 1| -1
4. f(2) = It

748. Na fBpeite ) uéylom xat ty ehdyto) ) tng ouvdptnone f (z) = §+
e nedio optopol to ddotnua [1, 6]

749. No Ppeite ) péyotn xa ty eNdytotn tph e ouvdptnone f (z) =

25 — 23 + x + 2 oo ddotnua [—1,1].

750. No Ppeite ) péyotn xa v eNdytotn tiph e ouvdptnone f (z) =
x? — bz + 6‘ oto ddotnua [0, 2].

751. 'Eoto n ouvdptnon f @ [2,4] = Rye f(z) = 2% + 3z + 1.
1. No anodeiZete ot 1 f elvou yynolong adEouoa.
2. Na Beeite 10 ocOvoho Tuwy g f.
752. Agol yehetoeTe G TPOC T LOVOTOVia TN CLVAETNOY
flx)=22% 922 +122 +1, x€[-1,3

va Bpeite 10 olvoho TGV Tng.

753. Na anodeilete bt yo tyy ouvdptnon f (z) = ‘”iﬁf{l woyder 3 < f (z) <
3

3-

754. No anodeiete 6T v xdde x € [%,2] oyver 1 </ % < i*/g.
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z—1

755. ot elvou to oOvoho TiwodV e cuvaptnone f(x) = o v

1__3

N4 / 7 T / -2
756. No anodéilete 6T yia xdle x € [0, 5] oy Vet gvyscw/mm: < 22374,
THOAEIZH: Me f (z) = ovva/mpz, = € [0,%] evan f/ (z) = % Bpeite tn wovotovio tne
cuvdptnon f.

757. Na anodellete 6Tl Yot OAES TIC TPAYUATIXES TIIES TOL X LoYUEL

r <
14+ 22 —

<

N =
N | —

758. No fBpeite T uéyotn T g ouVaETNoNG
f(x) =10 +4xln9 —3*71 - 33*
759. Arnod Tic e€etdosic Tou 1980.

1. Na Bpedodv o mparypatixol apripol a, 8 dote 1 ouvdptnon y = ax® +
Br? — 6z + 1 va déyeton Tomnd axpbdTata oo onuele & = 1 xou x = —2

2. No pehetniel n ovotovia TG TopATdVE CLVAPTNONS, APOY AVTIXATACTO-
Yolv T @,  Ue TIC TWES TOUC.

2
222 49"

760. No Bpeite v ehdyiot Tif| e ouvdptrone f (z) = 2% — 1+

B’ OMAAA

761. I plo ouvdptnon f: R — R elvon yvwotd 6t elvan nopoywylown xat
bt woyter f/(xz) > 0 v kot . Na anodeilete du i f dev éyer péyo
Tipn. Ioydelr o nponyoluevo cuvunépacua av avti tou R €youvue éva avoixtd
dudotnua A. ‘Eva xheotd;

762. No Ppeite onuelo oty ypapueh mapdotaon tne y =

0 onueio A(0, 1) ehdyiotn andbotaoy,.

Tou améyEl and

763. Alo Yetixol aprdyol €youvv ddpolopa tetpaydvwy (oo ue 50. Iléte o0
ddpoloua Toug yiveton PéyioTo;

764. 'Eotw pio napaywylown ouvdptnon f : A — R émouv 1o A elvar éva
avoxtéd didotnpa. Eotw A éva onueio tou eminédou. No anodellete dtt av Eva
onueio B g Cy anéyel and 10 A eAdyloty andcTacy) TOTE 1) EQATTOUEV NG
Cy oo B eivau xdetn otnv AB.

765. Alvovtal oL GUVIPTHOELG
fla)=a?—1

g(z)=px
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1. No amodellete 6Tt Yo xdde Tiw Tou p ol YpaPixé Toug TARACTACELS
Tépvovtal oe dvo onueio A, B.

2. Na exgpdoete v andotaon AB w¢ ouvdptnon tou p.
3. Na Bpeite yio mota T} tou p 1 andéotacn AB yivetar eAdyloT.

766. Mio etoupeia otopatd xdle Staphuion tpoldviwy . Alamotawinxe ot
Ol TOAHOEIS TV TEOIOVIWY TNS dpYIoaY VA TEQPTOUY X TUO CUYXEXPUEVA OTL:
O pviuds ntwons twr TwAoewy xo oL TWANCES XATY OTOWONTOTE YPOVIXN
otiypn t €youv otadepd Aoyo.

Tnv otiyuq mov otapdtnoe 1 dragruon 1 enyelpnon nwholoe 500 wovddeg
mpoiovtog Ty nuépa. Metd and 20 nuépec ot twifioelg Enecay otic 300 povddeg.
IT6oec Yo eivan o1 twhioelg uetd and 30 nuépeg:

767. O minduoudc II twv xatoixwy piag tohng avidvetar wg ©pog Tov Ypdvo

we puduo
t
L2 (3)
10 4)\4

6mou Iy eivon o TAnduoude g TOANG xatd Ty ypovixh otyur t = 0. Xe ndoa
xeovia o mhnduoudg Ya eivon ellp;

768. H xdlc oehida evoc Bifhiov npénet va €yel
o Keipevo-eixdveg euPados S
o Aplotepd-Aclid nepriwpto o
o Avw-Kdtw tepriwplo 3

[Twe npénet va emtheyolv ol Blaotdoelg g oeAdag €Tol MOTE Vo €YEL TO EAS-
XLOTO BUVATO eUPBadoy;

769. Oewpolye Vetixolg aplyolc z,y ue apotopa k xou m,n Yetixol axé-
oatot. Na amodeilete 61t 1 péylotn TR g napdotaong x™y" eivon (on e
mmnnkm+n

(m+n)m+n .

770. Na pyekethoete wg tpoc T povotovia Ty cuvdptnon f (z) = (1 + )" +
(1 —2a™), 6mou n Yeuxde axépaos.

771. And Tig egetdoeic Touv 1996, Aéoun I. Na anodeiete Tic avi-
0OTNTES:

1. nuax <2z, x>0

2. nuw>x—x—;,x>0
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110 3.4. O pdroc Tng mpdTng mapaydyov

772. No anodeilete 611 yio xdde & > 0 1oy let:

2 563

In(l1+z)<x——+—
(1+2) 5t 3
773. YT1C ENOUEVES TEPINTWOELS T &, Y efvan Vetixol apriuol xou petaBdilovton
€10l WoTe va xavoroteitan pla oyéon. Znteiton vo e€eTdoeTe av 1 topaTidEUEVT

TUPACTACT TWYV T,y TAPOLCIALEL YEYIOTO 1} ENAYIOTO.

Suviun [apdotaon

rt+y=« Ty
TY =« T4y
TH+y=a x? +y?

x2+y2:a Tty
PZryi=al 24y

| A
s ty=a T+y

774. Mia napaywylown ouvdptnon f €yel nedlo opiopol 1o R, €yer ouveyy
Topdywyo xat 0ev €yet axpdtata. No anodeilete 6Tl elvar povotovn,.

775. Y10 oyfua aneixoviCeton pla texvnth AMuvn oyruatog opdoywviou.

‘Evag a¥Antrg o onolog unopel va xohvpmnioet pe toydtnto v xon vor Tt Ye
Ty 0Tt v npdxettar vo petoxiviiel and 1o A oto B. Tlwe npénel va emtheyel
1 dwdpoury APB wote va anawtniel o ehdyiotog ypodvog;

776. 'Eotww 1 cuvdptnon
g(x) =1 +2)

1. Na xadoploete 10 nedio opiopot tng Dy
2. Na peketfioete v g w¢ Tpog TN wovotovia.
3. No anodéigete 6t yio xde & € Dy 1oy del
(1+z)*>1
7T77. Ao Tig eZetdoelg tou Iaveniotnuiov Ttou Berkeley, 1996.
Na anodeiete 61t yia ™) Vetinr) otadepd ¢ oy el 1 lwoduvopio:

ef>atywdhatwwr>0et<e
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778. Ilow onuelo g xaunding y = 224+ Tx+2 elvan TAnoiotepa oty evdeia
Yy =3x — 3;

|
"
—
T~ |
~

==/

/ y=3c :

779. No Bpeite ¢ Twée v a, 8 € R yio g onoleg 1 ouvdptnon
f(z)=a(lnz+x)+262° + 3z +1

4 4 4 7 IN
Tapovctdlel Tomxd axpdTata ota £ = 1,22 = 2. Na xadopioete 10 €ldog twv
OXPOTATWY.

780. No anodeifete 6t yio xdde o € (—1,4+00), n € [1,+00) 1oylel 1 aviod-
Tt Tou Bernoulli:
(14+a)" >1+na

781. And tig egetdoeig Tou 2000, Octixy) Katebduvorn. H ou-
véptnon f elvou nopaywyliown oto xhewwté didotnua [0, 1], xou woyder f/(x) > 0
v xdde x € (0,1). Av f(0) =2 xou f(1) =4, va deilete bt
1. nevdeia y = 3 téuver ) ypaguxr tapdotaoy tne f o’eva axpiBog onueio
we tetunuévn zo € (0,1)

2. vndpyer 21 € (0,1), této10 dote

CfA/B)+f@2/5)+FB/5)+f(4/5)
f(z1) = 1

3. vndpyet x2 € (0, 1), dote N epantopévy T Ypapixic napdotaons e f
oto onueio M (x2, f(z2)) va elvanr napdhinin otny eudeia y = 2z + 2000.

782. o T ouvdptnon f: R = R éwvan yvwot6 6Tu elvon Tpelc Qopéc maporyw-
yiown xar 61 1oy Vel

2f (x) :x(l—i-f/(x))

v bha tat & Nowamodeilete ot n f” eivar otadepy|. (HpooéZte wroutépwe tny
ph & = 0). Av emnhéov f(1) = 2 Bpeite v f.
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112 3.4. O pdroc Tng mpdTng mapaydyov

783. And Tig egetdoelg Touv 1999, Aéoun IV. Eotww 1 ouvdptnon f
napaywylon oto [0, +00), yiot TV onofa 1oy Ve

2 .21?3

4 x
[F @) +2[f @P +3f (@) = (@+ DI (2 +1) = zo — & + = +182
v xdde z € [0,+00). No anodeilete 6t 1 f eivon yvnoloe abZovsa oto

x € [0,400).

784. And Tig egetdoelg Tov 2000, Oty KatebOuvor. Ty ypo-
vixt) otiypn t = 0 yoprnyeitar o’evay ac¥evy| éva gdpuoxo. H cuyxévipwon tou
papudxou 6To afya Tou acdevoig divetar and TN cLUVAPTNOT

f(t):%é)ga t20

omou o xar B elvon otadepol Yetixol mpaypatixol apriuol xou o ypdvog t ue-
Tedtar oe wpeg. H yéyiotn tun g ovyxévipwong elvon ion ye 15 povddeg xau
EMTUYYAVETL 6 WPES UETA TN YOPTYNOT TOU PURUAXOU.

1. Noa Beeite 11 Tés twv otadepodv a xa 3.

2. Me dedopévo OtL 1 Bpdon TOU PUEUAXOU ElVOL ATOTEAECUATIXY, OTAV 1)
T TNS oLYXEVTPWONS elvar TOLAdyLoToV {on ue 12 yovddeg, va Bpeite
TO YPOVIXO DIACTNUA TTOU TO QPAPUAXO dPA ATOTEAECUATIXG.

785. No Moete v e€iowon
9"+ 3" =5"4+T7"

786. Ano Tig eetdoelg Tou 1994, Agowun I. Av n ouvdptnon f clvar
nopaywylown oto ddotnua [1,e] pe 0 < f(z) < 1 xou f'(z) > 0 ya xdde
x € [1,e], va anodeifete btL undpyet évag povo apude xo € (1,e) tétolog
OoTE

f(zo) + zolnxg = 20

787. No Aboete 10 mpofinua 775 otnyv nepintworn mov 1 Aipvn €yel oyfua
x0xhov axtivag p xou ta A, B elvar avTidlapetoixd.

P B
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788. Ilboeg Mooeig €yel 1 e€iowon 2 =T+ 14 —7=0;
789. Tlboec pilec éxet 10 mohudvupo f (x) = o + 4z + 1;
790. No anodeilete 6T 1) e€iowon

2? —3r+1=0
oto ddotnpa (0,1) éyer axpiBae pio pilo.

791. Eoww
f(x) =x%" -2

No amodeiéete 6t
L f'(z) = f(x) + 2ze” + 2
2. :EEIJPoof (x) = 400

3. lim f(z)=-2

a——00
4. H f' éyer 500 pbvo pilec.
5. H f éyel oto R pla uévo pila.
792. 'Eotw 1 cuvdptnon

we A > 0.
1. No anodeilete 6TL 1 uéylot tun e f ebvan

(o)

2. Ilwg mpénet va exheyel o A €tol Wote 1 péylotn Tl e f va ebvan 7
eNdytoTn Suvaty;

793. 'Eotw
f(z) =e*Va?
1. No peretniel n f wc mpog 0 wovotovia xou va Bpedel t0 ocUvoro TIU®Y
me.

2. Na Bpedel to tAfdog twv pillodv e elowong
Va2 — A =0

794. Na Bpeeite 1o nhidoc v pillov e ediowong:

1 1
2
3 oz
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114 3.4. O pdroc Tng mpdTng mapaydyov

795. Na anodellete 6T napaywylowes ouvapthoeg f : R — R mou €youv tny
WA
ff+f=0
elvor axpBg oL GLUVIPTAGELS TN LOPYTHC
f(z)=ce™®
omou ¢ € R.

796. And Tig eZetdoelg Tov 1984, Acoun IV. Eotw n mpaypotixy
oLVAPTNON Y TNS TEAYUATIXAS UETOUBANTAS T YE Y = o + %.

1. Noa Beeite to nedio oplopol xou T0 GUVONO TGV TS Y.

2. Na e€etdoete Ty y ©¢ Tpog TN wovotovio ot xdie €va amd Ta Sl THULATA
(0,2] xou [2,400).

797. 'Eotww f : [a, 8] = R nopaywyiown tétow dote 1 ' €xer d0o pbvo pilec
1, T2 Ye a < x1 < 29 < B

1. Na amodeiete 6Tt o€ xdie éva and T SlaoTAUAT

[O[, xl]u [:Ch CCQ], [:EQu 5]
n f éyer o moAv pia pila.

2. Na anodeiete 61t av 10 1 elvon piCa tng f 161 1) f Bev €yel pila oto
[, 21) U (21, 22]. (Opoto av 10 29 eivan pila e f téte f dev éyer pila
oto [x1,x2) U (22, 5])

3. No amodeilete 6t av 10 a elvon pila g f téte 1 f Bev €yer pilla o610
(v, 1] (Opora av to S eivan pila tne f t6te 1) f Bev éxer pila oo [x2, )

)

4. No anodeilete 6t 1 f éyel pila 010 (o, 1) av xan ubévo av
fl@)f(z1) <0
798. No Peeite ndoec pilec e ouvdptnone f (z) = 3 — 622492 —10 avhxouv
oto didotnua [—2, 3.

799. Na anodeilete 6t yia xde Ledyog uryadx®y apdu®y o, B xou yio xdve
Vetid mparypatixé v > 1 1oy leL:

oo+ 8" <277 (Ja]" + |B]")

YTHOAEIZH: Na efetdoete ywelotd v teTpipévn nepintwon érov B = 0. Me 8 # 0, Moyw ne
T T

Ty @VIXAS avicdTnTac apxel va arodetfouue dtt 271 (‘%‘ + 1) — (‘%‘ + 1) > 0. EpyacOeite pe

v ouvdpton f(z) =2""1(z" +1) — (z+1)", = > 0.
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800. Efvar Suvatdv va anoderydel ye pedddous tne ‘AlyeBpas (unv emtyetpr-
oete vo 10 anodeiZete) 6t eZiowon

2¢° — 52t +5=0 (E)

dev emhbetan (BnAadr dev eivon Suvatd va Bpolue TOToOLE TOL Vo TAPEYOLY TIG
oilec e pe ypfon v tecodpwy npdewmy xou eZaywyn ptldv). No anodeiZete
6t (E) éyer tpec mpaypotinés pilec.

801. Na Beeite o nAfdog TV pilov tne elowong ocvve = .
802. Nu Beeite o mAfoc v pillov g e&lowong Inx = = — 1.
803. Na anodeifete 6TL
.22 —z>zhe>z—1
2. 22 —1>2xInx >2(x—1), z>1
804. And tig eZetdoelg tou 1999, Acowr IV. Na anobdeiete 61t

2
1
1n(:c+1)>x—%——

ot

v xdde x € [1, +00)
805. Nau anobdeilete 611 1

f(x) =2+ 22% — 62 +2
€yeL To ToAD B0 mpaypatixég plles.

806. Atvovior ot ouvapthoec f (z) = e®+Inz+2?0 45 g (v) = —2?+22+3.
Na Beeite v péytotn T g ouvdptnong f o g.

807. Na Aoete tny egiowon

lim 2¢°7v~1 =1
x%y

808. No anodellete 6Tt yio @ > 1 1 cuvdpTnon
ax

o (z) = 2+ a2
elvor yvnolwg adZovoa.

809. And To Sraywvicwd Putnam, 1948. Ilow elvar n péyiotn Ty
tou |23 — 2+ 2| brav 2 ebvor pryadixde apruos pe |z = 1;
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810. 'Eva xouudtt yoptovt oyfuatos oploywviou ntapahhnhoypdupou éyel dla-
otdoec o < . And autd anoxdrtoupe téooepa TETPAYWVA TAeVPdS = (BAéne
oyfua) xou xataoxevdlovyue éva xouti avoxto endvw. Hwe npénet vo emheyel
TO T WOTE TO XOLTL VoL £YEL TNV PEYLOTH BUVATY YWENTIXOTNTY;

16 x

a—2 ' q
N

811. H apyn touv Fermat. 'Eva xivnté unopet va xivndel oto péoo My
we ToydTnToL v Xou 6To Wéso Mo pe tayvtnta ve. Ta 6o péoa Soywpilovtar
and v evdeia €.

A

Na anodetgete 61t av xvndel and 10 A 610 B xotd ) dradpopry ASB o ypdvog
xivnong Yo elvor eXdyiotog epdoov to onueio S emheyel €tol wote va oy et

nur _ vl

ney - v2

Pierre Fermat
1601-1665

812. 'Eotww A € R xau n ouvdptnon

flx)y=Xd+ 224+ (1 -3\ +2)\ -2

Tlpbtuno Hewopatixd Adxelo N.X. Mavpoyidvvne
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1. Noarodeilete 6T1 aveldptnta and o motog eivan 0 A 1) ypagixn TapdoTtacT
e f(z) diépyeton and dvo otadepd onueia T onolo xou va Tpocdlopi-
OETE.

2. No yeketiioete we mpog ) povotovio xar T axpétata ™y f(x) yio Tig
oLdpopeg Tipég Tou A € R.

813. And Tig egetdoelg Tou IHaveniotnumiov Tou Berkeley, 1977
xo 1982, Eotw f: R — R nopaywyiown. YTrodétouvpe ot f'(x) > f(z)
xou 6t f (xg) = 0. Aeilte 6t f(x) > f(z0) yio 6hat ta > xg. Tuoak=n:

Epyaodeite pe tnv ouvdptnon g (z) = fe(f).

814. Miu cuvdptnor, oplouévn o€ xAelotd didoTnua, pndevileton oTa dxpa Tou
xat elvon 800 popéc mapaywyiown. No anodellete 6Tl av 1 cuvdpTnomn TalpVvel
wlo Vet Tipn t6te Vo uTdpyer €owTEPXG oMUElD TOU BACTHUATOG OTOL 1)
delTEPN Mapdywyog TNe Va elvar apvnTixy.

815. 'Eva npéBAnua tou Johann Bernoulli. To nuxdxho tou oyfua-
To¢ €yet Budpetpo 1 xou 1o M elvon yetafBintéd onpeio tou. Na Beedel 1o z dote
10 euPadov tou opdoywviov OMNT va eivon péyioTo.

X
O T

816. And Tic s€etdoeig [.I.T, Ivdio, 1994. O xixhog x2 +y2 =1
Téuvel Tov z-dZova ota P, Q.

"Evag dAhog x0xhog pe xévtpo to Q xou petaBAnty axtiva, TEUVEL TOV TROTO
x0%ho, Tave and tov z-dZova oto R xou 1o evdiypappo tuhue PQ oto S. Na
Beeite 1o péyioto tou eyPadol tou Tprywvou QSR.

N.X. Mavpoyidvvne TTpbtuno Iepapatind Adxelo
www.nsmavrogiannis.gr Euvayyehnhc Lyohde Spdpvne
http://lyk-evsch-n-smyrn.att.sch.gr

Johann Bernoulli

1667 - 1748




Jean Gaston Darboux
1842-1917

Edmund Landau
1877-1950

118 3.4. O pdroc Tng mpdTng mapaydyov

817. Ard Tig e€etdoelg Tou ITavemiotnuiov Tou Berkeley, 1987.
Na anobdei€ete 611 1) elowon

2
x X
o’ =1+x+ —
2
4 4 z 7, ’ / ’
omou a YeTindg Eyer axplBng pla mporypatixd pila.
2
YHOAEIEH: No ovopdoete f (z) = ae® — (1 +x+ %) H mepintwon émou a > 1 eivan ehxohn
dubt m f ebvar yvnolwe adovoa. H mepintwon émov 0 < a < 1 9éhel peyahldtepn mpocoyR. Ltny

nepintwon auth N f éxel dlo pilec. Aceite T tipéc nafpver n f € autée tic pilec.

818. And to padnuatixd diaywvicwd Harvard-MIT, 2000. Eotw
[ mapaywylown ouvdptnon tétow KoTe

fl@)+ fl(z) <1

v 6hot T z € R e f(0) = 0. o ebvon 1) peyahdtepn duvarth T tou f(1);
(Trédeent: Na dewphioete Tn ouvdptnon e f(x).)

[ OMAAA

819. To Oewenua touv Darboux. Ectw f: A — R yia nupaywylown
ouvdptnor. Na anodeilete 6t n nopdywyoc f/ tne f éyer Ty ddtnta TwV
evdlapéony Ty, dnhadf xdlde apripdc y petald dvo Ty y1 = f'(z1),
yo = f'(x2) eivar rph e f'.

Tuoakei=H: Epyacdeite ye v nepintwon nov 21 < z2, y1 < y < y2 (OL undhoinec TePLRTHOOES
avupetonilovia avdroya). Eotw g(z) = f(z) — y(z — z1) No anodellete 6t n g elvon ouveyhc
070 [z1, 2] %oL emOMEVWC €XEL ENIYOTN TWH OE Xdmolo zo € [x1,x2]. Acifte 6T awtd To o Yo
TEETEL VoL Elvoll ECWTEPIXG TOL BlaoTALATOS [Z1, 2], BTNV cuvéxeia ypnotponotelote to Yedpnuo Tou

Fermat yio va oupnepdvete 6t Va elvon f/(zo) = y.

820. H avicotrnta touv Cauchy. No anodeilete 61t av oy, ag, ..., o, elvan
v un apvntxol aprduol toTE oy el

o) +ag+.. oy
v

> Yoy -ag - ... qy

THOAEIZH: Xpnoiponotelote enaywyR oto v. Trodéote 6Tt To amodextéo oyVel Yia U Xt Yiol

vo. anodelfete 6t oylel Y v + 1 va epyacdeite tnv ouvdptnom f(z) = %W -

vitYan cag .o T
821. H avicotnta tou Landau. 'Eotww f: [-1,1] = R pla 800 gopéc
nopaywylown cuvdptnomn yia Ty onolo yia OAo ToL = Loy bouV:

o |f(x)) <A

o [f"(x) < B

'H unédely) 86INxe oToue draywwilduevouc
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Na anodeydel ot yioo dha o 1oy OeL
o [f'(x)/ <A+ B

822. 'Eow a > 0 pe a # 1. T v ouvdptnon f : R — R oyde

[f (@) = f(W)I" <]z -yl

v 6hot ta &, y. Na anodeyel 1 n eliowon f(x) = x éyer pla Touldytotov
Aoom,.

O pbdlog tng BelTEEPNC TAPAYWYOU

A" OMAAA
823. Na anodeilete 6Tl 0TIC TAUPAXATW TEQITTOOELS 1) cLVAPTNOY f oTEEPEL Tal

XVPTA TPOG Tl X4Te o€ 6ho To TEdlo oplopol TNg:

1. f(z)=2a? 4. f(z) =122% + 122 + 12
2. f(x)=¢" 5. f(x) =2z -z

3. f(x)zlog%x 6. f(z)=—v1—2a?

824. Ye xdle plo and Ti¢ ToUpaxdTe TEPITTWOELS Vo Bpelte To SlaoThRuATo 6OV
n f elvon xvpth A xolkn:

1. f(z)=¢2%—2?+1 4. f(zx)=z+1

2. f(z) =a2* — 623 + 1222 — 12 5. f(x) =nux

3. f(x)=242>—zhnz+a 6. f(z)=zlnz—z— Hat
825. Na Bpeite ta onuelo xaunhc T0V Tapaxdtw CUVIPTHCEWY:

1. f(x) =23~ 322 +18

2. f(x)=222Inx— 522+ 1

3. f(z)=2* — 622+ 3

4. f (z) = 122%e" — 84we® + 168e* — 2t + 623 — 1222 + 1

5. f(x) =325 —102* + 1023 + 3

6. f(x)=e"""
N.X. Mavpoytdvyng Ipétuno Metpapatind Adxelo
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Maria Gaetana Agnesi
1718 - 1799

120 3.5. O pdrog tng dedtepns mapaydyov

B’ OMAAA
826. TN nolég tuéc Tou o f§ ouvdpTnom
f(z) =2 — 4aa® 4 822 + 20
otpépel Ta xolha Tpog Ta dvw oe dho 1o R;
827. To onueio A(1,3) eivon onpelo xounhc e
f(x) = az® + pz?
Bpeite w o, 3.

828. H «udywwoay ? t¢ Agnesi 'Eoto o xOxhoc pe didpetpo OA drou O elvan
n apyf v aZévey xou A (0,a),a > 0. Ze x&de onpeio T (x, ) e evdeiog
y = a avtiotoyolue To onueio tourg M tng evdeiag OT pe v x0xho. ‘Eotw
y m tetaypévn tou M. Opiletan téte pio ouvdptnon vy = f ().

dah

1. Na Bpetel o tOmog e f

2. Na Bpedouv ta onueio xopnic e f

829. And Tic egetdoelg Tou 1985, Aéoun I. Alveton 1 ouvdptnon f
ue f (z) = 2% (x — 3)+4, yio ¢ € R. Ovopdloupe x1, T2 T onpeia oTo omolo N
[ moapoucidlel Tomxd axpdTaTa Xou T3 To oNPEio 0To onolo TaPoLGLALEL XaUTH).
Na anobderydei 61 o onueio tou emnédou (z1, f (21)), (22, f (x2)), (z3, f (23))
elvon ouvevetond.

830. And Tic e€etdoelg Tov 1992, Agoun 1.

versiera oné 1o hatvixd vertere mou onpaiver «otpépwy. Qotdéco versiera Rtav xo
cLVTOPELOT TN AEENG avversiera Tou oNUALVE XaL «udyLooay. Ao éva petappaotixd Addog
ot Ayyhixd anodddnxe we witch xau €tor éueve otny Bhoypapio.
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1. Alveton 1 ouvdptnon f oplopévn xat 800 Qopés mapaywyiown oto Bud-
ompa A pe tpée oto (0,+00). Na derydel 6t 1 ouvdptnon g pe
g () =1In f (z) otpéper ta xolha dve av xon ubévo av woyver f (z) f (x) >

2

(f' (2)). -

2. No Bpetel 1o yéyioto ddotnua, oto onolo 1 cuvdptnon g e g (x) =
In (22 + 2) otpégel T xolha dvo.

831. No anodeilete 611 1 ouVdpTNON

1
PO =

€yet Tpla ouvevdetond onuela xoumig.

832. 'Eotw 61t 1 f eivan optopévn xan 800 gopéc napdywyiown oto [«, ], 6t
fla) = f(B) = mxu f"(z) <0y Gha 1o z. Na anodeilete bt 1oy leL
f(x) > m v ok T .

833. And Tig e€etdoeig Tov 1996, Acoun IV. Alvetu 1 cuvdptnon
[, 8o gopéc mapaywyiown oto R v v onofa wyder f/(x) # 0 v xdde
z € R xou m ouvdptnon g tétow dote g(x) f' () = 2f (z) vy xdde x €
R. Na anodeilete 611, av 1 ypapixn nopdotacy e f éyel onpeio xounic to
A (zo, f (z0)), T6TE N EQantopévn TG YeapIXhic TapdoTaons TS g oTo onueio
B (x0, g (z0)) eivor mopdhhnhn oty evdela y — 22 + 5 = 0.

834. 1. Eotw f:[a, ] = Rpe " (z) > 0 yw xdde z € [a, f]
(') Na anodeiete 6Tt

(242) < Lol s o

(B") Tevixbtepa va anodeilete 6t av p >0, ¢ > 0pe p+ ¢ =1 t61€

1oy Vel
f(pa+aB) <pf(a) +af (B)

1B

pf (@) +af(B)

fpa+qp)

fla)

o pa+qB B

N.X. Mavpoyidvvne TTpbtuno Iepapatind Adxelo
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(v) Ilwg Yo Statumdvovtay oL avioOTNTES TWY TPOTYOLUEVWY EpWTNHUI-
v av [ (z) < 0y xdde z € [a, S
2. Na anodelZete TIC TopaxdTe AVICOTNTES:

(o3 5 a
(o) e2" < 2L (a < pB)

®) (\a\gmw)” < lal4s”
(v) e (Br+By) > Bope+ By 0<z<y<r

835. And Tic getdoeic Touv 1986, Acoun 1. 'Eotww n ouvdptnon f
ue

f(a:):<a—§)x3—<a+%>x2—10x+7 zeR

No Beeite 10 @ € R @ote 1 f vo mapouotdlel xaunh ot0 © = 3. Metd yio tny
TIEY AUTY TOL @, VoL oY NUATioETE ToV Tivaxa UETAPoADY NG f.
836. Ao Tic efstdosic Tou 2003. XTic eletdoeic Tou €toug 2003
d6Unxe 1o axdhovdo Véua
‘Eotww plo ouvdptnon f ouveyhc o’eva Sidotnua [o, §] mou é-
YEL ouveyT devTepn Tapdywyo oto (a, ). Av woydel f(a) =
f(B) = 0 %o undpyouy aptdpol v € (o, B), § € (a, B) étoL oTe
F () - f(6) <0 vo anodeilete bt
1. Trdpyer ula tovkdyiotov plla tne e&lowone f (z) =0 oto
ddotnua (a, 5).
2. Trdpyovv onpela &1,&2 € (o, B) tétow dote f (&) <0
xon " (&2) > 0.
3. Tmdpyet éva Toudylotoy anueio xounic TS Yeopic Ta-
pdotaone e f.
Agot brafdoete ta oyeTnd Ue to onuelo xaunhc and to BiBiio cog:
1. No anavtioete ta 800 TOTH EQOTAULIATA.

2. Na Vewprioete v ouvdptnon f: [—2,2] — R pe

223 — 622 —br—2 , —2<z<-1
f(z)= x , —l<z<l1
—223 4+ 622 —bx+2 1<x<2
-2 (0} 2
Tlpbtuno Hewopatixd Adxelo N.X. Mavpoyidvvne
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X0 OTY) GUVEYELL:

(') No anmodeifete 611

—622 — 122 —5 , 2<zx<-1
f(x)= 1 , —l<z<l
6224+ 122 -5 , 1<z<2
()
—122-12 , —2<z<-1
" (x) = 0 , —-l<z<1
—122+12 , 1<z<2

(v) Na anodeiZete 6t n f dev éyer onpeio xapnic.
3. Ané 1o ) ouvdyeton bt to epdTNEa Y) Tou Yéuatog eivon Adoc. Tor;

837. And T egetdoelg Tov 1999, Aéoun I Alveta ouvdptnon f :
R — R Buo gopéc mapaywyiown n onola oe onuelo 9 € R napovoidler tomxd
axpotato to 0 xou ixavonotel T oyéon

(@) >4 (f () = f (@)
v xédde = € R.
1. Na anodeifete 6L 1 ouvdptnon g (z) = f (x) e 2 elvar xvpth R.
2. No anodeiZete 6 eivar f () > 0 yio xdde = € R.
838. And Tic egetdoelg Tou 1992, Aéoun I.

1. No peketniel wc npog tn yovotovia xar 1o xofha 1 ouvdptnon f ue
f@)=a"—z,zeRxnl<a<l.

2. Na Bpedolv ot mpaypatinés Tiwég Tou A yia Ti¢ omoleg Loy Vel N 10T T
P e ()\2 —4)-(A-2)
839. Eotw 1 cuvdptnon
fx)=aa®+p2® +yx +6
ue a # 0 xou % — 3ay > 0. Na anodeiZete 6t

1. H f nopovoidlet tomxd ehdyloto € XANO0I0 X1, TOTXO YEYIOTO GE XUTOLO
To A0 XUUTY OE XATOLO T3.

2. AeZrte 6m I' (x3, f (23)) eivan yéoo tou tphuatoc pe dxpa A (z1, f (21))
xou B (2, f (22))
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Tuoael=H: (v to ( §) ) Acilte npdta 610

f(xl);f(xQ) 7f<11212) _ %(xl 7232)2 (3&(I1+I2)+25)

840. And Tic egetdoelg tou 1997, Acown I. Alvetar n npaypatixt
ouvdptnon g, 800 @opéc mapaywyiown oto R, tétow dote g(x) > 0 xa
g" (@) g (z) — ¢ (@)]° > 0 yio xéde 2 € R. No amodetZete bt

1 H 7 gl 7. ’ 4
. O'UVOCPTT]OT] ? glvat YVT]O'l(L)C O(UEOUOO( pgels

2. 9(%+%) < Vg (@1)g(w2) yia xdde 21,22 € R.

THoAEIZH: (v to () ) Apxel va eZacpohicovue 6t Ing (G 4+ 22) <In\/g (z1) g (z2) f 100d0-

vopo 6Tt Ing (% + %) < % Ing (z1) + % In g (z2). Mrogeite va epyacideite dnwe oty doxnon 834

we ™ ouvdptnon f (z) = Ing (x).
841. 1. Eoto f: [a,+00) = R nopayoyiown ye napdywyo yvnoiwe ad-

Eovoa xar Vet oto a. Aellte 61t lim  f(x) = +oo.
T—+00

2. Eotw f: R — R pia ouvdptnon tou eivor d%o @opéc napaywylown xou
yioo TV omnola 1oy Vel

lim f(x)= lim f(z)eR

T——00 r——+00

Na anodei€ete 611 1 f de umopel va eivan xvptH.

3.5.3 ["OMAAA

842. No anodellete 6Tt av 1 ouvdptnon f eivar 800 Qopég Tapaywyliown oo
Sudotnua A xon woyder f (z) > 0 yio 6ot 1o © tOTE Yio x4 T1, 9, ..., T, € A
X A1, Az, Ay €0,1] pe Ap + A2 + ... + Ay = 1 oyde

fhizr 4+ Xomo + oo+ Avwy) < ALf (21) + Ao f (z2) + o + A f (20)
3.6 O xavéveg Bernoulli-De I’ Hospital

3.6.1 A"OMAAA

843. No unohoyloete T mapaxdtw dpta

1. lim 20+2) lim 2°=1
) xz—0 e?—1 ’ rz—1 z—1
. 2 : Inz
— . lim
2. ili)% e T4x—1 z—1 291
s T—MUT . In(z—1)
5 Jim -l
In @=L . nu(az)
4. lim z - lim s
rotoo 1 20 M(Bx)
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844. No unohoyloete o mapaxdtw dpta
In(z+1)+In(z+2)

5. acll}I-il}oo In(z+3)+In(z+4)

. x+1
L. lim <=
z——4o0 T
2
2. lim —Z=l . lim =h/E
z——oo In(@?+1) 6 acgr—{loo T+/T
. In(z+1) . Y41
3. lim 7. lim Y——
T—+00 In(z+2) T—+00 Va+1
Vr+1+1 8  lim lln(21—:v)—;v
o0 In(2—x)—2x

4. lim
2—s-too V2T+1-1

Na vnohoyioete 1o mapaxdtw dpta:

845.
: 1 1 . 1
Lt (g — ) 5 lim (ovve)
2. lim zlnx 6. lim /zlnx
z—0t z—0t
3. lim z* 7. lim (% —=x)epn
z—0t x—)(%)7
4. lim z= 8. lim (2:t+1>m
T—+00 5400 2x—1
846. Bpeite 10 6pt0
. nu(fovrd)

61—% ovv (Onud)
847. Andé to padnuatind diaywvicwdéd Harvard-MIT, 2006. Beel-

T€ TO 6plO

) eTovwT _ 1 _ o
lim 5
z—0 nux

3.6.2 B"OMAAA
848. Eotw 1 cuvdptnon

2
Jrrtr+A-2 2<1
EORE RS
6mou
A>0

1. No anodeilete ot 1 f elvon cuveyrc.
2. Trdpyouv dpaye Tiwéc Tou A yia Tic onoleg 1) f elvon mapaywylown;

849. 'Eotww ¢ éva onoodnnote tohudvuuo pe Podud peyardtepo 1 (oo tou 1.
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1. Na amodeilete 611 1oy et

1
fm 2 o BT
z—+oo ev T——+00 (p(x)

2. Toéc and Tic mopoxdte ootntes eivar ahndeic;

(o) lim (“’(x) - hl—x) =0

z—+oo \ €7 e(x)

(ﬁ,) lim p2(zr)—e® Inz -1

Z—-F00 e®lnx
’ H 2 _ T —
(v) Jim (¢* () —e"Inz) =0

850. No anodeifete 6T

. Q7T
lim (1+—> =e%

T—r—+00

851. I'ta ol Twn Tou A 1 cuVdETHOT
A, z=0
ro={ 2

z® , x€(0,400)
elvor ouVEYHC;

852. And Tig e€etdoeig Tou 1997, Agoun 1. Alvovrta ol tpaypatixég
ouvapthoelg f, g pe medio oplogol 1o R, mou €youv mpwtn xou dedtepy mopd-
ywyo xau g (z) # 0 yie xdde x € R. 'Eotww a npaypatixde apriuds. Oétovue
A= % xou B = %. Av ¢ elvan pla mporyuatiny) ouVAETNON OpIoUEVT,
oto R\ {a}, tétoix wote

x A B x
(z —fa()2)9 @) (-0 z-a " zgx)) v xdde v €Ki da)

va anodety el 6tt undpyet to lim ¢ (z).
T—Q

_ f(®)=Ag(z)=Bg(z)r+Bg(z)a
- 2 —2az+o

THOAEIZH: Advovtac tny dodeioa oyéon ws npoc ¢ (x) Vo Beeite btt ¢ ()

Katémy Beeite 1o 6po lim ¢ () pe v BorRdeia tou xavéva tou De I’ Hospital. H tiuh mov mpé-
T

1 " ()g* (@)= f(a)g" ()g()—2g' () f' () () +2 (@) () (@)

72 (@) N aAALOC

el va Bpeite yio 10 bpto ebvor 5
5 (/" (@) = Ag” (a) — 2B¢' ().
853. And tic e€etdoeic Mathematical Tripos, Cambridge, 1925.

Nao anodei€ete 611 av 1 f €yel dedtepn napdywyo 010 a TOTE

(@) =ty L@ W) Z2f (@) £ f (0= h)

h—0 h?

854. Ia v ouvdptnon f elvor yvwot6 6u lim f(x) = 0 xau 61t dev undevi-
T—0

. ) . @ _
Zeton xovtd oto 0. Bpeite 1o 6pto lim St/ (@)=L
T—0 f(z)

855. No anodeiete 6Tt yia xdde o > 1 oyder lim 2 — .
z—+00 &
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3.6.3 I"OMAAA
856. Av ol o, 3, elvon Vetixol Ppéite 10

. al’s + 5333 + ,yaf,’s x%
lim i . =
z—=0 \ o + [T +

8=

857. Me 0 < a < 8 < 7y PBpeite 10 6po  lim (a® 4 B% 4+ +%)=.
T

—+00

3.7 AcOuntwrol
3.7.1 A’ OMAAA

858. Na Bpeite Ti¢ xATAXOQUPES ACLUTTOTOVS TWV CUVIPTHOEWY:

1. f(x):ﬁ

_ =l
5. h(x)= 2T
_ 1
6. 0(z) = s
859. Nu Bpeite tic aoupntOTOLE Yo T — +00 TG cLVdETNOTNS f OTIC Tept-
TTWOELC:
L (2) = 22 i
— 2 _ Ja+Va?
2. f(z)= Va2 +1 5. f(w) = Yo EA
2 1)2®
3. f(z)=SHl 4 Va2 —1 6. f(z) = L2
3.7.2 B ' OMAAA
860. Na Beeite Tic aovuntodToug g Cp oAy
2
‘x — 1‘ — bz
T =1
861. Eotww
f(z) =2 —62*+ 112 — 6
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128 3.7. AcvVurtwtot

1. Na Ppelte Tic aoLUTTOTOVS TNG

2. No anodei€ete 6Tt 1 epantopévn g Cr 010 A(0, —6) éyel dAho éva xowvd
onueio ue v Cy Tou onolou Vo UTOAOYICETE TIC CUVTETAYUEVES.

x2—1
r—2 "

862. Nu Bpeite i aovuntdToug e ouvdptnone f(z) =1In

863. 'Eotw

1

flz)=e=
1. Na Bpedolv ol achuntwtol g Cy.
2. Trdpyouv dpaye xowvd onueio g Cp ol TWV AOLUTTOTWY TNS;

864. And Tig eietdoeic Tov 1994, Aéoun IV. 'Eow 6t n evdeia
y = 22 + 5 clvar aoOUnTLTN TS YRAQIXNE TapdoTaong Tne ouvdptnong f oto
+00.

1. Na Ppeite ta bpla: lim @)y lim (f (z) —2z).

z—+oo T z—+00

2. Na Beeite tov mpaypotind aprdud f ov acll}I-il:loo % =1

865. I tic ouvapthoels f, g ebvar yvwotd ot

lim (f(2) - g(2)) =0

T—+00

Na anobdei€ete 6t av n y = ax + § ebvar aobuntwtog g f Y £ — 400 161
Vo efvan xou aoOUTTOTOC NG g Yot T — +00.

866. Mia ouvdptnon f : R — R eivau nopaywyiown. "Eyer xatoxdpupeg
QOLUTTOTOG;

867. Il Ty ouvdptnon f : R — R elvar yvwoté ot undpyet 6 étol dote Yy
xdde x € R va ioylet:

[f(x)] <8
‘Eyet dpaye 1 f xataxdpupeg acUUTTOTOUS;
I OMAAA
868. Ocwpolue toug Vetixolg aprduols ag, o, ..., &y XUl TOUC OTOLOUGHHTOTE
aptdpols B, B2, ..., B,y V1,725 - Y- Na Bpedolv ol apripol A, B étol wote
Egrl (\/a1x2 + 61z + 71 + Vaz? + fox +y2 + oo + Va2 + o + v — Az —B) =0
Tlpbtuno Hewopatixd Adxelo N.X. Mavpoyidvvne
Evayyehnhc Tyohic Zpdpvne www.nsmavrogiannis.gr

http://lyk-evsch-n-smyrn.att.sch.gr




3.8
3.8.1

3.8.2

KegpdAaio 3. Awagopixdés Aoywoude 129

869. IN'a xdde ouvdptnon ¢ mou €yel aolUNTWTO 6To +00 TNV eudeio y =
KT 4+ A pe ¢ oupPoliloupe v ouvdptnon ¢ () = kx + A. Na anodeilete ot
av

e H ouvdptnon f éyel 610 400 aoluntwto pe Yetixd cuvteAeoty| dievdiv-
OEWS

e H cuvdptnon g éxet 010 +00 acluntwto

TOTE XU 1) GLVAPETNOT g o f EYEL 6TO +00 ACVUTTLTO Loy VEL

— ~

gof=gof

870. Ac vnodéoouvye OTL Uag EVOLUPEREL 1) ACLUUTTOTIXT TROGEYYIOT GUVAPTY-
OEWY YL T — F00 Oyt and evldelec y = ax + B aAAd and GUVIPTATEIS TN
wopphc ¥y = ae® + B. Ipddte pla «dewplay yio autd 10 €ldOg ACUUTTOTWY.
Bpeite xar pepxd napadelypora.

Melétr xal Ypopixy] TopdoTaoT.

A" OMAAA
871. Nu yiver n pehétn xau 1 ypaouxh mopdotaon e f (z) = 22 + 3z + 2.
872. Na yiver n uehétn xau 1 ypapuxh nopdotaon tne f (z) = z* — 322 + 2.

873. And Tic e€etdoelg Tou 1983, Aéoun IV. Alvetu n cuvdptnon
ue tomo f (z) = 22 —|x|—2. Na yiver n perétn xou mpbyetpn Yoopxh Topdotuon
NG GUVAPTNONS AVUTHC.

874. Na yivel n uehétn xou 1 YpapLxr TopdoTaoT] TNG CUVARTNONG

f(z)= 1 (2x3 — 242 + T2z — 6)

20
875. No yiver 1 pehétn xou 1 ypapixh tapdotoon e ouvdptnone f(z) =
z(z2+1
pas
B’ OMAAA

876. And Tig e€etdoelg Tov 1997, Acoun I. Trodétouye 6T undpyet
TpaypaTxh cuvdptnoy f oplopévn oto R, 800 popéc napaywylown tétota HoTe
undpyouv mpayuatixol aprduol o xar 5 WoTE

(x —2) f" (2) + (anpx — Bz?) f'(z) = "2 -1

v xdde z € R. "Eotw 6t vrdpye tpaypatixoc aprdude p # 2 dote f/ (p) = 0.
Na egetdoete av 10 f (p) elvon tomxd eNdytoto e ouvdptnone f.
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130 3.9. Aoknoeg o€ dAo to kepdAawo

877. 'Eotw 6t vy ) ouvdptnon f woyder f(z0) = fWU (zg) = @ (x) =
wo = FO (zg) = 0w £ (29) # 0 xou i fUFD eivan ouveyrhc. No emadn-
Veboete o ouunepdopata Tou axdrovdou mivoxa:

fFD) (x9) / v av o v elvau dpTioc av o v elval TEPITTOC

av £Vt (x0) > 0 | tbte 1 f napoucidler xaumh 670 zo | totE N f mopoucidlet ehdyioTo oTo To

av f"t1D) (x0) < 0 | téte 0 f napoucidler xaurnh 670 zo | téTE M f mapoucidlel uéyioTo oTo o

3.8.3 ["OMAAA
878. TN pla ouvdptnon optopévn xou tapaywyiown oto R elvon yvwotd ot
L f'(@)=e*" (z—1)%(2—2) Yo 6hat Tt @

2. lim f(x)= lim f(z)=0

z——00 z—+00
Na pehetioete Ty f 600 xahhitepa unopeite . Mny emyeipioete va v Bpeite!!
3.9 Aoxvoclg o 6ho To XEQPAAALO
879. 'Eotw 1 cuvdptnon
f(z)=a"—32%+2
1. Na Ppeite ta draotiyata govotoviog g f.
2. Na Beeite ta Tomxd axpdtata e f. Elvon ohixd;
3. Na vrohoyioete 10 6pt0

lim 1 (@)

z—+oo0 et

4. No Bpeite v napdywyo e ouvdptnone h(x) =/ f (z).
5. T notée Tipée Tou A oy et
flx)>A+1
Yiow OAOL T

6. Na amodeilete ot yia xdie evdeia (€) pe e€iowon y = ax + B undpye
epantopévn g Cp mou €yel Tov (Blo ouvtekeoty Bieudivoeng pe g (g).

880. And Tic e€etdoelc Touv 1995, Acown IV. Alvetar 1 cuvdptnon
flxy=2*—222+a acR

L. Av A(zy, f(x1)), B (z2, f (22)), I' (z3, f (x3)) elvan tomuxd oxpdrora tne
Yeapunc mapdotaong T f xa 1 < T2 < x3, va anodeilete 611 ) evdeia
AB elvar xddetn oty evdela BT
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2. Av 0 < a < 1, va anobeilete 6t 1 elowon f (z) = 0 éyer axpiPode pio
Aoon oto ddotnua (—1,0).

881. 'Eotw 7 cuvdptnon
fz)=2®—2®+1
1. Na Beedolv ta dwothuato govotoviog xot ta axpdtata tne f.
2. Iléoeg pilec éyer n f;
3. Trdpyouv dpaye npaypatixol apripol t tétolor wote f(t) =t;
4. Na vnoloyioete Ty TapdyYwYO NS GUVARTNONG
g (x) = npf (nux)
882. Eotw 1 cuvdptnon
(@)=
1. Na Beeite ta Tomxd axpdtata e f.

2. No anodeigete 6T undpyet epantouévy tng Cr 1 omola Biépyeton amd TNV
apY Y| TWV AZOVWV.

3. No Bpeite 10 opto e f(z) btav © — +oo

883. And Tic egetdoeig Tov 1989, Aéoun L. 'Eow f, g cuvaptrioeig
ue medlo opiopol éva didotnua A yia Ti¢ onoleg unodéTovye OTL:

i) Eivou 800 gopéc napaywylowes oto A

11) f// — g//

ii) 0 € A xau f(0) = ¢(0).

Na derydel ot

L. T xdde x € A, f(x) — g(x) = cx bémov ¢ € R.

2. Avn f(x) = 0 éye dbo pileg etepbomnues p1 < p2 totE 1 g(2) = 0 €xer
Touldytotov pia pila oto xhewotd didoTnua [p1, pa)-

884. No anodelfete 6t vl xdde x > 0 xon xéde Vetind axépono v oy ber
v
e > E -
k!
k=0

885. 1. Na vroloyioete 10 bplo:

. (1 1 )
Iim (| - - —
=0\ nur

3Av k eivos Detinde oxéposoc to k! ebvan k! = 1-2- ... - k. Enioneg oplletan 0! = 1
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132 3.9. Aoknoeg o€ dAo to kepdAawo

Na anodeiéete 6t n f -

(o) Efvor ouveyic

(B") Eivor napoarywyiown

(Y) Eyxer axpiede pio pilo.
886. Ailvovton ol cuVpTACEIC

fx) =24z +2

73

1
g(:):)z;—axQ—ﬁx—l-g

1. No Bpedolv ot Tég twv a, f Wote ol dUo cuvapthoelc va €youvy Vo
TomXOV axpOoTdTOL 01O T € R ye

f(w0) = g (w0) = -2

2. Tty 1y v a, f tov Beixate 010 TponyolUEVO EQOTNUL:

(o) No Beeite 1o nifdog twv pillodv e ouvdptnone h(z) = f(z)g(x)
(B") No Beeite 1o bpro:

lim
T—+00 g (eac

~—

(v) Na arnobdeiZete 6t v ouvaptnon r(x) = f(g(z)) éxer ehdyoro.
887. Mia ouvdptnor f €yet nedio opiopol to R, eivar xupth xar yia xdmoto
Lebyog apripdyv a < S oyderl f(a) < f(B). No anodeiZete 6Tt 1i1}_1 f(z)=
T—r+00
+00.
888. Ano Tig egetdoeig Tov 1995, Acoun I. Aivovta ot npaypatixol

aprdpol K, A ue K < A xou i ouvdptnon f (z) = (z — k) (x — \)® pe 2 € R.
No anodetéete ot

1. f/(x):i—kiymxdﬂsx#nxwx#)\.

f(z) z—k | x—A
2. H ouvdpton g (x) = In|f (x)| otpéger ta xoiha npog ta xdtw oto did-

otnua (K, A).

889. 'Eotw 7 ocuvdptnon
[ (@) =a+nua
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1. No anodeilete 6t 1) f elvan yvnolng adZouvoa.

2. No anodeilete 6t Cp téuver v evdela y = x oc dnepa onueio Tou
améyouv and TV apyh TV abvey artoctdoelc vry/2 , v =0,1,2,... xo
elvon onuela xopmic e f.

3. Ebvar  y = 2 acluntwtog e Cy ;
4. Iow eivor 1 uéyotn andotao evog onueiov g Cp amd Ty y = ;
890. Aivetou 1 cuvdptnon

T , x>0
, =0

1. No anodeiZete ot n f elvou mapaywylown oto onueio g =0

2. No Ppeite 10 6pio lim f (z)

T—+00

891. TN ti¢ ouvapthoels f, g loyvel
f2(x) +1In’z + €2 =2e"f () — ¢° (z) + 29 (z) Inz
yia xéde z > 0.

1. NaBeeite tic f, g

2. Na Beeite 1o 6po  lim %

z—+o00 9

892. Nu anodeifete 61t av n ¢ (z) = az® + Br? +yx +J napoucidler axpdraTa
oe onuela mov Pploxovton ot evdeio 1 omola detpyeton and TNV apy ) TwY a&dVwy
tote Yo toy et By = 9ad.

893. And Tig e€etdoelg Tou 1996, Acoun IV. Oecwpolye tic nopa-
ywylowes cuvaptioe f, g tou éyouv nedio oplopol to ddotnua [0, +00) yio
Tic onoleg oy el 1 oyéon:

(@) =4 (z) +np’z + €

v xdie x € [0,400). No arnodeilete 61 f (0)+g () < g(0)+ f (x) v xdde
z € (0,400).

894. And Tic egetdoeig Tou 2004.  Alvetu 1 ouvdptnon f ue tino
f(z)=22Inz.

1. No Bpeite to nedio opioygol g ouvdptnong f, vo UEAETHOETE TNV LOVO-
Tovior TN xan va Bpeite to axpoTaTAL

2. Na peketoete v f wg mpog v xvptdnTa xan v Bpeite ta omnuela

XOUUTAC.
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134 3.9. Aoknoeg o€ dAo to kepdAawo

3. Na Beeite o alvoho Twwov g f.

895. No anodeilete 6t 1 ypopixh napdotacy e ouvdptnone f(z) = = +

1 1 2 , ’ ~ ’ ’
5\/; €yl AoVUNTOTO TNV TEWTY BLYOTOUO TWV AEOVLV.

896. Alvovtu ot ouvaptioec f(x) = nux + ovve, g (z) = epr + opx ye
x € (0, %)

1. No dci€ete 6Tt ot f, g mapouctdlovy PEYIOTO %ol EAAYIOTO AVTIOTOLY WS
otav T = 7.

2. No dei&ete 6t yio xdle x € (0, %) wyleL epx + opx > nur + ovve.

897. Tw mod Tiph tou a 1 ypagph naupdotaon tne f (z) = 2% — ax?® + 1
EQATTETOL OTNV Y = .

898. Bpeite ) péyom tph me f (z) = zv/3 — 2.
899. 'Eotw 1 01x0YEVELN TWV GUVIPTACEWY

_JAx+zlnz , >0
f(x)_{ 0 , z=0

1. Na del€ete 6TL o1 ouvaptroelg f elvar cuveyelc.

2. Na dei€ete 61t yio xdde A 0 f yel pla poévo opillévtia eyantopévn xou Ot
T0 onuelo emaprc avixet oty evdeia y = —x.

900. O ouvapthoeic f, g eivon oployéves oto Brdotnua [a, 5] xa BVo Popéc
nopaywyiowes. Enlong woybouyv:

o fla)=f"(a)=0
o ["(x)g(x) = [f(x)g" (x)
1. No anoderyvel 6t f/' (z) g (z) = f (z) ¢ (x)

2. Na anodetyVel 6Tt av xavévac aprdudc tou [a, B] dev eivan pila e g toTE
x&e aprdude tou [a, B eivan pilo g f,

901. Ou spwipol a, B,z elvar Yetxol, ol a, S otadepol xa o = petafBintoc,
[Mowd efvon 1 eAdiyiotn Tus) Tou propel va tdpel n topdotaon ax + =;

902. 'Eva Movtdpt xiveiton oty xuxhixq nlota evdg tolpxou e toybtnta
20km/h pe onueio 1o exxivione A. Xto xévipo g mlotac Pploxeton €vag
npofBoléag mov pwtilel to Aovtdpt. ‘Eva nétacya epdnteton Tou x0xAou oTo
onuelo A xou o autd Qaiveton 1 oxid Tou Aovtopiod. Me Tt taydTnTo Xiveltan
1 o31d T YpovLeh oTypf ToU To MovTdpl éyEl BlaVUoEL TO & TOU XUXAO;
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903. And Tic e€etdoelg Tou 2006. Alvetu 1 cuvdptnom

f(x)*x+1—lnx

-1

1. No Bpeite to nedio opiopol xa 10 6OVoro TGV TNg cuvdptnong f.

2. No anobdeiZete 6t 1 eiowon f(x) = 0 éyer axpPBnc 2 pilec oto nedio
0plopoy TouC.

3. Av 7 egantopévn TS Yeapxic TopdoTacTs e ouvdptnone ¢ (¢) = Inx
oo onueio A(a,In o) pe a > 0 xou 1 epantouévn e Ypopixhc tapdota-
one tne ouvdptnone h(z) = e* o1o onueio B(B,e”) pe B € R tautilovro,
t61e Vo delZete 6T 0 aprdude ar ebvan pila tne eZiowone f(x) =0

4. No atTloAoYHOETE OTL Ol YPUPIXES TUPACTACEL TWV CUVIPNICEWY g X0t I
€y 0LV axp3is BUO XOWVEC EQUTTOUEVES.

904. T ) ouvdptnon h (x) = az® + ba? + cx + d ebvon Yvwotd 61 1oy deL
—2?2 <h(z)<z*+1

Yoo Ohat ToL T xou OTL To =" 0TV TROTN aviooTnTa oy el Yia £ = —1 xou o
devtepn oy et yioo = 1. Na Bpedei n h(z).

905. And to padnuatind diaywvicwd Harvard-MIT, 2005. Eotw
f: R — R pia heta? ouvdptnon tétow dote

(f'())* = f(2)f"(z)

v 6o T . Yrodérovge 6t F(0) = 1 xu fW(0) = 9. Beeite dhec T
duvatée tpéc tou f/(0).

906. TNt ouvdptnon f: R = R elvon yvwotd 611 elvan 500 @opés maparyw-
Yiown xar 6t yioo xdnow 1, T2, 3 Ye 0 < 21 < 2 < x3 wylber f(x;) = zy,
i=1,2,3.

1. No anodeilete 611 undpyouy ti,t ue 0 < x1 < t1 < x2 < tp < w3 €101
oote [ (t;) = —fgi), 1=1,2.

1 Anhady éxer mopaydyoue GAwV TV TEEEWY.
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136 3.9. Aokijoes o€ 6o o kepdAaio
2. No anodeiZete 6t 1) elowon f/ (z) = 1 éyer 800 toukdytotov Ao,
907. 1. Naoamodéilete 6T yia xde € R undpyet axpifog éva y €10t woTe

Yry=e'+ua
2. H ouvdptnon f opiletar and ) oyéon
fPa)+fx)=e"+z z€R
No amodetéete ot
(o) T xdde zq wyder
1)~ @) = FE TR T T e T (€ )~ (€ )
(B) T xdde zg woyler |f(x) — f(x0)| < |e¥ +a — €™ — x|
(v) H f eivon ouveyrhc.
(8) H f elvou napaywylown xou woyber f/(z) = 3]52%
(¢) H f eivar yynolwe adZovoa xou 10 ochvoho Tiwmv tne eivon to R.
908. Eotww f(z) =lnz xu 0 < a < .
1. No Bpeite 1o (govadixd) v € [a, 8] mouv emakndeder 1o Yedpnuo péong
e v Ty f oto a < .
2. Na anodeiZete 6t Vaf < v < O‘Tw
909. 1. Eow f: A — R ulo tapaywylown cuvdptnon Ue cLveYY Topd-
ywyo. Eotw a, 8,7 € A t€toir ote a < § < . 'Eotw 61t
(F(8) ~ £ (@) (F () ~ £ (8)) < 0
No anodeiZete 1 vndpyet € € (a, ) étot dote f/(§) =0
2. No anodeilete 10 B10 anotéheoya ywpls duwe v unddeon ouveyeiog
e f.
910. 'Eotw 7 ouvdptnon
22 |z| <1
ro-{1 s
1. Na Bpeite oe mowa 2o 1 f elvar ouveyrs.
2. Na Bpeite oe nowa zg n f elvar napaywyiown.
3. Na xdvete, mpdyelpa, Ty Yeapixy tapdotacn tng cuvdptnong f.
4. YTrdpye dpaye ouvdptnon F : R — R tétowa dote F' = f;
THeéruro Meipoyotié Adxeio N.3. Mowpovidvvne
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911. INa v ouvdptnon f: R — R eivon yvwoté 6t f(0) = 0, eivan nopary -

Yiown oto 0, f/(0) = % xou 6TL vl 6hat T T, Y 1oy OEL:

@ W)
et =177 W)

1. No anodeiZete 611 f(—z) = —f(z) yio 6o Tt .
2. No anodeilete 6 f(z) # 1 xau f(x) # —1 vy dha T .

3. No anodeiete 6TL 1 f elvan noupaywylown xal 6Tt yia Oha o & 1oy VEL:

(1—f*(x))

N =

fi(z) =

4. Na anodeiete 6t n f elvon yvnolwg povotovn,

5. No anobdeiete 6TL yioo dha Tt T oy Vet

6. Na Beeite v f.

912. And Tic egetdoeig Tou 2001. TNo plo mpaypatixd cuvdptnon f,
Tou elvor TapaywYlown oto ahvoko TV TpayuaTixoy apriuey R, woyler ot

£2(2) + Bf% (2) +7f (2) = 2° — 22° + 62 — 1
yio xde = € R, 6mov B, mpaypatixol aprdypol pe B2 < 3.
1. Na det€ete 611 1 ouvdpTtnon f dev €yel axpdTaTa.
2. Na deiete 611 1 ouvdptnon f ebvar yvnolwe adlovoa.
3. No deiZete 6t undpyet wovadixn pila tne egiowone f(z) =0 oto (0,1).

913. And Tic egetdoelg Tou 2002. 'Eotww ol cuvapthoelg f, g ue nedio
optopol 1o R. Alvetar 611 1 suvdptnon g obvideong f o g elvar 1-1.

1. No dei€ete 6t 1 g ebvon 1-1.
2. Na dei€ete 61 1) e€iowon:
g(f(@)+a°—2) =g (f(x)+20—-1)

€yel axpiBg dVo Vetixée xou uio apvnuixt| pila.
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914. Ao Tic e€etdoelg Tou 1995, Aéoun IV. Aiveta n ocuvdptnon
[ 800 gopéc mapaywyiown oto Ry tyv onola wyler f/(z) # 0 vy xdde
x € R xou n ouvdptnon g tétoln KoTE

g(x) f'(z) = 2f (x)

v xdde z € R. No anodeiete ot av 1 ypaguxh napdotacy g f €yet onueio
xoprmhic 10 A (zo, f (z0)) t6TE M EQANTOUEVY TN YPAPIXAC TOPACTAONS NS g
o710 onpeio B (zo, g (z0)) eivor nopddhnhn otny evdeia y — 22 +5 = 0. °
915. 'Eotw 1 cuvdptnon

1
Cl4z] T4z -1

f(x)

1. No anodeilete OTL yia Oha ToL = Loy VEL

()10

2. No Beeite ™) péyot Twh e f.

916. And to draywviowd Putnam, 1973. [ldoec pileg €yel n ouvdp-
mon f(z) = 2% — 1 — 2%

917. 'Eotw 1 ouvdptnon (cuvdetnon tou Cauchy):

_ e_aci?, x#0
f(w)—{ E e

1. Nu ppedoiv o [/, f".
2. Na Bpedodv ta onuelo xoumic e f.

918. 'Eoww f : [a, f] = R pio napaywyiown cuvdpmon. Na anodeilete 6t
av 1 f napovoidlel ehdytoto oto « tote woyder f(a) > 0.

919. Ao Tic e€etdoelg Touv 2008. Alvetar v ouvdptnon:

f(x)_{xlnx , >0

0 , =0

1. Na anodeiete 61t 1 ouvdptnon f eivan ouveyrg oto 0.

>Otav tehewboete T AUOT, amovTAOTE 0Ta epwThdata: I16te dvo eudeiec eivon md-
pdMnheg; IIéte oL evdelec y = ax + B, y = o’z + B ebvou napddinhes; Aoxdote

f(z)= e 5_\/22%/5’ zo=1V2, g(z) = i{((;)) Tt éxete vo nelte yio 10 TEAELALO EPOTNUA

Touv Yéuatog e doxnone 781;
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2. No yeketrioete wg mpog TN wovotovia Ty cuvdptnon f xou va Beeite to
oOYOAO TWOVY TIE.

3. Na Bpeite 10 mhdog v Stagopetixmy Yetixdv pilov tng egiowong x =
ew Yl OAES TIC TPAYUATIXES TWES TOU (.

4. No anodeiete ot 1oy lel
ffa+)>flz+1) - f(2)
920. And Tig e€etdoelg Tou 2009. Alvetu 1 cuvdptnon
f@)=a"—In(z+1), x> —1
6mov o > 0 xaw o # 1.
1. Avioyber f(z) > 1 vy xdde x > —1, va anodeilete ot o = e.

2. Thaa=ce

’ NP4 7 7 4 /
(o) va anodeiete bt ouvdptnon f eivou xupth.

(B) va amobdeiZete bt n ouvdptnon f eivon yvnolwe @divovoa oto Bid-
otnua (—1,0] xou yvnoing abovoa oo ddotnua [0, +00)

(Y) av 8,7 € (—1,0) U (0,400), va anodeilete 6Tt 1 eliowon
RSB

r—1 T — 2

€yet Toudytotov pia pila oto (1,2).

921. And tic egetdoeig AXEII tou 2009. 'Eotww 1 cuvdptnon
1 «

1. Anodeite 6t 1) ouvdptnon f(z) elvar xvpth oo Sdotnua (0,1).

O0<z<1xuma>1.

2. Anodeilte 6ty Okt z,y € (0,1) xou o > 1 woyen

f(:v;ry> < f(fv)-;f(y)

3. Anodel&te 6T, av x> 0,y > 0, > 1 xou z + y = 1, t61€ 1oy Vel

1\“ 1\“ 5%
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922. Arod tig egetdoelg Tov 2010. 'Eotw nouvvdptnon f () = (ac + %)a,
O<z<1lxuwa>1.

1. AnodeiZte 61 1 ouvdptnon f(z) eivar xupth oo ddotnua (0,1).

2. AnobeiZte 6u v bha ta x,y € (0,1) xaw a > 1 woylel f(‘”—*y) <

2
J(x)+f(y)
I

3. Arnodeilte 6, av x > 0,y > 0,0 > 1 xaw  +y = 1, t61¢€ 1oy VeL:

1\¢ 1\ ¢ H¢
(*) *(“5) = a1

923. TN v ouvdptnon f : R = R ebvar yvwoto6 ot

o Eivon 8o gopéc mapaywylown.

o H deltepn napdywyog tng elvar ocuveyrg.

e Ioyver f(z) f" (z) = 0 vy dha T .
Bpeite nota propel va ebvar 1 f.

924. Na Bpeite nopaywylown cuvdptnon f : R — R y v onola 1oy lel
[ (x) = cf (x) brov ¢ elvon oTadepd.

925. Oewpolye TNV ouvdptnom

@) >0
fle)= { 0 , x=0
Beeite my f'(0)

926. I'ix pla ouveyr ouvdptnon f oplopévn oe Sidotnua eivar Yvwoto otL dev
undevieton xon b1t 1 owvdenon (f (z))? evor mopaywylown. No amoderyel
ot xau 1) f ebvon moparywylown.

927. Alvetar 1 ouvdptnon h(z) = \/z + /x + /x. Na pehetniel we npoc
TIC AOLPUTTOTOVC.

928. Ao Tig eZetdoelg Tov 2011,  Alvetar 1) ouvdptnon f : R — R,
500 gopéc napaywyiown oto R, pe f/(0) = f(0) = 0, n onola txavorotel
oyéon:

¢ (f'(@) + (@) = 1) = f'(2) + 2f"(2)

yio xqie x.
1. Na anodeiZete 6t f(z) =In(e” —z) z € R.

2. Na pehetrioete ) ouvdptnom f »¢ Tpog Tr LOVoTovio ot To axpOTATA.
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3. No anodeiete 611 1 Ypapxh napdotacy tne f éyel axpBng 800 onuela
XOUUTAC.

4. No anodeiete 6t v e€liowon In (e¥ — x) = ovvz €yer axpBoe pla Ao
ot0 didotua (0, 3).

929. 'Eotww napaywyiown ovvdptnon f: R — R ye
o [ adZovoa xau

) —g.

o lim, 4o -

Na anodeydel ot elvar otondepy.
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4.1
4.1.1

Kegpdiaio 4

OAoxANpwTInog AoYLoUOC

Adpioto Oroxhfpwpo: Ta Baocuxd
A" OMAAA

930. Bpeite and pla mopdyovod TV TopuxdTw GUVIPTHOEWY:

1. e*tl 3. 2¢*

2. 6293 4. e2x+1

931. Bpeite and pio topdyovco TV TORUXATE GLUVIPTHOEWY:
1. 222~z +1 3. 2%+
2. % + e* 4. nux 4+ ovve

932. No cuumhnphoete Tov mivaxa:

Yuvdptnorn | Mia napdyovoa
f F
g G
f+g
fG+gF
G-Iy
G2
3fF? +49G?

933. Bpelte and pio napdyovoa F' e f (z) =z + 1 tétowx dote F (0) = 1.

934. H ouvdptnon f éyel mopdyovou ty F () = & + (z + 1)%. Nu Bpeite
wio napdyovoa G e f tétowr dote G (In2) =1

935. Mropotv dpaye ot ouvapthoeic F (1) = e + 2, G (z) = e* T — 2 va
elvou mopdryovoeg g (Blag ouvdptnong:

143



144 4.1. Adpioro OlokAripwua: Ta Baoikd

936. Yto oyfua mou axohovlel epgavilovton yepixéc mapdyovoes tng (Blag
ouvdptnong f Onhadh 1 YeopIxr TUEIoTUOT UEPIXAOY AN TIS CUVAPTHOEL TOU
aroptiCouv to [ f(x)dz.

5 i
i
V = — )|
i

i
I
i

i —

Bpeite nowd nopdyovoa

I,

i
\!

1. 'Eyet piCa to 4.
2. Aiépyetar and to onpeio A(0, —2).

937. Na eZnynoete yiotl uvndpyet To Tohd pla tapdyovoa tng f nou €yel pila
Tov apriud 2009.

4.1.2 B'OMAAA

938. Eivar yvootd 611 6tay éva oopa xiveltar atov aépa dEyetar avtiotaom
and tov afpa TG onolag o puipdg abénong elvon avdhoyog Tng TayHTNTAS TOU.
IMo éva ouyxexpipévo oopa 1 avtiotaon etvon 4N o6tay xiveltan pe taydTna
3m/sec. Ilow Yo eivon 1 aviiotaon Tou oOUATOS GTay Xiveitan Pe ToyOTNTo
6m/sec;

939. 'Eva péyedoc =(t) yetoBdhhetar ouvapThoet Tou Ypévou t xot 0 puiudc
wetaBohnc tou xdde ypovixh otiyun elvon BitAdolog g TS Tou ueyédoug.
Bpeite v s tou yeyédoug ot = 3 av yvwpilete 6L i Tipn Tov vt = 2
elvon 1.
940. No Bpeite napaywylown cuvdptnon ye nedio optogol to R 1 omola €yel
™V axdrovdn ot T
e O ouvtekeotig dievdivoews g epantouévng tne Cr 6to onueio M (xg, f (20))
( 2
elvan 2.

941. No amodeiéete 6t

/\/ZL’Q—F/{dZL'—%[.T\/ZL’Q—F/{—F]{IH(ZU—F ZL’2+/€)}+C
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942. No anodeilete 611 n ouvdptnon f: R - R

2oenut —ocovt 1 #£0
fla) = {Fos movrs 220

av xat acuveyng oto 0 €yel napdyovoa vy F: R — R pe

2out oz #£0

evong:R—Ruye
() = x <0
g Clz+1 x>0
1 omola elvon enfong acuveync oto 0 dev Eyel nopdyouoa.

943. Nu Bpelel napaywyiown cuvdptnon ye nedio opopol 1o R yio tny onola
wyler £(0) =0 xau f' (z) = 2e2* 1) yio 6hat 100 2.

944. 'Eotw f ouveyrc pe medio opiopol 10 10 A. No anodeilete 6TL av éva
otoiyeio F tou [ f(x)dz dnhadd yir pla mapdyouca éyer ohvoho oy to R
ToTE %01 xqVe GAAN Exel obvoro Ty To R.

945. 'Eotw f ouveync ue nedio opiopot 1o A. Na anodeilete 6tL pla mopd-
youvoa F' g f elvon yvnolwg adZovoa toTe elvan xan ot undroinee.

946. No Ppedolyv dheg o1 ouvapthoelg f ue medio optogol 1o R mou 1 eganto-
wévn oe xde onueio g Cyp diépyeton and Ty apy ) TV aCOVLY.

Adbpioto OroxAfpwpo: Teyvixég

947. No unoloyioete o ohoxhnpwUATIL:
1 [(z+1)dz 3. [LHdx
2. [(Vz+2)dz 4. [ZHldy

948. No unoloyioete o ohoxAnpOUATI:

1. [Vz+1ldx 3. [ Zdx
e

2. [nu(2z)dx 4. [e*dx
949. No unohoyloete To ONOXATNPGUATAL:

1. [ ¥/x'8dx 3. [(x+1)(z+2)dx

1
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146 4.2, Aédpioto OloxAhpwna: Texvicée
950. No unohoyloete To OhOXANEGUATA:

L [ (2 +y)de . f(x__h+nﬂx>dx

2. [(z*+y)dy - [V3z +2dax
951. No unohoyloete To OhOXANEGUATA:

1. [zy/xdx - i—irzdx

2. [ Z8dy - dy
952. No unohoyloete To OAOXANEWUATA:

L. [(z+1)(x+2)(x+3)dx - @™+ 2™) d

2]% - p (e + §) do
953. No unohoyloete To OhOXANEGUATA:

L. f:ce‘”Qd:c . [ anuzdz

2.f(\/:c—|—1—\/1—:c)dx .f(:c2+y2)dac
954. No unohoyloete To OANOXANEOUATA:

1. [e""2(z—1)dx . [ 22t da

2. [ze®Tldx - [ |z dx
955. No unoloyioete to ohoxhnpwuato:

1. [e*ovvadx . [ nutovvtdt

2. [ (61*2 + x—IQ) dx - ee: dx
956. No unohoyloete To OhOXANEGUATA:

1. [z3%dx ) f(}%q)tdq

t

2 [ (3) at ) da

957. No unoloyioete to ohoxhnpwuato:
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1.

2.

958.

964.

1.

2.

965.

' f ovué 13z

| s
’ 13ub+18

. falnyx

f z+1
z2— 3:t+2

6x34+z—2
fac2 3ac+2dx

Na vnohoyioete 1o ohoxhnpwuata:

ez (Vr+1) (2?4 1) da

dx

. No unohoyloete Ta ONOXANPGUATY:
. [xe3*ldx

A (ac3 +ed + 77,u:c) dx

. No unohoyloete T ohoxAnpGOUTY:

. Jovv 3z + ) np (2 — ) dx

- e

ert—1

. No unohoyloete Ta OhOXANPGUATY:
. [ade®

. [23etdx

. No unohoyloete T ohoxAnpOUTY:
= ((16—12)2
-2 -

. No unohoyloete Ta OhOXANPGUATY:

+ﬁ)dw

3)? dx:

du

Na vnohoyioete 1o ohoxhnpwuata:

z <

[ f(z)dz 6tav f(x):{ 5

¢ x>
X
J T e

Na vnohoyioete 1o ohoxhnpwuata:

0
0

f‘”—\/}ld:c

. [ (e* +2°) dx

f 52 +3x+1 dx

] f 5x2 +3:v+1

(z—1)(z—2) 2

- [ np (22) nu (3z) da
. [ouv 3z + 7) dx

(274 3Y) dx

: f(1+4x)%dx

- [ (qua +1)°

S (@=2p

+ (z — 3)2> dx

- et tBz g

. [273253% g

. [z +B) da

Cf2(d) a
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e 4 Ld
2. fem——ldx . f T—1 z

966. No unoloyioete to ohoxhnpwuaTo:

n(z))? T
1 [ gy 3. fi%ﬂjifd:c
2. f (:c3 — 1)% x2dx 4. f:ce4x2+5dac
B’ OMAAA

967. Eotw 1, 12,73 ot pilec Tou tohvwvipou 2 — 722 + 6x. Aol npocdio-
ploete aprluolc a, B,y étol Gote yio xdde x 614Yopo TV 1, Ta, T3 VoL LOYVEL

1
« B 7

B —Tx24+6x x—x1 T—T2 T—23

XATOTY VoL UTOAOYIGETE TO OAOXARpGUIL:

1
—d
/x3—7x2+6x v

1

968. 'Eotww 1 ouvdptnon f (z) = e—12@—2)7"

1. NaBpeite aprdpoic A, B,I', A, E étor wote f (z) = %—1— B +%+

o— 2
! ! @-1)
@2F T G2

2. Na urohoyioete 1o ohoxhfpwpa [ f (x) dx
969. Nu unohoyioete to ohoxhpwpa [ epzdz

970. Na urohoyioete 10 ohoxhfpwpa [ :ii’?dac

971. Na urnohoyioete 10 ohoxhfpwpa [ de

972. Nua Bpedei ouvdptnon f ue nedio opopold 1o (1, +00 ) tétota Wote:
L f"x)Ve—1=1

2. H ypagux, napdotaon e f va éxel epantopévn oto onueio (2, £(2)) tnv
evdela 3y —3xr+5=0

973. Na urohoyioete 10 ohoxhfpwpa [ %dw

974. Na urnohoyioete 10 ohoxhfpwpa [ \/ﬁ?d:c

975. Xpnowornoielote Tov xadohixd yetacynuatiowd tou Euler, t = o, yia

unohoyioete to ohoxhfpwue [ —L_dx
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976. No vrohoyioete 0 ohoxhipwya [ Vﬁﬁdw

977. Me v Borlela TOU YETAOYMUATIONOY U = T + % VoL UTOAOYIGETE TO
ohoxhfpwpo:

978. 'Ectw 6Tt

No anodeifete 6Tt

1.

<o
I
|
I
Q
c
<
&
=
=
&
+
i
(V)

979. No urohoyioete 10 ohoxhfpwpa [ @ 3+B) »dx 6mou v elvon QuUOLXOS Ue-
yahbtepog tou 1.

980. Eoto f(x ) = a2” + . Na unoloyoDoly o «, B étol wote va 1oy leL
f’()—2xouf0 x)dx =T.

981. Bpeite 10 fo In (1 + 2?) dz.

982. Na urnohoyioete to ohoxhfpwpa [ mdaj.

983. Na unoloyioete o ohoxhnpwuUATIL:

13

2. _ 3z41
f V3z2+2z+1 dz

3. [ (2z —3) Va? — 3z + 2dx

984. No unohoyloete To ONOXANPWUAT:

1. [ (ocvvz + nuz) Jovvz — nuzdz
_npr
2. f (14-ovvz)?

3_ f (xn Tovvx d.ﬁlf

nr+ovv)
985. Na urnohoyioete to ohoxhfpwpa [ ;71277” (1) ovv (l) dzx.

ou(2)

986. Na unohoyioete t0 ohoxhfpwpa [ mdac
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I OMAAA

987. 'Eotww I, = [ e“ovv™Badr. Na exppdoete 10 I, cuvapthocel Tou I),_s.

988. 'Eyet anodeydel 6Tt 10 ohoxhpwya
1

Inz

mou ovoudletar Aoyaptduixd oloxAfpwpa dev utohoyileton dnhadh yo-
Aovotl undpyel de unopel va exppacel GUVIPTACEL TWV YVWOTOY GTOLYEIWIOY
OLVOPTHOEWY.

Na otnprydeite oto napandve Yo var anodelEeTe OTL Xl TO OAOXAPWUA

/ e’ Inzdx

989. To mo anhé povtéro yio TV TepLypapy| TG avdnTuEng evog TAnduouoy
P(t) npoxintet av unoVéocoupe 6Tt 0 puidpde uetaBolic Tou eivar avdhoyog Tou
707 undpyovtoc mhnduopol dnhady 6t P'(t) = kP(t) (ExOetix6 povté-
Ao). Zuyvd buws ol mhnduopol 8e uropodv va urepBolv éva uéyioto L mou
xadopileton and t¢ exdotote ouvirxec. Ye wo tétola Tepintworn Yewpolue
611 0 PGS peTUBoArc Tou TANYuoPol elvan avdhoyog dyi povo Tou LTAPYOV-
t0¢ TANYuopol aAdd kar Twv unopyYoviwy meplwplny abinong dniadh tou
L — P(t). Avti dnhadn e oyéone P/(t) = kP(t) tou exdetixol poviéhou
€youue NV oyéon:

dev unoloyileton.

P'(t) = kP (t)(L— P (t))

P (1) B
/P@ML—Pmﬂ”i/“t

2. Xpnotponotdviac tov petaoynuatiopd u = P (t) vo anodeilete 6Tt

P’ (t) B du
/P@ML—Pwﬂ“i/u@—m

3. Troloyilovtac 10 ohoxhhpwpa [ % vo anodeilete 6Tl

1. Noa anodeiéete 6T

LeL(kt-i—c)
(t) = 1 + eL(kt+o)

4 z
omou ¢ otadepd.

4. No anodeilete 6T1

P() LP,
Po + (L — Po) e~ Lkt
6nou Py = P (0)
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Oplopévo OroxArpwpa: ‘Evvoia, Idiotnteg
A’ OMAAA
990. Av fol f(x)de =1, f04f( ) dz = 64 xou fl x) dx = 20 va Ppeite t0
J3 1 (@) da
991. Av N
| er@ s =s

pisels

—4/0af(x)dx+5/0ag(x)dx—7

/Oaf(:c)d:c
/Oag(x)d:c

992. 'Eotw 6t n f eivar opiopévn oto R xan ouveyrc. No anodeilete ot

/34f(:c)dx—/:f(x)d:c:/25f(:c)dx+/:f(x)dx

993. Av vy v ouveyr| [ oydel fﬁ x)dx = 4 va unoloyioete TV mupd-
oTao:

z
va Beeite ta

pels

0 — «

994. Eotw f (z) = €”. No hudodv ot napaxdtw eZlohoels

B B a
faﬁf(x)dx—fa af(x)dx_/ 3f () di
B

L. fo x)dx =3
2. f01+t f(x)de=3
3. fo ft+z)dr =3
4. fol tf (z)dx =
995. T nowoig apripoig b > 1 oy lel

b
/ (b —4x)dx > 6 — 5b
1

996. And tic e€etdoeic Tou Ilavnictnuiov Touv Topovro, 1994.

1. Na unohoyloete 10 F (z) = [x (t + 1) ovv (2t) dt.
2
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2. No Enadniedoete tnv andvinon cag napaywyiloviag.
997. Nu anodeifete 6T
3 1 2
/ (:c2+5x—i—'y)d:c:2—/ (xQ—i-ﬁ:c—i—’y)dac—i—Q/ (:c2—|—5ac+'y)d:c
2 0 1

B’ OMAAA

998. Nu Beeite Tic Twéc ToU @ Y TIg omoleg oy deL

2 2
/ (t — logy ) dt = 2log, <—)
0 (0]

999. TN wa ouveyR ouvdptnon f : [, 8] = R elvor yvwoté 6t

/jf(:c)d:c:O

Na anodeilete 6t 1 f €xer pla Touldytotov pila oto [a, B].

1000. No amodeilete 611 av ar < B %o Yl TV GLVEYT cuvdptnon f oy lel

/jlf(x)ldwzo

t6te f(z) =0 vy 6ha e x € [a, ]

1001. No anodeiéete 6TL

2 /1 o2
— < e 2dr <2
Ve —1

1002. Na anodeiete 6Tt
4 Ant 3
1n\/1</ Tdt<1n\/§
3

1003. 'Ectw f ot g 600 cuveyeic ouvapthoeic oplopéves oto didotnpa A. Y-
rovétoupe 6Tt yra 500 unodlaoThpaTa [ay, 5] xou [k, A] Tou A oy et ff f(z)dx >
ffg(w) dx xou flj‘f (x)dz < flj‘g(x) dx. No anodeiZete 6t o1 (C)y, (C)4 €-
YOLV €Va TOUAYIOTOV X0Wo omueio.

1004. Eotww f : R — R pio ouvdptnon yia ty onola woyvel f(z) > 0 yi
6hat o z. Na Mooete y eZiowon [ “Lr(t)dt=0.

Tlpbtuno Hewopatixd Adxelo N.X. Mavpoyidvvne
Evayyehnhc Tyohic Zpdpvne www.nsmavrogiannis.gr
http://lyk-evsch-n-smyrn.att.sch.gr




4.3.3

4.4
441

KegpdAaio 4. OloxAnpdtikds Aoyouds 153

I OMAAA

1005. Arndé T egetdoeic tou Ilavemornuiov tou Berkeley,
1981. Eow f:[0,1] = R cuveyrc. Beeite to 6pto

1

: t
Jm [ oS @ e

H cuvéetnon F(z)= [ f(t
A" OMAAA

1006. No mapaywyIOeTe TIC CUVAPTAHOELC:
= [ etdt
2. g(x) = fxl Vitdt
3. h(w)= [T E—2dt

4. s(x) = [} etdt
5. w(z) =[] (a:z:(ft2 + b) dt

1007. Eotww ¢ (x fo nutdt. sz—:m—: T o ( ) 4 (%), o (%),4,0” (%)

1008. 'Eotw n cuvdpton F (z f2 (2t —5)dt. Na Bpeite 1 e€iodoeig
TV egantouévey tne Cr ota o*npeux UE TETUNUEVES 2 xat 3.

1009. No enaindedoete Vv 1odThTYL:

/O“” e [*dt

a t a 1t

1010. No Bpeeite ouvdptnon f ue nedio opiopod 1o R tétowa wote va oy et
' (x) = wnpa xou f(O) =

1011. Eotw F (z) = [} e'dt, G (z) = [; * (> + 1) dt. Na enohndedoete Tig
loOTNTEC:

1. (F(z)+G(z) =e*—22—1
2. (F(z) -G(z) =€ [ " (2 +1) dt —a? [ el dt — [ e dt

3. (FoG) (z) = — (a2 +1) els (41

1012. Beeite 10 [, eeﬁ_ffdt

YTHOAEIZH: [upaywyicTe.

2
1013. Beeite 10 hm G

o z(1—ovvz)
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1014. T v mapaywyiown ouvdptnon f e nedio opiouol 1o R oylel
f(z) 1
——dt
0 1+ 4¢2

No deiZete 6t 1) f elvan dVo gopéc napaywyiown xou [ (x) = 4f (z).

xTr =

B’ OMAAA

1015. 'Eotw ouveyhc ouvdpton f : [0,4+00) — (0,4+00). Na anobdeilete 6Tt
Y& 6ha tor > 0 1oy el

x T

x/f(t)dt>/tf(t)dt
0 0
1016. H ouvdptnon I : [-1,1] = Rye I () = [ tgit;;i(idt efvar ouveyhc
(yrott;) xou enopéver napovotdlet (0hxd) péyioto xou (0hixd) eNdyoto. Bpeite
o

1017. T v ouvveyt| ouvdptnon f : [0,400) — R elvar yvwotd 6t de
undeviCetar xon 4Tt Yior Ohat o & 7# 1o Loy VEL

/Oxf(t)(tﬂ)dt—f?(x)

Na Peeite v f.
1018. Nu anodeiéete 6TL
(o ()

B(z) p /7 f
</a<x> e t) “la'@) £

1019. No ueAetoeTe WS TPOS TN HOVOTOVIA TNV GLUVAPTNOT

1020. Ao tic e€etdoeig Tov 1995, Aéoun IV. AvG (z) = [[ f (t)dt
émou f(t) = f’t %du xow x> 0, t > 0 va Peelte:

&
1. G" (1)

. EG" (2)—/3
2. 10 xlféﬂ el

1021. No UeAeTHOETE S TPOS T1) LOVOTOVIX TNV CLUVAPTNOT

1
g (z) —/ In tdt
2
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1022. No Bpedel n napdywyog e f oTig axdhovleg TEQIMTOOEIS:
1 f(x)= [ 2Lat
T nut
2. f(x)= [ L==dt

1023. And Tig e€etdoeic Tov 1995, Agowun I. Ocwpodye Toug npay-
warttxolg aprdpois a, B ue 0 < a < ) ovveyh ouvdpton f: (0,+00) = R
Ytot TV onoia ff f(t)dt =0 xa tn ouvdptnon

g(:c)zQ—i—%/xf(t)dt, x € (0,400)

No anobdeiZete bt undpyet éva Touldytotov o € (o, 3) TéTol0 GOoTE VoL Loy HOoLV:

1. H egoantouévn g ypapxhc mapdotacng Tng ouvdptnong g 6To onueio
(20,9 (z0)) va elvar Tapddhnin otov dZova 'z

2. g(xo) =2+ f (o)
1024. Eotww 1 ouvdptnon f (x) = ;:11 In tdt.
1. No Bpeite to nedio opioyol trne.

4 N 4 4 Z 4 7
2. Na Bpeite ta draotpata oto omola elvon xupTH-x0iAn.

fa= [

1025. Eot»

ot
1. Na Beeite ta Siaotiota povotoviag tne f
2. Na vnohoyloete v ehdylot Tiuq g f

1026. Eotw f: R — R pla ouveyrc ouvdptnon. Me tnv Bordeia tng

o) = (1=a) [ F)a
va anodetiete 6t n edlowon [i f(t)dt = (1 —x) f (z) €y pia TouldyioTov
otla.

1027. No Bpevetl ouveyrc ouvdptnon f : R — R yia v onola Yo 6Aa T
oy Oet:

/xetf(x—t)dt:n,u:c
0

1028. No omodelZete 61 1 ouvdptnon F (z) = [[ (t* — 3 —t +2) dt ebvou
yvnoing adtovoa.
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1029. No anodeilete 61 yio xdde a € (0, 400) woyle:

/1 dx _/clu dx
o 1+22  f} 1422

1030. No nopaywyloete Ty ouvdptnom ffg a’dt.

1031. I Mol Ty ToU T TO OhOXATPLUA ff+3t(5 —t)dt yiveta péyioto;
[Mow etvar 1 péylotn 1y,

1032. No anodeilete 6t n ouvdpmon f(z) = [y (€™ —nut — 1) dt etvou
yvnolwg abouoa.

YTTOAEIZH: Ytnpiydeite otny avicoétnta e >z + 1

1033. No Bpeite ouvdptnon ue nedio opiopwol to R yio tny onola, yio dAa ta
x, 1oy VEL

/ (1) dt = we® +d

0

1034. Eotw I (z) = [; (1+t)” dt. No amodeiZete 6t
(1+x)I"(z) —vI'(z) =0

1035. No Seite oe mola x¢ napouctdlel axpOTATO 1 XOUTN 1 CLUVAETNOY:

@)= [ t-Di-2"a

1036. No Bpeite v napaywyiown ouvdptnon f av eivon Yvwotd 6Tl

[ rwi=r@-e
0

1037. Eow f : R — R yla ouveyhc ouvdptnon tétowar Kote va oy leL

flx+y) = f(x)+ f(y) yia 6ha to0 z,y. No anodeilete 6u yioa xdde o > 0
/, (63

wyber [° f (z)dz = 0.

1038. Nu Ppeite ouveyr ouvdptnon f opouévn oto didotnua [0, 5] yio v
omnola oy et
x
2/ f(t)dt =2nuz —1
e}
6mou a € [0,5]. Ttn ouvéyern va Ppeite Ty T Tou o

1039. 'Eotw pia ouveyrc ouvdptnorn f oplouévn oe éva didotnuo A xou
F(z) = fx—m f(t)dt. Na anodeilete 6t F/ (x) = f(x + ) — f (z — «).

r—«
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1040. H ouvdptnon f : R — R eivou ouveyrg xou yio Oha to T 1oy e

/0 " f () dt = wnp ()

No Bpeite tov t0no ¢ g (z) = f (2?).

1041. And o padnpatixd diaywvicpdé Harvard-MIT, 2006. T-
ro¥étouvpe 6Tt ot f xou g elvar TapaywYIoUES CUVIPTACEL TETOLEG WOTE

zg (f () f' (9 (2)) 4’ () = f (9 () ¢ (f (2)) £ (2)

v 6k T z. Emimhéov, n f elvon un opvnuinn xon 1 g Yetinr. Axodun yia xdide
«@

67204

| fa@an=1-%

Aodévroc 61t g(f(0)) = 1 va urohoyioete 1o g(f(4)).

1042. Eow f : [0,00) — [0,00) wia ouveyhic ouvdptnon 1 onolo yivetou
undév povo oto undév. ‘Eotw
_ Jo F@)at

g(x)_ foxtf(t)dt

1. Na Beeite 1o lim g (z).
x—07F

2. No anobdei€ete 6tL 1 g elvon yvnolwg gdivouoa.
1043. Eotw a € R otadepdc. Ta tyy ouveyr| ouvdptnor f : R — R eivou
yvwoté ot [TF f (L) dt = [ f(t)dt yia Sho T 2. oo pmopel var ebvon 1,
ouvdptnon f;

TroaEI=H: No petacynuotioete to ohoxhjpwyuo [ f (t) dt.

1044. 'Ecto g : R = R pla ouveyhc cuvdptnon yia Ty onola toydet g (z) > 0
v 6ha 1o . Eotw 61t yia v ouvdptnon f: R — R woydet

1. No anodeiete ot 1 f elvon nopaywylown xa va Bpeite v napdywyo
™me.

2. No anobdeilete 61 1 f eivan avtiotpédiun.

1045. Na Bpeite ™ ouveyr ouvdptnon f e nedio opiogol to R yio v onola
oy Oet:

f(rr)—/oxf(t)dt)ﬂ
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1046. And to padnpatixd diaywviond Harvard-MIT, 2003. I'a

moto T Tov @ > 1 1o
a2
1 -1
/ "l Cd
o T 32

1047. Aro Tig egetdoeig touv 1993, Acoun I. Nua Beedel cuveyrc
ouvdptnon f : R — Ry v onola woybet:

yivetar eAdytoTo;

x
/ e lf(t)dt=e" —e*—e " f (x)
«
we z,a € R.
1048. No Bpeite 10 a BOTE 1 CUVARTNON
22
f(z)= b U 20
« , =20
va efvar ouveyrg.

1049. Ard tig egetdoelg Tov 1999, Aéoun I. Ectww h: [1,4+00) = R
OLVEYHC OLVAPTNOT TTOL LXAvoToLEl TN oyéom

h(x):1999(x—1)+/x@dt
1

vy xdde x > 1. Nao arodeiéete 61t
L. h(z) =1999zInz, x > 1.
2. H h elvor yvnolwe abdZovoa oto [1,400) .
1050. Nuo arnodeiete 6Tt av n ouveync ouvdptnon f : R — R eivan dotia Tt
N owvdptnon F () = [ f () dt elvon neprrtd.
[ OMAAA

1051. To Yewpnua Hermite- Hadamard. Na anobdeiete ot av n f
elvar xupTh oto [a, B] ToTE 10y DEL:

f<0u2rﬁ> <ﬁia/jf(t)dt<w

Opiopévo OroxArpwpa: Teyvixég
A" OMAAA
1052. No unohoyioete 1o ohoxhnpwuato:
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1. f13 zdx

2 1

1053. Na unohoyioete o ohoxAnpwUATI:

1. f—21 v+ Tdz

2. f24 (e¥ —e ™) dx

1054. Na vnohoyioete 1o ohoxAnpGUATI:

1. ffﬁdw

2. f%% nu2xdx

1055. Na unohoyioete 1o ohoxhnpwuaTa:

1. [~ Ldx

2. f; x2dx

1056. No unoloyloeTte Ta ONOXANPGUATL:

1. ft(u2+1)du

S

2. fol (z - %) dx

1057. No unohoyloete Ta ONOXANPGUATL:

L fy (Jo (3t +1)dt) da

2 Jy (Jy Bt+1)dt) da

1058. No vroroyioete Ta:
2 ( 4
L] (f3 (x + 2y) d:c) dy

2. f; (ff (x + 2y) d:):) dy

1059. Na unohoyioete 1o ohoxhnpwuaTIL:

Lo Jo (3)da

2. sz3 zln xdx

T npade

.fg%d:c

1

. fOT cvvxdx

1
- [} Inzdx

. f; x2dx

=12 241
_g adx

.fe %d:c

e

: fol‘x—%|dx

1
o Frde

Tt - 1) dt

T 2
4 [oA¥)

. f12 (f34 (x + 2y) dy) dz

. f; (ff (x + 2y) dy) dx

. ff(m2—4x+3)dx

. ff(x2—4x+/£)dx
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1060. Na ypnowonomoete TNV TEYVIXT TNS OMNOXAPWONG XATA TURAYOVTES
Y10l Vol UTOAOYIOETE Tl ONOXATPWUATIL:

1 _ juy
1. fo ze Tdx 3. f§ mj;xd:c
2. [? 2Povvzds 4. flexglnxdx

1061. No yenowonotmoete TNV TeY VXY TG ahhay g LETABANTAC Yiot Vo uTto-
Aoyloete To OAOXATPOUATAL

1112 2
L. fle Txdx 3. fee yﬁlydy
3 z2 In
2. f2 —xx_ld:c 4. fle nHy ydy

1062. No unohoyioete 1o ohoxhnpwuaTo:
1. fjﬂ nulxde
2. ppf f(z)dz énou f(z) = 22 4+ 22 — 4 xou p1 < p2 ebvou ot pilec e f.
3. [ (ma? + nx) dx
4. fj tdt
1063. Aivetou n cuvdptnon

flx) =

2 av 0<z<l1
vV av 1<z <2

1. No anodeilete ott 1 f elvon ouveyrhc.

2. Na vrohoyioete 10 ohoxhipwua

/OQf(x)dx

1064. No unoloyioete 10 oAoxAfpwya:

/15(\x—3]+|:1:2—4|)dx

1065. And Tig e€etdoceic tou 1988, Agowun IV. No vrnoloyioete 10

ohoxhfpwpo:
223 — 522 41
—dx
1 X
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1066. Na anodeiete ot

« B 0 /83
/ zovvxdx + / rovvxdx + / (acQ + :cavysc) dr = ry
0 a B

1067. NaBeeite tov A € (0, %) étor dote [° (nua — ovve) de = — fé\ nuxd.

1068. Eotw f () = az? + Bx +v. Na Beeite yio moée npée twv a, 8,5
wybouv f/(1) =8, £(2) + f"(2) =33 xu [y f(z)dw =1,

1069. Na Aboete tny eZiowon

z+1
/ <t2—4t+%) dt =13

1070. Ard Tic e€etdoesic Tov 1993, Aéowr IV. Av nouvdptnon g(z)
€xer ouveyn napdywyo oto [0,1] xau ixavornowel v oyéon

1 1
/ xg (z)dr = 1993 — / g(x)dx
0 0

va Bpeite to g(1).
1071. Ané To Swaywviowd Putnam, 1973. Eow f : [0,1] — R

rapaywylown e ouveyr mapdynyo dote f(0) =0 xu 0 < f/(z) <1 y1 adha
Tt . No arnodeifete 6Tt

(/Olfw)dx)Qz/olfS(x)dx

YHoAr=H: Epyacdeite ye t ouvdptnon h(z) = ([ f (¢) dt‘)2 — [y 2 (t) dt.
1072. Av [} (322 + 2z 4+ 1) dz = 11 Bpeite 10 [| (322 — 22 + 1) dz.

1073. T 0 ouveyh ouvdptnon f eivar Yveotd 6t f(—z) + f(z) = 22 y
oo to & € R. Bpeite 1o f_ll f(x)du.

1074. Ané to padnuatixd diaywvicwd Harvard-MIT, 2002. Mia
OLVEYTC TEaYUATIX ouVdpTnoY f xavorolel TNy TauTdTNTY

f(2x) =3f (z)

yio 6ha oL . Ay fol f (z) dz =1 Beele 70 f02 f(z)dx.
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4.5.2 B"OMAAA
1075. No unohoyioete 10 ohoxAfpwua f_l(l) %de

1076. No unoloyioete 10 ohoxAfpwya:

16 dr

0o Vr+9-z

1077. No anodeilete, ywpic va utohoyioete ta ohoxAnphpata, OTL:

/8 2112 = 0

s
8

dr =0

/1 ' =325+ 72—z

1 ovvlx

1 1
/ eoVT 0 — 9 / TV
-1 0

1078. No unohoyioete 10 ohoxAfpwyo

1079. Ectw I, = foa e *z¥dx

1. Na vroroyioete 1o I7.

2. Na anodeilete 6t I, = vi,_1 — a¥e” ™.

3. Na vnoloyioete 0 I3.

1080. Ectw I, = f07r ocvv¥zdz.

~ 7 1
1. No anodeilete 61 [0 = Z—LL}.

2. Noa arodeiéete 6t

, 13:5...-(2k—1
() Iop = T((Qk))w

() Iok41 =0

1081. Na vnohoyioete 10 ohoxhfpwpa [# (epz + oz + Inz) dz.

s
6

1082. No unohoyioete 10 ohoxAfpwua

2
1
/ Inz
1 X
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1083. T ) ouveyr| ouvdptnon f oy et
af (@) +pBf1—-z)=2((B-a)zr+a)
v Oha tar 2. Na anodetfete 6t av a # —f t61€ fol f(x)dx = 1.

1084. Na unohoyioete 10 ohoxAfpwua

/”2 W\/de
=2 T

4

1085. 'Eotw f : [0, 1] — R cuveyhic ouvdptnon tétow dote fol f(2?) dx =1.

, , 1 £E2
No unohoyioiel to ohoxhpwpa I = |~ ’;&H)dx, 0<a#l
2 2
31 J;(:_*_gd:v + fol J;(:_*_gdac %ol Vo VECETE 0TO TPAOTO OMOXARPWUOL

YHoAEI=EH: No ypddete I =

T = —U.

1086. Bpeite 10 ohoxhfpwyua [ zdt.

1087. No anodeilete 6niay f (x) = fab nu (2tx) dt téte [ (z) = 2 f; (ovv2tz) tdt.

1088. Na anodeiete 611

(1+23)" " 2(n-1) 1 +a)""  2n-1) ) 1+
%o XAUTOTY VO UTONOYIGETE TO fol ( dz

14+22)%

1089. No anodetydel 6TL av p, v eivan Yetixol axépouot TOTE

1
/ (:1:% —I—xﬁ)dle
0

1090. 'Eotw A ¥etixdc aprdude xou f ula cuvdptnon cuveync oto ddotnua
[0, A].

1. No arnodeifete 6T

S P fa-w)
A ﬂ@+fu—xﬂx‘4 @+ fo )™

2. No anodeiete 6Tl 10 ohoxhipwud

/“ fO-a)
o T@+F0—2)

elvon aveZdptnto e f.
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3. Me v Borleia Tou TRONYOLUEVOL EPWTAUNTOS 1) UE GANO TPOTO VoL LTO-
Aoyloete T0 ohoxAfpwya:

1 4
/ T
o zt+(1—x)?

1091. No unoloyioete Ta OAOXANEGUATY

2
Il—/ (e =1+ x4+ 1)dx
0

1
I :/ (|lx = Inz| + |3z — 2|) dx
1

2

R 2,2
1092. 1. 'Eotw 61t Va2 — a? = u — . Na anodeilete 6TL & = %0‘ FTu”

u

2. Xpnowonotelote Tov petaoynuatiopd Va2 —a? = u — z yw v uToho-
Yioete 10 ohoxhpwpa I = [ Va2 — a’dx

3. Av F (z) = [, Vt? — 1dt va unohoyloete to eMdyioto tng F.

1093. Me v PonRdeia tou petaoynuatiouod x = anut vo vtoloyloete o

ohoxhfpwpa [ Va? — z2dx

1094. No huidel n e€iowon
(07
/ (Uvux + a2) dr = cvva + o
0

1095. 'Eotw f yla cuveyrc ouvdptnom ue nedio oplopot to R. No anodeilete

ot
B B—a
/ f(:c)d:c:/ fla+x)dx
a 0

1096. 1. Eow a >0 xu f:[0,a] = R ouveyhc. Na anodeiete bt

/Oaf(a—x)dx—/oaf(x)dx

2. Botww f:]0,a] = R xu g:[0,a] = R pe tic axdhouvdec drotnrec:
o f,g ouvveyelg
o vy 6ha ta x € [0, a] wyder fla—z) = f(x)

o undpyet otadepd ¢ étol KoTe Y dha ta = € [0, o) va oyler g(x) +

gla—x) =c.
Tlpbtuno Hewopatixd Adxelo N.X. Mavpoyidvvne
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No arodeifete 6TL

| t@a@in=5 [t

3. Na vnoloyloete 0 ohoxhipwuo

K
[,
o 1+ovvzx
1097. Na vroloyioete to ohoxhipwua ff <f3 o7 dy) d.

1098. Yrovétoupe 6t 1 f ebvan Buo Qopéc mapaywyiown oto [0,1] xou 6Tt

n f" ebvan ouveyfc. ‘Eotw 6t f'(e) = f(e) = f(1) = 1 xau [} %dw = 1.
BpEL‘EE w0 [{ f"(z) Inzdz.

1099. No unoloyioete 10 OhOXAfpLUAL

3 1
/ — 5 dx
T NpSrovViT

1100. Na outoBsiEsrs ot av f: R — R elvau plo ouveyrc ouvdptnor tote

2o f @) de = [ (f (@) + f (=) d
1101. And o padnuatixd Sty wVicwo Harvard MIT, 2004. E-

ow f: R — R yio mapaywylown o*uvocpmcn Ue fo z) [ (x)dr = 0 xau
fo 2 (z) ' (z) dor = 18. Mol eivar 10 fo fA(x) ' (x) dx
1102. 1. Na Beeite apripoic a, 8,7 €tot wote Y xdde aprdud = # 0 va
oy Vet
1 a  fBr+r

x(x2+1):;+x2+1

2. Na vnoloyloete 0 ohoxhipwuo

| st

1103. And Tic e€etdoeic Tov 1999, Acoun I. Aivetou 1 ouvdptnon

f(t) =33 te1,4].

1. No unohoyioete 10 ohoxhfpwua I = f14f (t)dt.

2. 'Eotw n ouvdptnon g (z fl iﬁe 2dt, x> 0,

1 t
(') Na anodeilete 6t e < e2? < ex? yioa xqe t € [1,4] xou z > 0.

(B) No unoloyioete 1o lim g (x)

T—r—+00
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1104. Av [, = fln”:cdac va. anodeifete oL
I,=xzIn"x —vl,_4

1105. No anodeilete 6Tt yia xdde Lebyoc YeTxdv axepolwy i, v 1oy e

1 1
/ x“(l—x)”dx—/ ¥ (1 —x)dx
0 0

, / €> 1+4lna
1106. No unohoyioete 10 ohoxhMpwua | g e

1107. No enoAndedoete Ty 66T
B+1 B-1
/ zetdxr — / ze % dx = Bl — et 4 e AT — gemot!
a+1 a—1
1108. No enaindedoete Ty 106N

2 2 B+1 _ _
2 1 a—1

Bd Bdg =
/104 a+/1 a’dp 511 —i—alna

1109. Ectww I, = foz ep’zdr. No anodeiete 6TL yia xdde v > 3 1oy lel:

1
1, = —1I,_
v—1 2

1110. No anodéilete 6ty o > 0 xon n > 3 1oy let ff ll_jfizfdx =0.

1111. And Tig e€etdoeig Tou tavenotnwiov tng O&podpedng, 1889.
Boeite éva avaywyixd 10mo yioo To ohoxhfpwya

I, = /eo‘“”avu”xdx

/ / Z / Z Z ’ ax 4
OTIOL O V ELVAL EVAC ﬂEIXOC AXEQALOC XA OTY) GUVEYELA UTEO)\OYLO'TE TO f e*ovvirdr.

1112. Anéd tic e€etdoeic Tov 1991, Aéoun L. Av I, = [f ep’adz,
v € N* t6t1e:

1. No anodeilete 6Tt yia xdde v > 2 woylet [, = ﬁ — 1, o,
2. Na unohoyioete 10 I5.

1113. 'Ecto

No armodetéete 6t
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1114. 1. No unoloyloete to fxl t2Intdt, = > 0.
2. No anobdeiete 611 1 oLVdPTNON

f(:):)—{lenx O<ax<1

0 =0
elvon ouveync
3. Na vnohoyioete 10

/Olf(x)dx

1115. Me v BoRldeia tou petaoynuatiopod © = ept vo uTOhOYIGETE TO
OhOXAApOUL fol zde

1116. Eotw f: R — R pla dptia ouveyrc ouvdptnon. Na anodellete ot
L % f(z)n (x+ \/1+:c2> dr =0
2. [ f(x) ﬁdw = Jo [ (z)dx
1117. Av f12 (f (z) + x) dz = 4 va Bpeite o0 ff f(z)dx.
1118. 1. AciZre 6m faﬁf(:c)dac:fff(a—i—ﬁ—x)d:c
2. Aci&te 6T fog nutrdr = fog ovvWxdr, veN
3. Bpeite fog nudr, fog ovvlzdx
1119. Na Bpeite Tic Tiwég tou Yetixol apriuod a yio Tig omoleg Wy vet
o
/ (2—4x+3x2)dx§a
0
1120. 'Eotw f: R — R tétowx dote yio 6ho o0 & va 1oy Vet

fla—z)+ flatz)=p
omou «, B elvar otadepol apripol. Na arodeilete ot
2a
f(z)de = ap
0

1121. Oewpolye 0 cuvdpTtno

nu
gwy={ = 70
1 , =20
1. Aei&te 611 1 g elvan ouveyrc.
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2. Na peketfioete we tpog T povotovio ) ouvdptnon f @ [—m, 7] — R ye

f@) = [ gtaria

—T

1122. 'Eotw f pla ouvveyfic ouvdptnon opouévn oto didotnua [—o, af. Na
amode{fete OtL:

1. Avn f ebvon dpria tote @ f (z)de =2 [3" f (z) da
2. Av 1 f efvau neprrtf téte [ f (@) da = 0.

1123. Trevivuiletan 61t piot ouvdptnon f ovoudletor TEPLOBLXY] v UTdPYEL
aprdude T # 0 mou ovopdletar neplodog e f €to1 WOoTE:

e Yy xde x € Dy etvaw xw x + T € Dy
o yio xde x € Dy woyler f(x +7T) = f(x).

Na anobdeilete 61t av n f : R — R éwvan pla ouveyrg neptodixy| cuvdptnor ue
nepiodo T t6te yio xde € R 1oy de

/xHTf(t)dt—/OTf(t)dt

THOAEIZH: z =T — u

1124. No anodeiete 6TL av 1 ouveync ouvdptnon f : R — R elvar yvnolwg
avZovoa TOTE

/Oxf(t)dtJr/:r_xf(t)dt22/0Tf(t)dt

1125. Na arodelyvel 611 av n ouveyng dotia ouvdptnon f : R — R eivan
Teploduxn ue mepiodo T tote Yoo xdde ouveyn ocuvdptnon g : R — R oy lel

T T T
| asr@nae =5 [ ot @)

1126. H f: [-1,1] = R elvor ouveyrhc. Bpelte 1o [ f (nua) ovveda.

1127. H ouvdptnon f eivar opopévn oto didotnua [, 5] xau €yer ouveyn
devtepn mopdywyo. No anodeilete 6t av /(o) = f(a) xu f/(8) = f(B)
T61€E 10y 0EL

B
/ e (" (@) — 2f' (2) + f (2)) dz = 0
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1128. And to Sraywvicwd Putnam, 1979. Ectww 61 0 < a < b.

Bpeite 10
1
1 T
. PRYY:
%gr(l) (/0 (br +a(l—2x)) dac)

1129. T ) ouveyr) ouvdptnon f elvar Yvwoto ot yio dha o = 1oy et

f(x):P(x)—i—/Oxe_tf(x—t)dt (%)

6mov P(z) eivan éva mohuodvupo pe pila to 0.

1. Na arnodeiete 6Tl
f'(x) = P'(x) + P (x)

2. Na e&nyfoete yiatl n tponyoluevn oyéon pag odnyel otny evpeon tne f
xou Yt 1 ouvdptnon f mou ixavorolel Ty (*) elvar povadux).

1130. Eotw 61t 0 < a < f xou 61 yioo ) ovveyh, f : [a, B] = R 1oydet
ff f(xt)dt > ff 1 (t) dt yio x&de Yetind aprdud z. No anodellete dtu:

B
| 1wa=pre)-as@
1131. Arné tig e€etdoelg Tou 1996, Acoun IV. Oecwpolye ) cuvdp-
mmon f(z) =vV1+az24+Ar, A eR.

1. No vnohoyloete v Tiuh ToL A av elvon yvwot6 61t lim o) .

z—+oo T
2. T v T Tou A mou Berixate Topandve va UTOAOYICETE T0 OAOXAHPWUL
I= [ =t-d
= Jo Pyl
1132. Oewpolye dVo ouvapthoels f, g cuveyeic oto [o, f].

1. No anodeilete 6t yio xdde A € R 1oyet
g 2
| @ =2g@)?in=0

2. No anobdeiete 6Tt yia xdde A € R oylet
AN +BA+T >0

OTOU

A_/ng(x)dx, B——Q/Bf(x)g(x)dx, r_/jf%x)dx

«
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3. Na anodeilete 611 1oy let :

(/jf(x)g(x)dx>2§ (/fﬂ(x)dx) (/fg%x)dx)

(Avicotnta Cauchy-Schwartz-Bunyakovsky)

1133. Oewpolye f,g ouveyelc ouvapthioelc pe nedio oplopol 10 R tétoleg
®ote Y xdde z va 1oy louy:

o f(=z)=f(@)+~K

6mou ot K, A elvon otodepol mpaypatixol apruol. Na anodeiete ot

_af(:v)g(a:)da:—)\/Oaf(a:)d:v—/@/oag(m)dx—i—ﬁ)\a

Augustin Louis Cauchy

1789-1857 ,
1134. 'Eotww v Jetixdc axépatoc. No anodeilete 61t yio xdde x € R undpyet

axpBog €vag aptduds y €Tol OoTeE

2v+1 +

Y y=x

xou enopéves opileton pla suvdptnon & — f () = y ue nedio opopod to R xan
TETOLL OOTE

@)+ f) =2 (1)

v xdde . Katdmv:

Hermann Amandus Schwarz 1. No anodeilete 6Tt f(O) =0.
1843-1921

2. Na arodeilete 61 1 f elvon cuveyrc.

3. Na anodeiZete 61t 1 f elvon mapaywyiown.

4. No anodeiete 6tL 1 f elvar yvnolwe adlovoa.

5. No anodeiZete 6Tt 10 obvoho Ty ¢ f eivor to R.

6. Na exgpdoete we napdotaoy e f o [ f(t)dt.

Viktor Yakovlevich Mpétumo Tlewpopratind Adxeto N.X. Mavpoyidvvne
Bunyakovsky Evayyelxnic yxolic Zpdpvng www.nsmavrogiannis.gr
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I OMAAA

1135. And 7o padnuatixd Siaywvicwd Harvard-MIT, 2004. 'E-
ow P(z) =2% - 322 + 2+ 1. Eotw P (z) = P(z) xau yia v > 1 éot0
P (z) = PV (P (2)). Na uroloyioete 10 fol PR () dg.

1136. (H awvicétnta touv Jensen) Eotw f: R — R pio xupth ouvdptnon
xat g : R — R ouveync. No anodeydel 6t

([owa) < [rowa

1137. (Ov avicotnteg tou Young) Eotw f : [0,7] — R ploa pla mo-
caywylown ouvdptnon pe f'(z) > 0 yia 6ha ta = xou f(0) = 0. Oewpolye
a €10,7], B €0, f (7)]- Na dewphoete we dedouévo 61t 1 f1 elvor ouveyhic
yia va deigete Ot

/Oaf(x)dﬂ/oﬁfl(x)deaﬁ

Na anodeiete 6t 10 Toov” woylber uévo dtav f = f(a). Lt cuvéyewo va
anodeiZete Ot Yo Toug Yetxolg aprduols o, B, p, q ue % + % = 1 oy leu:

p q
a_ + B_ Z 04,8
b q
Eppada

A" OMAAA

1138. Na vnohoyioete 10 euPadov S 010 TapAXdTEL Ty AL

1139. Na unohoyioete 10 euPadov S 010 TapAXdTEL Ty AL

N.X. Mavpoyidvvne
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z+y=1
y=a? S

1141. No vnoloyioete 10 epPaddv Tou ywelov Tou mepixheicTon and TIC Ypo-
(Qiée TUpAOTEOELC TwY ouvapTHoEWY Inz X In? 1.

1142. And Tig egetdoeic tou 1996, Acoun IV. Na uvrnoloyicete
T0 cUPadév Tou ywelou TOu TEPIXAElETL ANO TIC YPAPIXES TUPACTIOELS TWV
ouvopthoewy g (z) =/, f () = 2z — 1 xou v evdeia x = 0.

1143. And Tic egetdoeig LI T, Ivoia, 1989. Na Ppeite to peyioto
X0 TO EAGYIOTO TNG CLVAPTNONS

fl@)=z(x—-1)7?, 0<z<2

Y1 ouvéyeta va Beelte to euaddy tou ywplou mou mepixAeleTar and TNV xAUY-
My =z (z — 1)2, Tov y-dova xou TNy evdela y = 2.

1144. Ilo6 eivon to epPaddy mou TePIXAEOLY OL YPUPIXES TUPACTAUCELS TWV

y =22 y=/]z;

1145. To ypappooxiacuévo epPadov tou oyfuatog eivor 1. Ilowd eivon to oy

Tlpbtuno Hewopatixd Adxelo N.X. Mavpoyidvvne
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1146. And to padnpatind Siaywvicwo Harvard-MIT, 2002. Ilpoo-
Sioplote T Vet T @ wou ebvan tétowe Gote N mopaBord y = 22 + 1 va
diyotope! To euPaddv Tou opdoywviou e xopugéc (0,0), (a,0), (0,a +1), xau
(o, 02 +1).

y=x"+1

a

1147. 'Eoto f () = —2? + 42 — 3. Na unohoyloete 1o euPaddv 10U ywplov
mou mepixAeleTal and:

o v Cy
o v egantouévn g Cr oo onueio g A(0, —3) xo
o v egantouévn tne Cy oto onueio g B(3,0)

y=—2+4z -3

TTpbtuno Iepapatind Adxelo
Euvayyehnhc Lyohde Spdpvne
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1148. No vnohoyioete to euPaddv Tou ywplou mou oplleton and TNV YeuPixy
nopdotaon e f(z) = (x — 1) (x — 2) (x — 3) (z — 4) %o tov z—4&Zova.

1149. To ywplo tov oyfHuatog nepl-
xheleton and TIC YpAPIXES TUPACTIOELS
TWV CUVIPTHCEWY

flz)=—2*+6x—5

g(x)=—2* +42 -3
h(x) =3z —15

Nao unohoyiolel to eyBaddv tou.

1150. And Tig egetdoeig Tov 1990, Agoun I. Aivetu n cuvdptnon
fue f(2) =32+ 5.

1. Na Ppelte Ti¢ aoOUTTWTES TNG YRAPXTNE TURIoTACNS TNS cuVdpTNone f.
2. Na vrohoyioete 10 eufaddv E () tou ywplov mou nepixheieton petald

™S Ypapixhg mapdotacne tne ouvdptnong f, tne evdelag ue ediowon
Y = 3T, xou Ty evdelwy e eglovoelc £ =1 xou © = o ye o > 1.

3. Na vnohoyioete 10 bpto tou eufadol E (o) tou avetépw ywpelov dtav 1o
o TELVEL 0TO ATELRO.

4.6.2 B OMAAA

1151. No vnoloyioete 10 euPadov mov nepxdeieton and TIC YPUPIXES TARO-
otdoelc v ovvapthoewy f (z) =z¥, g (v) = Y.

1152. And Tig egetdoeig Touv 1992, Acoun I. Aivetu n cuvdptnon
fue f(z)=(x+4)e™™, x € R. Navnohoyiotel 10 euaddy tou ywplov tou
opileton and ta onueia (z,y) ye —1 <z <1,0<y < f(z).
1153. 1. Na anodeiete 61t 1 e€lowon
Vo +1=a?
€yet axpPie dlo (mpaypatixéc) pilec.

2. No anobdei€ete 6Tt T0 eUBadOV TOU YPUUPOCKLAOUEVOL Ywplou 6To Tapa-
x(ATw oo
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elvon foo pe

1
3 (g2 — q1) (af + 2q1 + q2q1 + 22 + G3)

6mou g1 < g2 ebvan ot pileg e egiowone Tou epwtRpaTtos (o).

1154. Aivetou 1 cuvdptnon

2 +1
SopPoriloupe pe E(a) to epPoaddy nou nepxdeieton and Ty ypupixt| TopdotaoT
™™g f, Toug d€oveg xau TV & = . Na umohoyiodel to 6plo
. 1
lim —FE(a)

a—oo o2

1155. Yto oyfua undpyet n Ypapix Tapdotaoy evog Tertofaduiov ToAuwVO-
wou pe pilec 2, 3, 4, No anodeiete 611 By = Ey.

[Tpoonadeiote va yevixeboete.

1156. Na vnoloyicete 10 epPadov S tou ywplov mou mepuxheleton and TiC
r=0,r=2y=2%y=2r— a2

1157. '‘Eotw f(x) = e*. No Beeite yio tow tps Tou p 10 euPaddy Si, mou
nepueheletan and 1 Cp, y = 0, = 0,2 = p elvor {60 pe T0 eYPBadov Sp mou
nepihetetan and 1 Cp, y = 0, z = L,x = p.
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1158. T'a mow T Tou A 10 epPaddv Tou ywpeiou Tou MepXAeleTon And TIC

z Ié 2 7. z
Yoapixés nopactioelc Ty f (z) = 2 — Ax?, g(z) = % ebvan péyioro;

1159. TNo to nopuxdtw oyfua vo anodeilete ott By = Eo.

5

Ay=4f1ﬁx /‘
/ [
E,\ A

/ | |/
| v

1160. Ocwpoiye Tic ouvapthoe f(z) = “5—, g(z) = ex_;_x. ‘Eotww E(t)

T0 euPadov Tou ywpelou mou tepxheleTon and TIC YPAPIXES TAPACTICELS TwY f, g,
Tov y-dZova xou Ty eudela z = t. Na Ppeite 10 bplo tlim E(t).
—+o00

1161. And Tig e€etdoelg tou 2006. Ocwpolye ) ouvdptnon f (x) =
24 (z—2)% pe x> 2.

1. Na anodeiete 6t 1 f elvan 1-1.

2. Nu anodeffete 6t undpyer 1 avtiotpoen ouvdptnon f1 tne f xu va
Beeite tov tOnO TNC.

3. (o) Na Peeite to x0vd onueio TV YPUPIXDY TUPACTACEWY TOV CUVIE-
thoewv f xor f1 pe Ty eudela y = .

(B) No unohoyioete 1o eufadd tou ywpiou Tou TEpAEiETn ond TIC
Ypopixée TapaoTdoelc TV cuvapthotwy f xu fL.

1162. And Tic e&etdoeic Tov 1989, Acoun I. Aivetu 1 ouvdptnon

fue f(z) =nu (22 + ) xu nedlo opopot to didotnua [, I].
1. Noa Bpedel n eCiowon e egantoyévng tne Yeapuis topdotacns g f
oto onuelo g = §.
2. Na vnohloyiolel 10 euBaddv tou ywelov mou mepixheletar and TV mo-
PATAVE EQATTOUEVY), TNV Ypapuxr mapdotach tng f xou toug Yetxoiq
nuétoveg Oz, Oy.

1163. TNo mow Ty tov A 1 evdeia Tou:
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e diépyetar and to onpeio A(0, 1) xou

o &yel ouvteheotn dlevdivoewg A
oynuertile pe v xopmOhn y = 2% 4+ 1 yopio eyBado 6;
1164. And Tig e€etdoelg Tou 1997, Agoun IV. Av o cuvaptiioei
f, g elvou duo gopéc napaywylotes oto R xou ixavonolody tic oyéoeic :

f"(@)—g" (z) =4 ywxdde x € R

f(1) = g'(1) xu £(2) = 9(2)
1. Na Beeite n ouvdpmon t(z) = f(z) —g(z), x € R

2. Na Bpeite 10 euPaddy tou ywplou mou mepixheletar and TIC YPAPLXES To-
PUCTACEIC TWV CUVAPTHCELY [ o g.

1165. Ocwpolye Tig CUVIPTAOELS

m (x) = ovve + 2,

y =ovvx +2 =«

n(z) = nua ]

s
Na Peelte v ouveyr, ouvdptnon f \/
ToL EYEL TNV LOIOTNTAL: y=1@) s
o [ xdde o > 0 7o epPadov S AN

mou mepheieton and T x = 0, \

r = a, Cp, Cy eivar {00 ye 710 y =

euPadov S’ mou nepxheleton amd

wcr=0,z=aqa,C,, Cy.

1166. Na unohoyioete 10 egPadov TOU YPAUULOOKIAOUEVOL Ywplou:

2

y=x

P )

1167. Eotww C 1 ypoagpur napdotaoy e ouvdptnone f @ [0,400) — R pe
f(z) =2% a > 0. Eow M twydbv onuelo e C xou My, My or npoBokéc
tou M orouc dZovee 'z, y'y avtiotolywe. Ovopdlovpe Er, Es ta epfBadd tou
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wxtoypduuov OMiM xou tou mapadnhoyedupuov OM; M Ms. Na anodeilete
ot

1
L=
1168. Ocwpolye TIC CUVAPTAHCELS
1 1
f(x):ma 9(95):57 z>0

xou Ty eudela y = .
1. Aei€te 61 1 Cy ebvon xdto and tny Cy.
2. ¥e xdde a € (0,1) avtiotoyolpe to onueio A (a,g(a)). And 10 A

pépvouue xdetn oty y = . Acite 6T auth Yo téuvel ndvtote v Cy
oe éva xau povadxd onueio B (8,9 (8)) ve B € (1,400).

Ao, g(a))

3. Ael€te axoéun 6t 1o euPadov mou mepxheleTon and TI¢ T = o, T = 1,
y = 0 xu Cy elvon {00 pe 10 euPaddv mou mepixheletar and tic = 3,
r=1,y=0xuCy.

1169. Trdpyouv drepee, to TAHlog, cuveyeic ouvapthoec f mou opilovto
070 [0,400) X0t O YPAPXES TUPUOTUCEL, TOUG TEPIEYOVTAL GTO TPDTO TETUP-
Tubeto xar BiépyovTon amd TV apyY) Twv afovev. [ tapdderyyo pepixés etvar
oo f(x) =€l f(x) =In(x+1), f(z) =22, f(z) = /T bhec Y z > 0.
Znreiton vo Beeite nolég and autég €youvy TV axdhoudn WBLoTNTA:

o T x&e onueio A € Cf, pe npoPolt| otov 2’z to onueio B, 1o euPaddv
Tou Tprywvou OAB elvar (60 e 10 BITAACIO TOU WXTOYEAUUOL Ywplou

OAB.
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1170. Ané tig e€etdoelg Tou 1991, Aéoun IV. Aivetor 1 ouvdptnon
f ue tono
xZ

e —e , x<l1
f(w)—{\/m s> 1

xT )
NP4 4 Z 4 ’ N4 7
No anobdeilete 61 n f elvar cuveyric xou vo urtohoyioete to epPadov tou ywplov,
0 onolo mepheieton and ) ypapixh napdotacy e f, Tov dZova 'z xar Tic
evleieg pe e€lowoeic © = 0 xou = = e.

1171. Eotw C 1 nupaPorf pe egiowon y = az? (o > 0). Eotww A,B dbo
ddpopa onuela e C. Eotw I' 1o onuelo toprc twv egantouévwy g C
ot A,B. Eotw téhoc A exeivo to onuelo tng napaBoric mou €yet v (Bl
TeTunuévn pe to I

AGr) N

I (-"3 s Vs )

LupPohilouvye:

e Me Fi 10 euPadbv Tou WXTOYRduuou ywelou mou mepixheleton and Tig
AT, BI' xou v C.

e Me Ey to euPaddv tou tprywvou ABI.
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e Me E3 10 eufaddv tou tprydvou ABA.

e Me Ej 10 cufoaddv Tou lxTtoypduuou yweliou mou mepixAeletal and tny
AB xou v C.

No arodetéete ot

T1+T2

1. xr3 = 2

2. H egantopévn e C oto A elvar nopdAAnin oty AB.

3. Am6 Oha ta onuela tou napaBoiixot té6Cou AB 1o A elvon excivo mou
anéyet and v AB 1t peyalitepn andotao.

4. (Apwidng) Ey = 3F3
5. (Cavalieri)! F; = 1E,

; Apx;uﬁﬁncﬁ
287-212nX. 463 TV OMAAA

1172. Yty doxnon auty Yo uroloyicete to euPadov g EMAewdng xou Tou
unepPolxol ywelovu.

1. EgBadov tng élkewdne: Eotw n élhewn 2—2 + g—z = 1. T va
Bpolue to epPadov tng apxel va Ppolue 1o euPaddv Tne mou mepxheiseTo
07O TPWTO TETUPTNUOPLO Xt Vo tohhamhaotdoouye ent 4. To ywplo autd
nepixheletar and TNV Ypapx TopdoToo NS Y = g\/ a?—z22, z€|0,q]
xou Tov 'z, To eufadov tou ebvau foo pe o I = [ gx/oﬁ — 2%dz. T
vo utohoyloete autd To ohoxAfpwua vo Yéoete x = anut. Ou Ppeite

Bonaventura Francesco I = maf

Cavalieri - Tehixd to eufaddv tng eneubne ebvou B = maf3.

=
|

2. EuBadov unepBoiixod yweiou: Eotw 1 urepBoly z—i - z—i =1.
[Na va unoloyioouvye to eufBdov Tou ywplou mMou mepiXAeleTon Ao THY
unepPolr xou Ty evdela & = t > a apxel va utoloyioouvye to BimAdoto
0L ohoxhnpwpatog I = fci g\/ z? — a?dq. T tov unohoylopd unopeite
VoL Y(PNOWOTOOETE

'O Cavalieri urfpEe yodnthc tou Takuhaiou.
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(o) Ty avuxatdotacn u = S (:c + l) f

(B) v avuxatdotaon u = § (e” + e~ %) 1

(Y) v avuxatdotaon u =

[péner va Bpeite

I:% (t\/tQ—QQ—QQIH(t—i—m) —i—a21na)

1173. M7xog xopunOANG. Xtnv doxnon auth pnopeite va deite, o, pe
wxp1 TpoTOTOMON TV BEDY TOU YENOWOTOOUUE YL TOV UTOAOYLIOUO TWV -
Badcdv propotue va urohoyilovyue unixn xaurudov. Ao epyactolue TNy edixn
nepintwon wlog xounddne y = f () 6mov 1 f : A — R elvan nopayoyiown xat
n f etvon ouveyhc. Eotww [o, f] € A. Oa Ppodye 1o phxoc L e xaunding
46 70 A= (. f () 070 B = (8, f (8)).

B—a

I 10 oxond autd xwpilovue 1o ddopa [, 8] oe v urodlaothwate TAdtove =—=. 'Exouue étol
toug aptdpoic

B—a
0 = «, r1 =o+ y e LTy =
v
xou e tn BoRdela Toug Ta onuelo
Xo = A= (z0,f(z0)), X1=(21,f(z1)), - Xy =B = (zv, f (zv))

‘Otav t0 v awgdver aneptdpiota dnhady 6tay ¥ — +oo To uhxoc e tedhaopévne XoX1.. Xp—1X,
teivel oo L dnhadih
lim XoXi1..X,-1X, =1L

v——+oo
AMNG
XoX1.. X1 Xy = (XoX1) + (X1X2) + . + (Xp1 Xy) = \/(900 —21)* + (f (wo) — f (1)) +

/(@1 = 22)% + (F (21) = £ @) + oo+ @1 =2+ (f (o) = £ (@)

Av epapudoovpe 10 Yedpnua péone THAC Yio Ty f ot xdde éva and o StaoThRUATA

[0, 1], [z1, 2], ... [T0—1,20]

Bploxoupe 6Tt

f(@o) = f (z1) = f' (&1) (w0 — 21)
[ (1) — f(z2) = f (&2) (m1 — 22)

flavar) = f o) = (&) (@v-1 — z0)
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"Apa
XoX1..Xyo1 Xy = |wo — z1] /14 () (€)% + o + |zo—1 — 2o /14 (F (&) =
=552 14 (@)
Enopévee L = hm = /1 + (7 (&r))? o V1 (z))?dw
./\X‘v-l
Xl/
X.=B
X=A4

X0 X Xyt X,

a B
Apa

L=[P\/14(f (2))%de

Egapudote tov nopandve tomo yia va Beeite to uixog L ot axdhovldeg nept-

TTWOELC:
y=x

THOAEIZH: [t T0 OAOXAAPWUA fol V1 + z2dz va 9éoete = = cpt.
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Aoxnoelg o 6ho To xEQPAAALO

1174. Na cupnhnpwoete Ti¢ I0OTNTEC:

L [ f'(x)de = 4. (fff(:c)dx)/:
2. (ff(:c)d:c)/: 5. fﬂf/ )da =

3. (JTf(tydt) = 6. [2f (t)dt =

1175. I pio suveyn osuvdptnon f: [0,1] — R oydet
! 1
- >
/ wdez g2 / £

1. fo 2dx <0

No anodeiéete 6T

2. f(z) =z vy x&e

1176. Me v Bordeia tou petaoynuatiogod u = 1 4 Inx va uvnoloyioete o

ohoxhipwpo:
1+Inz)’
/ Uty

x

1177. 'Eoww ouveyhc ouvdptnon f oplouévn oto didotnua A xat

o oY
F(2) _/ () dt

No anodeifete 61t F' () = f(x +a) — f (v — ).

1178. And Tig egetdoeig Ttov 1996, Acgoun L. H cuvdptnon f eiva
ouveyhc oto didotnua o, 8] xar wydet 6t

f@)+fla+B—z)=c

6mou ¢ otadepds mpaypatinog apripog. Na anodeiete ot

[ iwa=e-ai () =L v@ 1o

1179. No Bpeite Tov a av elvon Yvwotd 6Tt

6a’—1la | 2m
/ e’ dr = / np (3x) dx
ad—6 0

N.X. Mavpoyidvvne TTpbtuno Iepapatind Adxelo
www.nsmavrogiannis.gr Euvayyehnhc Lyohde Spdpvne
http://lyk-evsch-n-smyrn.att.sch.gr




184 4.7. Aocknoeg o€ 6Ao to kepddawo

1180. No unoloyioete 10 6pio

r+1
lim In tdt
z—+00 [,
xaL UETY TO Oplo
z+1
lim et Intdt
T—+00 J.
1181. No unoloyicete 10 6pio
r+1 t
lim I g
z—+o00 [, t

1182. Nu Bpedel ouveyhc ouvdptnon f : (0,4+00) — R téroia wote:
o f(z) >0y dha a0 T
. f03f (3zu) du = f (z)
o f(1)=¢?

1183. Arnd Tic egetdoeig Tou 2001. 'Eotww pla npayuatixy cuvdptnon
f, ouveyhc oto chvolo TV TpaypaTiX®Y apriuwy R yio v onola wyleouv
oL oyéoelg:

i) f(z) #0, yio xdde z € R.

i) f () =1 — 222 fol tf? (xt) dt, yia xdde z € R.

‘Eotw axéun g n ouvdptnon nou opiletou and tov tH1o

v xdde z € R.

1. Noa det&ete ot 1oy let

f'(x) = —22f* ()
2. Na del€ete 611 1 ouvdptnon g eivar otadepy.

3. Na deléete 611 0 TOnOC TN ouVdpTNoNg f elvou

4. No Bpeite 10 bpro xgrfoo (zf (z) nu2z)

1184. 'Eow g : R — R pia yvnolng abiouca cuvdptnon ue 6OVoho Ty to

R.
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1. No anodeilete 6TL av yio ) ouvdptnon f : R — R oydet

(fog)(z) <z <(gof)(x)
Y 6hot T thHTE f = gL,
2. T ouvdptnon f : R = R elvar yvwot6 611 toydet
@ (sinh (z)) < x < sinh (¢ (x))
Yiow OAaL T T, OTOU
sinh (z) = ———
elvar 10 unepBoAxd Muitovo.

’ 4 NP4 4 4 4
(o) Na Bpeite v ¢ xan va anodeilete 6t elvan ouveyhc.

(B") No unoloyioete to ohoxhipwua fol ¢ (x) dx.
1185. 'Eotww 1 cuvdptnon
f(z) =23 - 322+ 2
xou Cp 1 yeapuh TS TopdoTacT.

1. No Bpeite ta dlaothpata 6mou 1 f otpépel Ta xolha TEog To dvw 1 TEog
TOL XATW XL VO TPOCDI0R{OETE, oy UTAPYOLY, To GUEL XAUTNAS TNS.

2. No unoloyioete 10 eufaddy Tou ywplou mou meptxheletar and v Cyp xan
v eantouévn g Cr mou diépyetan and to onueio P(2,2).

1186. And Tig egetdoelg tov 1997, Acoun IV. 'Eotw f ula npay-
watx) ouvdptnor ouvveyrc oto R térow wote f(x) > 2 v xde z € R.
Ocwpoldye N cuVEETNHO

z2—5x
g(x)—x2—5x+1—/ f@)ydt, zeR
0
1. Noa arnodeiete 6Tl
9(=3)g(0) <0
2. No anobdei€ete otL 1 elowon
g(x)=0
€yet pio uévo pila oo ddotnua (—3,0).

1187. Noa enaindedoete Vv 1o6ThTL:

z+1 1 z+1
/ mtdi — pEFVT
xT xw
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1188. And g e€etdoeig Tou 2002.

1. Oewpolue dVo ouvapthoeic h, g cuveyeic oto [a, f]. Na anodeiZete 6Tt
av h(z) > g (x) yie xde x € [a, (], téTE XU ff h(x)dx > ffg(w) dx.

2. Alvetou 1 mapaywyiown oto R ouvdptnon f, nou ixavonolel tic oyéoeic:
f@)—e @ =z -1, zeRxu f(0)=0

(o) Na exgpaotel  f' wc ouvdptnon e f.

(8") No deiZete 6n & < f(x) < af'(x) yiu xdde z > 0.

(Y) Av E eivou 1o epPaddy tou ywpiov Q tou opileton and 1 ypaupixh
napdotacy e f, tc evdelec x = 0, x = 1 xau tov dZova 2’z va

Ociéete OTL

1 1
Z<E<§f(1)

1189. Aro to diaywvicwd tou AXEIL, 2002 (Madnupatixol). Av
f@)=¢e", g(z) =vInz xou I = fol f(x)dz + [[ g (x)dx tére:

1190. Nu Bpeeite 10 6pto:

T gt
. 0 711
lim =2+ ;r
x—0 X

1191. No anodeiete 6TL av 1 ouveync ouvdptnon f : R — R elvar yvnolwg

/ /
avZovod TOTE
K+

B Jo F@)di+ [, f () de
/0 £ (t) dt < 20 -

1192. H ypagur| napdotacy Cp tng cuvdptnong
f(@)=e"nuz, x>0
Téuvel tov dZova zz’ ota drelpa 1o TAfog onpeia
M, (kr, 0), k=0,1,2,..

ITow etvar dpaye to euBadov tou ywplov mou mepixheietar and tny Cp xou Tov

zx';

1193. No Bpeite g acvpntotoug g g (z) = f; tQ(;Qf)Qldt
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1194. Aivetar n ouvdptnon f opopévn xou tapaywyiown oto [0, +00) xou
TETOLOL WOTE

T+ /Oxf(t)dt =(x+1)f(x)
yio xdde x.
1. Na Bpedei n f(x).
2. No Beedei 7
Pla) = /0 " rdt
3. Na Bpedolv ta onueio Toung TV Ypapixwy napaotdoewy v f, F.

1195. Ano tic EEetdoeig tou 1994, Aéoun I'V. Eotww pla cuvdptnon
f oplopévn oto R, 1 omola €yel auveyy| dedtepn napdywyo oto R, napouctdlet
TOTIXG axpOTATO 0To onueio xg = 2 xou 1 Ypapxr TS mapdoTacy diépyeTal
and to onueio A(0,1). Av oylel

2
/ [zf" (z) + 3f (z)] do = —3
0

va utohoyioete to f(2).
1196. Na Aboete v eiiowon [; (3t —1)dt =1

1197. Na Bpeite to 6pto

1 s
a—0t s

1198. Oewpolue o < B xou dVo cuveyelc ouvapthoel f xau g ue Tedio oplopol
70 R yio tétoleg Wote Yo Oha oL T Loy VEL

fla —z)+ f(B+x)=gla —x)+g(B+m)

B B
/f(x)dx —/g(x)dx

YHOAEIZH: Ou 1oy Vet foa_ﬁ (fla—z)+ f(B+z))dx = foa_ﬁ (9(a =) + g(B + x))dx

No anodeiéete 6T

1199. 'Eotww n ouvdptnon f: R — R ue

f(x) =

er1 av <1
l+Inz av x>1

1. No anodeilete ot 1 f elvon cuveyrc.
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2. No vnohoyioete T0 ohoxhipwuo: fEQ f(x)dx
3. Na anodeiZete 61t yia xdde a > 0 1 eiowon f(z) = o éyer Mo,

1200. 'Eotw cuvdptnon f : R — R 7 onola elvar 500 @opéc napaywylown xou
n " eivau ouveyfic. ‘Eotw

I= /07r (f () + f" (2))puads

Noa arodeiéete 6Tl

I'=f(0)+f(m)

f) = {2"52’ el

=z >1

1201. Ectww

1. Na pehetiioete wg mpog TV oLVEYE TNV f xaL UETA Vo YupdEeTe TNV
Yeupix TN TapdoTaoT.

2. (o) Na e€etdoete av n ovvdptnon g : R — R pe g(x) = zf(x) eivar
PEAYEVT dnhadh av urdpyouv aprduol a, B €tol kdote va oy el
a<g(x) <y dha .

(B") Noa Aboete v eZlowon

z+1

/ Ftydt = -

1202. Iloiéc and Tig mapaxdtw npotdoelg akniedlouy;

L. Av f(x) > g(z) yra xdde x € [a, B] xou ot f, g elva napaywyiowes téte
wyver f(z) > ¢ (z) yioa x&de = € [o, B].

2. Av f(x) > g () yaxdde = € o, ] xu ot f, g elvon ouveyeic té1e 1oy vet
fﬁ f(z)dx > f’B ) dx.

3. Av f(x) > g (x) yiaxdde x € [a, [] xau o1 f, g elvou ouveyelc tdte Wy de
[ f(z)dz > [g(z)dx (Anhadf yio x80e opyxh F e f xou yia xdbde
ochan Gmeyg LGXUEL F (z) > G (x) yie xdde x € [o, f]).

4. Av f(z) > g(z) v x&e = € [a, B] xu ot f,g elvar cuveyelc tdte
untdpyouy apyef, F'tne f xou ooy G e g dote F (x) > G (z) v
x&e x € [a, B].

5. Av f(x) > g(x) yw xdde = € [a, B] uvndpyouy ta dpla Twv f,g 0T0 T

; ber i > i :
T67E 10y VEL xl;ngo f(z)> xlggo g ()
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1203. No anodeilete 6T yio xdde Lebyog npaypatixmy aprudy a, 8 oyleL:

B
/ (ex—eﬂ—f—exaﬂ—exa)dxzo

1204. Ao Tic egetdoeic Tov 2000, Agoun IV. Oewpoldue cuveyy
ouvdptnon f : R — R nou ixavonowet tny wodtnta:

/x(1+t2)f(t)dt—x2—|—/16x(t2+t)dt zeR
0 0

1. No anodeiZete 6t f (z) = igﬁ

2. Na Bpeite v e€iowon tne epantouévne e yYpupixis tapdotaons e f
oo omnueio e A (0, £ (0)).

1205. I v ouveyy ouvdpon f : [a, B] = R woyle fff(t) dt =1. Nua

anodelZete 611 undpyer x € [, 8] tétow Gote [7 f (t)dt = 3.

1206. And Tig e&etdosic Touv 1996, Acoun I. Na Bpedel ouveyric

ouvdptnom f yi Ty onola toyVel 1 oyéon:

1
tA e f(@)da = f (z) + ¢°

yia xédde z € R.
1207. "Eoto pia cuveyhic tpayuatixd ouvdptnon f yia tnyv onolatoy et f (z) >

0 vy 6ha T . No anodeilete bt yia xde B € (0,1) woyden

/ff(w)d:cm/ff(w)dw

1208. I pio ouvdpnon f oplopévn xou Tapaywyiown oto [0, 4+00) woylet
x—i—/ f)ydt=(x+1)f ()
0

1. Na Bpedei n f(x).

2. No Beedel  F (z) = [ f(t)dt.
1209. Aro tov Siaywviopd touv AXEIL, 2000 (Madrnupatixol).
Na anodelEete 6t yia x&de ohoxhnpdon® ouvdptnon f: R — R, énou R 1o

OoUVOAO TV TRAYRATIXWDY aptdudY xat Yiot xdUe (euydpl TpayUATIXOY apLliumy
a, B oy el ot

B
[ @ fass-niw=0

2yi oag: cuveyn
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1210. Ano Tig e&€etdoeig Touv 1993, Agoun L. Alvetar 1 ouvdptnon
f(x):ﬁ+4psx>0
1. Na egetdoete 1 povotovia g cuvdptnong f.

2. Na vnohoyioete o

lim Ft)dt

T—r—+00 z

1211. 'Eoto f pla ouveyhc ouvdptnon opiopévn oto [a, B] xou

1. No anodeilete ott 1 g Yiveton ehdylotn oty

C[Praya
= e

2. No anodeiZete 61t g () > 0 vy xdde .

1212. Flcx I ouveyels ouvapThoeig f, g, h 1oy let fo x)dr = oy, fo x)dr =
o, fo x)dxr = a3 6mov ay + as + ag = % Noc omo()atiz—:rz—: ot UTEO(pXEL
aE(Ol)worsf() g(a)+h(a)=a

TroarI=H: No ewphoete v ouvdpinon ¢ (x) = [ f () dt + [ f () di + [ f (t) dt — %

1213. Aro Tig egetdoelg tov 1995, Agoun I. H ouvdptnon f : R —
R eivor mopaywyiown xa wyder f'(x) > 0 yo xdde z € R. No anodeilete 6
1 oLVEETNHOT

= [Pf(e—t)dt, z € R

elvan moparywyiown xou 1 av vndpyet o € R pe F' (x¢) = 0 téte F (z) =0
yia xdde z € R.

1214. Ano tic e&etdoeic tou 2003. 'Eotw 1 ouvdptnon f(z) = 2° +
3
s

1. Na peketiioete Ty f w¢ Tpog T povotovia xou To xolha xou var anodel-
Eete OtL ) f €yel avtioTpoyn cuvdptnon.

2. Na anodeiZete 6t f(e”) > f(1+ z) yio xdde = € R.

3. Na anodeiete 6t1 1 epantopévn g yeapixic nopdotaone tne f oto
onueio (0,0) eivar 0 d€ovag ouuPETpiag TOV YPAPIXDY TUPACTACEDY TNG

foxow e f7L
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4. Na vroloyioete 10 eufadov Tou ywpelou mou mepheletar and T YpupLxt
rapdotaon e L, tov dZova twv o xou Ty evdela pe eElowon x = 3.

1215. No arnodeilete 6Tt av yio xdde x > 0 ebvon f'(x) > 0 xu F(z) =
Jo f () dt té1e Y1 xdde z € (0, +00) woyder 2 F (z) < F' (z).

1216. T v ouvdptnon f : R — R eivar yvwoté 6t 2f (z) + 3f (—z) =
e~ T _eT
ett+e "

1. Na Beeite Tov tOno e f.
2. Na urohoyioete to ohoxhfpoua [ f(x) dz.

1217. Na arnodeilete 611 av 1 ouvdptnon f ue nedio opiopol 1o R elvon mopo-
yoyiown téte xu 1 ouvdptnon g () = fol f(tz) dt eivan napoywyiown.

1218. Na anobdeiZete 611 av 1 ouvdptnon f elvaw suveytc oo [0, 1] t6te 1oy det

fol f(l—x)de = fol f(x)du.
1219. No Bpeite to dpto

fx et dt
lim £+ —
r—1 x—1

Mny emyeiprioete va utohoyioete 10 OAOXAHpwUd TOU aELIUNTH.
1220. Na anobdeilete 611 fol (1 — )’ de = fol 2P (1 — x)% d.

1221. Ao Tic e€etdoelg Tov 1998, Acoun 1. Alvetar n napaywyiown
ouvdptnon f: (0,+00) = R yio tv onola oy bouy

f(x)>0, 2>0
f' (@) +2xf(z) =0, >0
xou 1) ypopixh e napdotaoy diépyetar and to onueio A (1,1).

1. Na dei€ete 6t 1 napdywyoc e f elvar cuveyhc 610 avoxtd dSidotnua
(0,400) xar va Bpeite ) ouvdptnon f.

2. Na detéete 6T

r—1 () r—1
1
2x2f(:1:)< 2t2dt< 5 , x>

3. Na Beeite ™ ouvdptnon

F(x)—/lx (1+2—12)f(t)dt, z>1
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4. Na anodelete 611
x
26/ e dt < 1
1
yioe xqve & ueyahlitepo Tou €va.
1222. 'Eoto f:[0,+00) = R napaywyiown xou tétoi wote
o f/(x) >z yuxdde z >0
e f(0)=
No amoderydel 6t v xdde a > 0 wyder [ af3 (x)do > ([f; = f (2) d:c)2

1223. No anodeilete 6TL dev undpyel oLVAETNOY f UE CUVEYY TUPAYWYO GTO
drdotnua [1,4], yro Ty onola v toybouy f/(x) >3, f(1) = -1 xu f(4) =

1224. 1. 'Eoww 1 ovveyfic ouvdptnon f : [0,a] — R yua v onola toylet
fla—xz) = f(a)—f(x) yo bha Tt 2. Nowomodeilete 6u [ f (x) do =
af(e)

5

2. No vnohoyioete T0 ohoxhipwuo fog In (14 epx) dx.

1225. H avicotnta tou Chebyshev. Na anodetydel 6t av ot cuvapth-
oeig f,g elvan ouveyeic xau povotoves pe to (Blo eldog povotoviog xor o < 3
T67€ 1oy Vel

(/jf(x)da:) (/jg(x)dx) S(ﬂ—a)/jf(x)g(x)dx

1226. And Tic e€etdosic Tou 2004. Alvetou n ouvdptnon g (x)

e’ f (z) 6mov 1 ouvdptnoy f elvau mapaywylown oto R xou f(0) = f (—) 0.

1. Na anodeifete 6t undpyer éva toukdyotov € € (0,3) tétoo wote

f(&) ==1(8)-

2. Ed4v f (x) = 222 — 3z va unohoyioete 0 ohoxAfpwud

3. Na Beeite 10 6pto lim I («).

a——00

1227. Eow g pla cuveyhc ouvdptnon optopévn oto (0, +00). Na anoderyel
ot Yo xde € > 0 woydet

/ f _,_295 /16 f(%)_%dx:mnf

1+:c2 14 22

YTHOAEIZH: 370 de0tepo ohoxAhpwpa Tou of wéhous va Yéoete u = i
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1228. 'Eoto f : [a, 5] — R pio cuveync xou un otadepy| cuvdpton. I'vepl-
Zouye 61t 10 ohvoho Tudy e f elvar xdnoto xheoté ddotnua éoto [ f (z:), f(z4)].

1. No anodeifete 6118

B
f(ws)(ﬁ—a)</ f (@) da < [ (2,) (8 — )

«
2. Ano6 v nponyoluevn oyéon cuvdyouue OTL

fff(x)dx
b — «

Béoer authic deifte 61t 4 undpyer € € (o, B) dote

fze) < < f(xu)

B
[ t@i=f©)e-a)
Anodelgte o (Bio anotéheoua epapuoloviag To Yedpnua €ong TS Yo
my mopaywylown F (x) = [T f(t)dt.

3. Av éyete dVo ouveyelc ouvapthoel oxegieite T unopeite vo emtOyETE
epapu6loviac 1o Yedpnua péone tufc tou Cauchy.’

1229. And Tic egetdoeic Tov 2004. Eotw 7 ouveyng ouvdptnon f :
R — R tétow dote f (1) = 1. Av vy xdde = € R, woyde

1
z4+—|(z—=1)>0 ,
z

gte) = [ alf a3

1
6mov z = o + P, e o, f € R*, t61¢e:

1. No anodeiete 611 1 cuvdptnon g eivon topaywyiowrn oto R xou va Beeite
/
™myg.

2. Na anodeifete 6t [z] = |z + 1|,

3. Me dedoyévn tn oyéon tou epwthpatog 2. va anodeifete 6Tt Re (22) =
1
—1
4. Av eunhéov f(2) = a > 0, f(3) = [ xu a > B va anodeiete bt
untdpyel zo € (2,3) tétoo dote f (zg) = 0.

3 Aeite npooextind v doxnon T'10ii. oeh. 353 xor evroniote ogolétntec - Slopopée
népa puoxd and to cuuBoloud f(ze) avtl m xo f (z,) avil M.

Mpbxertar yio eldixh tepintwon tou Yewprhgatoc péone Tihc Tou EAOXANEGTIXOG AoY!-
opod

® Aeite Ty culhoyy «TTupdywyowy evétnTa 3.2

N.X. Mavpoyidvvne TTpbtuno Iepapatind Adxelo
www.nsmavrogiannis.gr Euvayyehnhc Lyohde Spdpvne
http://lyk-evsch-n-smyrn.att.sch.gr




194 4.7. Aocknoeg o€ 6Ao to kepddawo

1230. And tig e€etdoeic Tov 2005. Alveta 1 ouvdptnoy f ue tomo
fx)=e A>0
1. Aei&te 6t 1 f ebvar yvnolwg adovoo.

2. Acite 6t 1 e€lowon g eganTtoévng Tne Yeapxic napdotaons e f,
1 onola diépyeton amd TNV apyh TwV aZoVeY elvar N Y = Aex
Bpeite tic ouvtetaypéveg tou onueiou enaprc M.

3. Aci&te 61t 10 epPaddv E (A) tou ywplov, 1o onolo tepixeheietar petald
™S YPUPIXAE TapdoTaons NS f, Tne epantopévng tne oto onueio M xou
Tov dZova y'y, eivau

e—2

EO) ==

4. Yroloyiote 0
NE (N
im ———=
A—+oo 2 + NiA

1231. And Tig emavainnTixég egetdoesig Tou 2005. Alveton 1 ov-
veyfic ouvdptnon f : R — R yi tnv onola 1oy et

tim LT 505
x—0 X
1. Na deiéete 6Tl
(«) f(0)=0
®) f(0)=1
2. Na Bpeeite 10 A € R €0l wote
22 + A (f (2)°

lim =3

3. Av emniéov 1 f elvar mapaywylown ue ouveyr nopdywyo oto R xou
f(x) > f(z) yio x&de x € R, va deilete ot
(o) zf (x) > 0 yio xdde x # 0
(3) Jo £ (z)dw < £ (1)
1232. 1. Na Aoete v e&iowon fol z(x+t)de =0

2. No anodeléete 61t av yw ™ ovveyn ouvdptnon f : R — R woy0-
et folf(x)g(x) dx = 0 yw xdde ouveyh ouvdptnon g : R — R téte
f(z) =0y xqe x.
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3. Eotw 61t 10 tohvedvupo f () = ax? + Bz + 7 éyer v BidtTa

1
/f(x)g(w)deO
0

bty g efvon omotadhmote and Tic ouvapthoec 1, o, v, Acifte bt f (z) =
0 v xdde x.

1233. Eot»

No amodeiéete ot
L f'(x)+ ¢ (z) =0, yia x&e =
2. f(z)+g(z)=17]

3. lim [Tedt=YT

T—r—+00

1234. And Tig egetdoelg Tou 2005. 'Eotw pla cuvdptnon f napayw-
yiown oto R tétow, dote va toylel 1 oyéon

2f (a) = e~ 1©)
v xdde x € R xou f(0) = 0.

1. No dewydel ot

2. Na Bpedel to:

Cf(x—t)dt
lim —fo f@ )
z—0 nuxT
3. Abvovra ot ouvapthoeig h(z) = [ t20% . f(¢)dt xu g (z) = %.
Aeigte 6t h(z) = g (x) v xdde x € R

4. Acei€te 61 1) e€lowon

r 1
/ . ) 2008

€yer axpBoe wioa Aomn oto (0,1).
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196 4.7. Aocknoeg o€ 6Ao to kepddawo

1235. And g e€etdoelg Tou 1998, Aéoun IV. Aivetor n ouvdptnon
hz)=22 (e —e ™), >0
6mou o mpaypaTIXoS aplduds peyahitepog tou 4.

1. Na deigete 61t lim h(z) = h(0) =0.
T—>+00

2. Na peketfoete we tpog ta axpdtata ) ouvdptnon h(x).

3. Av 1 elvor pilla g TEOTNEC TapaydYoL xat xo eivon pila Tng deutépoag
nopaydyou e h(z) va Beeite ) oyéon mou ouvdéel ta x1, To.

4. Na unohoyioete 10 ohoxhpwpa M = 322 ) () dz btav a = 8.

1236. Eotww f : [o, 8] = R 800 gopéc napaywylown, pe f” ouveyh, tétow
oote f(z) > 0 xu 1o “="10ylet pévo Y = o xou © = . 'Eotw M péyot

T e f.
1. No anodelfete 611 ff " (z)dz <0.

2. 'Eotw xo éva onowodhinote onueio tou (o, f) mov undevileton n f/ (té-
Tow onueio undpyouy and to Yewpnua tou Rolle). No arnodeiZete 61t
undpyouvy &1 € (a, ), &2 € (w0, B) étor woTe

ORIGEE £

3. Na anodeiZete 611 uTdpyoLY p,q Ue o < p < ¢ < B tét0la BOTE

4M
08—«

f ()= f'(q) >

4. No anodeilete 6T1

51 (@) 2
A.M+f@ﬂx2ﬁ—a

1237. And Tic e€etdoeig Tou 'aAhixol Baccalauréat, 1986. Oc-
WPOVUE T ONOXANPOUOTA:

us us
1 dx 4 dzx
I= 2. J = 1
0 ouvviz 0 ouvviz

1. (o) How eivon 1 napdywyog e cuVdpTNoNe EQUTTOUEVN;

(B") No uroloyioete 10 1.
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2. (o) 'Eotw novvdpmon f: [0,5] = R pe f () = S5 Acilte 6u
eivar mopaywyiown oto |0, T | xal ot yia Oho to0 & amd autd TO
f payeyiown oto [0, ] Y
didoTnua oy det

3 2

ovvir  ouvviz

f' (@) =

(B") Me ) BoRdeia twv nponyouuévey uvnohoytouwy vo Bpeite pio oyéon
mou ouvdéet ta I, J xar 6T ouvéyela va utoloyioete o J.

1238. And g e€etdoeig Tou 'aAAixo Baccalauréat, 2006.

1. 'Eotw n ouvdptnon f (z) = 2272, opiopévn 010 R. 'Eotw C 1 ypauoucd
¢ mapdotacn oe éva 0pYoxavovixd cUOTNUA AEOVWY OTOL 1) LOVAdY
wétenong eivon 2em.

(o) No Bpeite ta dpla e f ot0 —o0 xat 610 +00. Ilde epunvedovtar
YPupXd T CUUTERAOUATA GOG;

(B") No artiohoyfoete yioti 1 f eivar napaywyiown. Beelte v napd-
yoyo e f.

(Y) Na xdvete éva tivaxa petaBohdy e f xodde xou ) ypapixh e
ToRdoTAOT).

/’ / 1 —
2. 'BEotww v évag Yetixdc axépatog. ‘Eotww I, = fo el =T dz.

(o) Beeite tn oyéon nov ouvdéer to 1,41, 1,
(B") No unoloyioete 1o Iy xou yetd o Io.
(v) Na epunvedoete ypugpixd tov apriud Ir oe oyéon e ) ypaupxh
nopdo ooy Tou epwthuatog 1) y
3. (o) Na anodeiete 6t yia xqe x € [0,1] xou xde Vetind oxépuo v
woyver ¥ < zvel™® < exV.
(B") Me ) Bodeta Tou xprtnpiou tne mapepforfic va Peeite to Gplo tou

I, 6tav to v teiver oto 400, 6

1239. And to Siaywviopd Putnam, 2005. Na vroloyioete 10

1
|
/ n(;c—i—l)dx
0 T +‘1

1—u

THOAEIEH: © = =

1240. Eow f: R — R ouveyric pe f (1) = 2007 yur tnyv onolo 1oy det
fla+y)=7F(x)+f(y)

7
Yiow OAL T T, Y

5H epdytnomn auth {ntdet 6pio axoloudiac mou e Va éyete Buoxohia va To amavTAoETE
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1. Na anodeiZete 6T f(0) = 0.

2. No anodeiZete 611 yioo xde m € R oy et

T+m m
| twd=mr@ [ o

3. Na anodeiZete 61t 1 f elvon mapaywyiown.
4. No anodeilete 6t woyder f/ (z) = f'(0).
5. Na Beeite v f.

1241. And Tig e€etdoeig Tou 1997, Aéoun IV. 'Eotww f npaypoti-
x| ouvdptnon opioyévry oto R nou elvon duo Qopéc mapaywyiown xou toylet
" (z) > 0y xdde x € R. 'Eotow a, f € R pe a < 5. Na anoderydel 61 :

L. f(z)— f(a) < f(z) (2 —a) yia xdde = € [, 5].

2.2 [ f(@)de < £(B) (B~ )’ +2f () (B )
1242. Av 7 f elvan 6nwg otny doxnon 1241 bel€te 6T

/f @B,

Na ddoete pla yeouetpixh) epunvela 6tay 1 f nalpvel un apvnuixés Tipéc.

1243. No Bpedel to nedio opiogod tng cuvdptnong

(z—2)(z—4)
/ In (xt) dt
(z—1)(z-3)

1244. Arndé Tig eetdocic tou Ilavemornuiov tou Berkeley,
1977. Nao amoderydel 6Tt 1 ouvdptnom

1

1

F(k)—/—d:v, 0<k<l
o V1—kovvix

elvor yvnolwg adZovoa.
1245. 'Eotw f (y) = e‘“”QyQ, y > 1.
L (o) Aceigte 6m |f/ (y)| < 2.
(B) Aelere 6n yia xdde y,yo wyler [f (y) — f (wo)l < 2]y — vol-

2. Oewpolye o < B. Na anodellete dTL 1) GLUVAETNON

B
F (y) :/ eV dy

elvon ouveyTnc.
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1246. Ocwpolye TNV OIXOYEVEIN TWV CUVIPTACEWY

fk(x):—49k2x + P k€ [0,1]

/0D

—
R
=

I
IR

| | | \

il

iy

i
|
|

T ]

1. Na Beeite tn uéytotn uuf e fi (z).

2. Tow and e fi (z) oynuatiler ue tov dZova 'z 1o yeyahdtepo epPadiy;
1247. Arndé T e&etdoeic tou Ilavemiotnuiov tou Berkeley,
1980. Opilouye

ouvvxe 9
F(z)= / el ety
n

%3

Bpeite v F'(0).

1248. Amnod Tig egetdoelg Tov 2007. Eotw f wa ouveyrc xat yvnolwg
abdZovoa cuvdptnon oto drdotnua [0, 1] yia v onola oy el f(0) > 0. Alvetan
enfong ouvdptnomn g ouveyhc oto didotnua [0, 1] v Ty onola toyber g(x) > 0
v xdde x € [0,1]. Opilouye tic ouvaptioei:

F(x):/ogﬁf(t)g(t)dt, z € [0,1]

Ga)= [(gdt e
0
1. Na derydel 61t F(z) > 0 yia x&de z oo ddotnua (0, 1].

2. No anodewydel 6t

f(@)- G(z) > F(x)

yio xdde = oo ddotnua (0,1].
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200 4.7. Aocknoeg o€ 6Ao to kepddawo

3. No anoderydei 61 1oy et

F(x
G(x

~—

£
Sm

~—

yio xde = oo ddotnua (0,1].
4. No Bpedel 10 6pto:

. (o ft)g(t)dt) - <f0$2 antdt>
a;g(r)l+ (fox g (t) dt) i

1249. Amnd Tig eZetdoeig Tou 2008. Eotww f o ouvdptnon ouveyrc
oto R yio tv onola toylet

f(z) = (102° + 32) /OQf(t) dt — 45

1. Noa anodeiéete 6T
f(x) = 202> + 62 — 45

2. Alveton enfong wa ouvdptnon g dvo gopéc nopaywyiown oto R. Na
anodellete 4TL

/ A _ h)

" — g (@) —g(z

g (z) = lim A

3. Av v ) ouvdptnon f tou gpwthpatoc (1) xar T cuvdptnon g Tov
epwTAUaTos (2) wyder bt

o 95+ R) —29 () +g (2 = h)

lim ® = f(xz)+45

xou g(0) = ¢'(0) =1, té1¢

(o) va amodeilete 6t g(x) = 2° + 23 + 2 + 1

(B) va anodeiete bt cuvdptnomn g eivan 1-1

1250. Ané wov Etvolo Awaywviopd Amneipoctixod Aoyiopov,
, , . S VA+t2dt
HIIA, 1999. Bpeite 10 6pio lim Lo—rp——.

T—+00 r

1251. Ané wov Ervoclo Awaywviopd Amneipoctixod Aoyiopov,
HITA, 2001. Yrobétouvpe 61t ot f, f xou f” opilovtar oo [0,In2], 61 n
J" etvon ouveyhe, ot f(0) = 0, f/(0) =3, f(In2) =6, f'(In2) = 4 xu
fohﬂ e 2 f (z)dx = 3. Na unohoyloete 10 fohﬂ e 2 f" (x) da.
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1252. T v ouveyn ouvdptnon f: R — Ry xdde = oylet:

/:Jraf(t)dt—b

6mou a, 8 elvon mpaypatixol aprdpol didpopot tou undevog. No arnodetydel ot
n f elvon mepLodixy.

1253. And Tigc egetdoeic Touv 2010 Ailvetar 1 ouvdptnon f(z) = 2z +
In(2? + 1), z € R.

1. No pyehetioete g mpog T povotovia 0 cuvdptnon f.

2. Na Aoete v eiowon:

(3z —2)% +1

2(x2—3x+2):ln[ )

3. No anodeilete 6L 1 f €xel 800 onuelor xoaunhc xat 6TL Ol EQUATTOUEVES TNS
Yeupixhc nopdotaone e f ota onpeio xoaunhc Tng TEUVOVTUL OE GMUElo
Tou d€ova y'y.
1
4. Na unoloyloete 1o ohoxhfpwpa [ zf(z)dz
-1
1254. And Tig e€etdoelg tou 2010. Alvetar n ouveyhC oLVEETNOT
f:R = R nonola vy xdde = € R ixavornoet t1ic oyéoeig:

. f(0)#a

[ ] f(x) — T = 3+ Of f(tg—tdt

1. No anodeilete 6TL 1) f elvan napaywylown oto R ue mapdywyo

z € R, elvor otadepn.

3. No anodeifete 6Tt

fl@)=z+ V22 +92€R
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202 4.7. Aocknoeg o€ 6Ao to kepddawo

4. Na anodelete 611

z+1 42
/f@m</j@m@ek
T r+1

1255. Trolétouue 6Tl 1 ouvdptnon f eivan oplopévn oto R xau 800 @opéc
nopaywyiown. Na Beedel n dedtepn nupdywyog e ouvdptnong

rwy = [ ([ ez ay

1256. Amo Tic e€etdoelg tou 2009. Eotw f ula ouveync ouvdptnon
oto ddotnua [0, 2] yia Ty onoia oy et

/QQ—mfmﬁ_O
0

Optlouye ti¢ ouvapThoeic:
H@yi/tﬂﬂﬁ,xemj
0

m@:{gg_ﬁ:@ﬁ+&xe@m

1. No anodeiete bti 1 ouvdptnon G eivon ouveyhc oto didotnua [0, 2].

2. Na anodeilete 61t n ouvdptnon G eivar napaywyiown oto didotnue (0, 2)
xou OTL Loy UEL:

H(z)
xz2 ’

G'(z) = — 0<z<2

3. No anodeifete 61t undpyet Toukdytotov évag aprdude o € (0,2) tétolog
wote va oyver H(a) = 0.

4. No anodeiete 6Tt undpyet Touldytotov évag apriude £ € (0, a) tétolog
©OOTE Vo Loy EL

a/g tf(t)dt = &2 /a f(t)dt
0 0
1257. 'Eow f: R — R plo napaywyiown cuvdptnon pe:
e f(0)=0
o f(z) >3 yixxdde x>0

No anodeiZete 6t f2(x) > [ f(E)dt yia xdde 2 > 0.
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1258. Eow f: R = R ovveyrc oo R xan 1 : R — R pe

I(z) = /01 <f2(t) — 2wt f(t) + x2t4) dt

1
Na det€ete 611 ) I mapousidlet ehdyloto 6T0 onueio xg = 5/ t2f(t) dt.
0

1259. And tic egetdoelg Touv 2011. Alvovtar ot GUVEYEIC GUVOPTATELS
f,g: R =R, ot onoleg yia xdde z € R ixavonolodv tic oyéoeic:
i) f(z) > 0 xou g(x) > 0.

oy 1—f(z 2
11) L eéag ) = b[‘ g(ac—lt—t)dt

e2x

oy log(z) [ et
i) —5£~ = bf mdt
1. No anodeilete 61t ot ouvapthoelg f xou g ebvar napaywyiotues oto R xan
ot f(x) = g(z) i xdde = € R.
2. No anodeilete 6t f(x) =€e*, x € R.

3. Na unoloyioete 10 bpto:

1
lim nf(lsc)
z—0— f (E)
4. No unohoyioete 10 euaddv Tou ywpelov oL TepXAElETon ATd TN YPUPIXT
TOPIoTACT) TNG CUVAPTNONS

F(z) = /f (t*)dt
1

e toug dZovee 'z xou y'y xar v eudein pe elioworn z = 1.

1260. And Tic e&etdoeig tou 2012. Aiveta 1 ouvdptnon f(z) =
(x—=1)nzx—1,z>0.

1. No anodeiZete 6Tt 1 ouvdptnon f eivan yYvnoing @divovoa oto ddotnua
Ay = (0,1] xou yvnoine abdZovoa oto ddotnua Ay = [1,400). X
ouvéyeta va Beeite To abvoho Ty ¢ f.

2. Na anobdei€ete 6tL 1) e&lowon 2?7 =013 >0 €yl axpBwe dVo

Yeuxég pllec.

3. Av x1, 2 ye x1 < x2 ebvor ot pileg g e€lowoNg TOL EpWTHUATOS 2, Va
anodeiZete 6t undpyet To € (21, T2) TET010, DOTE

f'(xo) + f(z0) = 2012
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204 4.7. Aocknoeg o€ 6Ao to kepddawo

4. Na Beeite to eyadov tou ywplov mou mepixkeietar and T ypaupix napd-
otaon T ouvdptnone g(x) = f(x) + 1 pe & > 0, tov dZova 2’z xou TNy
eudela x = e.

1261. Eow f : [a,b] — R ouvveyfc tétoia dote undpyet ¢ €: [a,b] wote

JEfyat [P f(bydt < o.
No anobdetydel 6t undpyet didotnua [p,q] C [a, b] pe f; f(t)dt =0.

1262. And Tig egetdoelg Tov 2012. 'Eotw 1 ouveyrg ouvdptnon f :
(0,400) — R, 1 onofa yia xdde x > 0 wavonotel tic oyéoeic:

o« f2)#0

2_
o [FTTHf(tydt > o2

2

elnz—z=— (ff lf}fg)tdwe) f ()]

1. No anodeiete 611 0 f elvon nopaywylown xon va Beeite tov tOno Q.
Avebvar f () =e ® (Inz — z), x > 0, t61€:

2. Na vrohoyioete 10 6plo:

. 1
tim [P~ @)

3. Me ) Bopdeia g avicdémtag Inx < z — 1, mou wybet yia xdde x > 0,
vo anodeilete dTL 1 ouvdpTNoT

T
F(z) :/ ft)dt, = >0,
e}
6mou a > 0, ebvon xvpTH. XN ouvéyeia va anodellete ot

F(z)+ F(3z) > 2F(2z), yw xdde £0.

4. Aivetow o otadepoc mpaypatxdg opdpog B > 0. Na anodeilete 6Tl
undpyet povadixd § € (B,20) tétoo wote:

F(B) + F(3p) = 2F(¢)

1263. And Tig egetdoelg Tou 2013. Ocwpolye Ti¢ ouvaptioe f,g :
R — R, ye f napaywyiown tétolec woTte:

o (fx)+x)(f'(x)+1) =2z, yiaxdde z € R
o f(0) =1 %o

og(x):x?’-i—%—l
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1. No amodeiéete 6t
fle)=Va?+1—2z, z€R

2. No Beeite to nhjdoc twv mpaypatixdv pilev e egiowons f(g(x)) = 1.

3. No arodelZete 6L undpyer ToukdytoTov éva xg € (0, I) tétoto, dote:

us
0=

/xO ft)dt=t£ (:1:0 — %) £PT(.

1264. Anéd tao Mathemtatical Tripos tou Cambridge 1909. 'Ectw
@ (z) éva tohudyupo Téuntou Paduod. No arodeiete bt

/Olw(x) dr = 1—18 <5s0(a) +8p (%) +590(5)>

6mou o xou B etvon ot pileg g e€lowong

1
2
—z+4+— =0,
x ac—i—lo

1265. 'Eoto g : [a, b] = R nopaywyiown cuvdptnon e g(a), g(b) oubonua

xou ,
/ g(x)dz = 0.

Aei&te 6t undpyer € € (a, b) pe ¢'(§) = 0.

1266. Bpeite 1o dpro

z3

1
lim —dt
z—1t /. Int

1267. And Tig egetdoeig tou 2013. Eotw f : (0,+00) — R wa
TopaywYlown cuvdptnomn yia Ty onola .oy bouv:

e H f eivar yvnoing abovoa oto : (0, 400)

e f(1)=1

fA+5h)—F(1=h) _

e lim 7

h—0

Ocwpolye enione ™ ouvdptnon:

g(x):/x%dt, x € (1,400) xou o >1

No anodeifete 6Tt
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206 4.7. Aocknoeg o€ 6Ao to kepddawo

L. f'(1) =0, xadac enione 61 n f napouotdler eNdyloto 6to o = 1.
2. m g ebvar yvnolwg abZouoa, xo 6T cLVEYELR, Vo AOGETE TNV aviowon 6To
R
82246 22446
/ g(u)du > / g(u)du
8245 2z4+5

3. M g ebvar xvpTH, xadodg eniong 6Tl N e€iowon

(a—l)/x%dt—(f(a)—l)(:):—a), x>1

€yel axpBwe wa Aoor.
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ATAVTINGCELS

1 028 17v)2
2 1. 8+ 14¢
2. 10+ 3i
3. —3—1i
4. 24 +22i
5. 40 4 45i
6. 1+3i

7. 46 + 30¢

2. —& - i
3. —5 +3V3i
4 —%4—%1
5. %731

6 1358 1283i
© 3757 3757

4 1. —=5—10¢

2. =8—1

(=]
N[~
4
NS
S

9 2=-2 y=2%a=-2, y=-2
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10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

29

30

31

32

35

36

—7 xou —y
02+1
240 _241'

7

—68 — 20¢

21=54+3t,220=1—1

(&) (z +iy) (z —iy) (B) 2z +dy) (22 — iy)

Moébvo av ot z1, 22 elval TEOYULATIXOL.

z=2+(2—t)i,w=5+ti,teR

r =43

Kdéde aptdpdc nov dev urepPaiver to 25

r=-3+t,r=-3—1

Nou-"Oyt
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38 w:zQJrz

39
0 av v =4k
A= 1 av v=4k+1
T )14+4i ow v=4k+2
i av v=4k+3
40 » =220

p2+q?

41 Trdpyouv dnewpec Twéc Tou 2t z = (2 —2t) +ti, tER

43 n:lxmA:ZSﬁ/{:%xou)\:%.

44 s =

~jeo
>
Il

=~

47 2z -3y =0

48 TlpocéEte. H doxnon dev Méel 6Tt tat «, B elvon mparypotixol. % - gz
49 2 =064+64
50 4.4
51 w:—%:l:%i,w::ti
52 Tlpémet o 2z va eivar mpaypatixée B Re(z) = Re(u).
53 Re (22) =3, Im (22) =—4
54 21,=141iV3
55 z=+(2+30)
57 (1/2 — 11) +v2
59 9
61 'Oyt Mropet vo elvon 300 mporypatixol aprdypof.
62 H eicwon: o) Eiva adbvaty av a (48%y — ad?) < 0. B) Exer plo hoon v 2z = %i o
a (48%y — as?) = 0 xau v) Exet 3o Moewc z1,2 = iiw + %z av a (4827 — as?) > 0.
63
2 v =6k
1 , v=6x+1

-1 , v=6x+2
-2 , v=6k+3
-1 , v=6k+14
1 , v=6k+5



64 Extéc and tov 2 + i Moewc elvor o on —1 — %\/ng <\/§, %)z , —1+ %\/ng (7\/57

34 118
67 -3 - 1%

=)
Qo
.

69 o) x>2,y=08) z < —1 xou y% = 322
75 'Otav n =4m + 2.

78 o) v2,8)5,v) 1

79 2,4,
80 6
83 «) +2v72,8)0,-2
84 |z1| = 22| = |23 = 1
85 10 xw ¢.
86 3y2

87 1. 5
2. V97

3. 32+ 161

4. 13

13

88 Mébvo yia touc mparypatixoic.
92 =+
93 2=6+1Tihz2=6+8

94 2=0,2=1,2=-1+1,/3
97 1

98 o

99 k2 422

100 =12 +7

101 13
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102 4
104 -=-
106 |rz| = |r||2| = axéhun s wov 2 - |2] = 72|
109 2v3,1v3

110 3v34

(2 =a®)?+(v+B8)%a?
111 (v—8)2

114 0 xou-1

120 3

122 2= -1+4

125 T xavéva.
127 Twtov z=2+2i
130 1

145 @) ii. V2

148 o=

Njw

152 Koatarfyouue oo ywela:
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153 Mpoxinte: to axbhovdo oyhua

o -143i “—\\

NA T

1-3i
154 z= 243 (224 3iz — 2)

155 1) p1 <[z =201 < p2,2) p1 < |2 — 20l < p23) p1 < |2 — 20| < p2, 4) p1 < |2 — 20| < p2 5)
|z — 20| > p2 6) |2 — 20| < p1

159 1. K(2,0), p=4

2. K(0,2),p=2

3. K(2,3),p=1

4. K(-2,-3),p=1

5. K(—=2,3),p=1

6. K(1,-2),p=1
161 (z—-2)%+(y+3)2=4
163 z=3+V7

165 O xihoc e egiowon 22 + y2 — 4z — 2y + 4 = 0 nov éxet xévtpo K (2,1) xou oxtiva p = 1.

166 1) |z — 21| < p1 o |z — 22] > p2 h |2 — 22| < p2 xou |z — 21| > p1
2) |2 — 21| < p1 x|z — 22| < p2

3) |z —z1| < p1h |2 — 22| < p2

4) |z — z1| > p1 xou |z — 22| > p2,

167 H éaedn 922 + 252 = 225.

168 H evdelo 2 =1.

169 3

170 Koxhoc pe xévipo K (—1—12, —%) %o oaxtiva R = %\/5

171 H vrepBorf pe eflowon 22 — y2 = 1.

172 Kévipo: K(%,—i). Axtiva: p = %.
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174

175

176

177
179

2.

3.

4.

184

185

186

187

3v2+2

O xixhog 2 4y =2

Tov 3+ 3i,2 4+ 2i § twv 5+ 1, 4.

Av w = p + qi mpdxetton via TNy evdeia pr — qy = «
1. Hevdela jw—a—z1]| =|w—a— 2|

Sty evdela |jw — az1| = |w — azs|

O xOxhoc |lw —a — 29| = p
2oy x0xho |w — azo| = |a| p
Kixhog pe elicwon 22 4+ y2 — 4y — 1 = 0 (Kévipo: K (0,2), Axtiva: R = /5)
H napoafold y2 = 4x.
4/c—=2
5

O x0xhoc pe x€vtpo TV apYh TV afdvwy xar axtiva

Av B # 0 téte 0 t6T0S elvar 0 x0xhoc =2 + y2 + %:v + %y = 0 and tov onolo éxel apoupedel

7o onuelo O. Av 8 =0 o ténog elvan n evdeio y = az and v onola éxer agarpedel o O.

188

2.

3.

4.

5.

189

2.

190

192
Oz'.

193

194

198

2.

1. Hevdeloy =z — 2.
O x0xhog pe eElowon 22 + y2 — 6z + 8 = 0 (Kévipo: K (3,0) axtiva R = 1)
O x0xhog pe e&iowon 22 +y2 — 122 — 4y + 39 = 0 (Kévipo: K (6,2) axtiva R = 1)
H evdeio y = —1

O éZovac y'y.

Koxhog pe eiowon x2 + y2 — %:v - gy + % = 0 ( Kévtpo K (%, g), axtiva R =

1.
V/26).

[

O xOxhoc pe eglowon (x — 2)2 + (y+ 3)2 =8.
(o) %a - %B ot —%a + %ﬁ.

. , , , ; . / , , .
Exeivo and ta 8o nuenineda mov opiler o dEovac y'y mou meptéxel tov apvnTixd Mudiovo

H éewn o2z + B2y? = 1. dZovac y'y mou mepiéyet Tov apvntixd nudova Oz’
zzl—\/§+(ﬁ—l)ixwz:l-{-\/ﬁ—f—(—ﬂ—l)iowuotoixmc

1. 0 x0xho¢ HE XEVTPO TNV dEX TV AZOVWY XL axTiva 2

N pecoxddetoc tou evduypdupou Tuhnatos e dxpo to onuela A (1,1), B(3,3), dnhadh 7
evdeia pe egiowon y =z — 4
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3. 22
4. 2 (ﬁ— 1)

203 B)Eivar 0 gavtactids dEovog.

205 To oivoro nov anaptifeton and T onueio Tou z—dEova xon T onuela e eudeiac ue e&lowon

v=1.
211 oy
213 ) Oz=1—3i

. , , . , ,
216 Eivar 1o C extde tou 1 xon TV Tpayuotixdy tou eivar wxpdtepol 1 isot tou 0.

217 Ebva o wyadixol z + yi yio touc onoloug woydet:

2

1 1
. y>0xmy<mmxw.y<mzn

1 1
. y<0xouy>1+\/§xxou.y>mx

TTpbxeitan, TEAXE, YL TOUC WIYADdIX00S TOU Ol EIXOVEC TOUC AVAXOLY GTO YPUUULOCKIICUEVO Ywpio:

220 z=1

224 r=-3x=%
226 w=2-3ixnw=—2+3i
231 p= =52

234 1

236 O xixdoc e eiowon 2 +y2 =1
241 H rapoBord pe eflowon y2 = 4x.

246 Touc un undevixolc Tpayuatixols xoi exelvouc mou éxouv wéteo 1
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251 Kixhoc pe apy# to O xar axtiva 2k.

262 'Eotwa = z+yixmb=p+qi.Ané uc|f (1)] = 1 xo |f (=1)] = 1 udpdvovtac oo teTpdywVOo
xau opoupdvtac xotd wéhn Beloxovpe x+xp+yq = 0. Kdvovtac to Bo pe tic | f (4)| =1, |f (—i)| =1
Beloxouue y — yp + xq = 0. 'Exoupe 10 clotnua ¢ ©pog x, y:

(1+p)z+qy=0 }
gr+(1-p)y=0

Av |b| # 1 téte o chotnua diver © = y = 0 dnhadR a = 0 xw emotpégoviac ot |f (£1)] =1

Beloxovpe b = 0. Apxel va amoxheioOel ott |b] = 1. Av dpwe |b] = 1 da elvon |f (£b)] = 1 mov oe

ouvduaopd pe T |f (£1)] = 1 pog odnyel oe drono.

1.4 H exéva twou z ypdyer tnv éMhedn 2—2 + g—z =1 6mov B = y/a? —~2. Muwxpbtepn: B.

Meyoahbtepn:a

265 (o) Eivas |21] = |22 =1

266 Oa civar (e xdrowa cepd) ot 1,1, —i

267 (8) Nou btav ebvon 2 =2 % 2= —1+4/3

268 (B) O xbxhoc pwe x€vtpo Ty apxh TV aEévey xa axtiva 1. Ioémieupo.

270 w= —A—if]w:—)\ijf} —

272 oy

273 Oox

278 1. O x0xhoc pe e€iowon 22 4+ y? — 1 — 2z = 0 nov éyet xévtpo A (1,0) xou axtiva v/2.
2. O x0xhoc ue e&iowon 22 + x + y2 —y = 0 o éxet xévipo M (—%, %) o oxTivo @
3. % xo —% - %z

4. Méywotn: @ (\/5+3). EXdyiotn: 0.
280 i xon —i
281 (8) 2
284 1
285 To oyhua mov araptileton and touc xOxhove x2 + (y — 1)2 =2, 22+ (y+ 1)2 =2
288 1

289 z1 = ii, zo = Fi
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290 To p? + p3 eivor névta mparypatixde aprdpbe. Beioxovype pF + pg = —120% + 4\ + 1 xa 10

TELOVLRO aTd €xEL PéYLOTO Yid A = % 10 %

291 AciEte npdra bt
A% =2(rf + 73+ |2 — 23])

H eldyrtotn Tiwh elvor 2r1 xor emituyydvetow A.x. Otay 21 = r1, 22 = 2. H uéyiotn Tiuf civon
2\/1”% + r% xou emTUYYAveTan GTay Ay elvon z1 = r1, 22 = Tai.

292 1,+1

2

293 2’ <p<1

295 E)yiom Tiuh tou |z]: 0 yvio z = 0. Méyiotn tius tou |z|: 3410 yio z = —HiV23+48v10 V23+48V10
2 1

296 H ecudcio pe eglowon Re(zo)z — Im(z0)y = a.

298 1. Tn¢ eitxévag tov z: H evdela ye eglowon z —y = 1. Tng etkévag tov w:0 xOxhog

V2

ue siiom)cm x? + y2 - :E:F y =0 (xévipo 10 K (%1, %) xou oxtive Y5%) amd Tov onolo éxel
eCarpedel M apy ) TV aZoVLV.
2. Oz= f% + %z Do Toue w dev vmdpyet wyadixde e eNdyioto pétpo.

299 1(a):y=2-2, 22 w=3+i,w=—4+1

302 1. 144,1—12. O xdxhoc e xévtpo K (4, —3) xou axtiva R = 2.

306 2. O yewyetpixde T6T0C TV EXEVOV TV w elvar 0 elvan xOxhoc we xévtpo K (0,3) o axtiva

R=1.

307 2. v2

308

216



5
. .
. . .
N N A s
< \ ; 7
N N . .
N N . .
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N N . .
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N ,
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N .
y o a
T, g N
. N
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; As N
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. S N N
7 7 < S
. . N N
; ’ o < N
. . N N
. . N N
2 ; “ S S
. . N N

311

312

316

317

318

319

1. Dy =11, 3]

. Dy = (9,+0)

1. Dy =R

. Dy =R—{1,3} = (—00,1) U (1,3) U (3, +00)
. Dg = (—00,1] U [3, +00)
. Dy = (—00,1) U (3, +0)

. Do = (—00,1) U (3,+00)

, Dw:(foo,2f\/§)u(27\/5,1)U(3,2+\/§)U(2+\/§,+oo)

320 Dj = (00, 1JU (2, +00) , Dy = (2, +00).
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321 ToA,T.

322 lat=-2.
323 a=5
324 f(1)=_1

325 O ypagixéc napactdoeic elvar:

AL e
T

326 1. A(1,2), B(3,10)

2. y=4x -2
327 (1) y=+vaZ a2, () y = VaZ — 2az + 2a2 (1) y = ﬁ“x (IV) y = 2anuz

328 (y=a+1,B)y=30+1

l—z , <0 l-z, <0
329 7@ ={',"" 150, @r@={ 1. o<a<
’ x, 1<z

—2—-z , < —2
330 (o) f(x)=4 Vi—a2, —2<x<?2
r—2, 2<«x

®rw={ 25 T

331 (1) d=VaT=T722+16,(3) d=1VaT+1
332 =2
334 1w =3.

335 E(0,2), A(-3,0), B(1,0),T'(4,0), Z (2,—2), H(0,-1)

336 H f+g éxe nedio opiopod Dyyy = [—3,1]U[2,3] xou (f + g) (z) = VI — 22 ++22 — 3z + 2.
H f- g éxet nedio oplopod to o we e f +g o (fg) (x) = V9 — 22vx2 — 3z + 2. Téhog To nedio

0pLopoL TNC g elvar Dy = [—3,1) U (2, 3] xou (g) (z) = Vo eers V;)__;:_Q.
g

337 H touf twv nediwy oplopod touc evar 0 Xev6 GOVONO.
338 1
340 z=>5

218



343 f(z)=2x-1

344 f~'(@)=lnzg ()= 1, b (2) = Vo

z?

345 1. DgOf = (700771]U[7%70)U(07 JrOO), (gof) (2?) = 2;I11

2. Dyos = (—o0,—% — V21U -1 + 121, +0), (90 f) () = Va2 + o — 5+ Va2 + o — 2

3. Dgoy = (—1,1) U(2,+00), (g0 f) (z) =In (28 — 2> — z + 2)

346 'Oy, 'Oy, Nau.

Méyioto | EAdyioto
7 NAT NAT
347 q NAT NAT
h OXI NAI

349 Trdpyer éva xowd onaio to M (1,1).
350 [1,5]

351 oy

352 D, =[-1,1], Do = (—00,In2) U (In 3, +00)
353 k=0

354 f(z)=xe®

355 (3)

356 a<0fa>1

357 f(z)=22—-1

358 f(x)=e7 + it

363 M (/a, {/a)

364 (3)

365 Eivar to (4). Ioyder yio a = —1 xau onowdrhnote Ttu# Tou G.
368 d=d(x) =% |22% — 622 — z — 2]

369 (1) f'(@)=1-2v6+32(2) g (2) = {';Ejjgt} (3) h (z) =In(—% + 11+ 4z)

372 (1), (4), (6)
373 (5) g7t (z)=In (:v + V2 + 1)
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375

N

377
378 Oy

1N -z <0
379 (=) = { Hl/g z>0
380 Kéde a#£0
381 No.
382 'Oy

384 Av ula cuvdptnon f eivor nepiodixd) pe mepiodo T # 0 téte Va eivor = # = + T xan f(x) =

f(z + T) enopévwe n f de uropel va eivon 1-1 dpa 0Ote xan yvnoine wovotovn.
385 (1)1, (21, (3)

, , , , _ 3z+1
387 (2)'Exet nedio opiopol to (—oo, —3) U (—3,1) U (1, +00) xou elvar (f o 2f) () = ;+3 .

389 f(z)=2z-1, f_l(:v):%ac—l—%

393 Av 1 g frav gdivovoa 1 g o f Yo mapovasiale uéyioto oto To. H w éxel ehdyioto oto -1 0 %

Az
394 T ) =+1. fﬁl(x):{? ’ iii

395 Eivo f~1(z) = —23 — z xou 0 f eivon yvnolne gdivovoa.
396 Oy..

397 'Oy

400 f(z)= =2

241

401 f(z)=xz+2
402 f(x)zfﬁ v x #2,3

403 1. H ouvéptnon mou aviiotoel oto A = —2 + /2 dnhedq 7 forvz(@) = z? +
(-2+v2)o+1

2. Nou. ‘Olec oL f) TOU AVTICTOLYOOY OTIC TMEC A < —2 4 2 < .

404 =2
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405 2z =1

406 (3)f7! (z) = 1

407 r()=1,f(1)=6

408 (4)f~ 1 (x) = &1

413 t=1
416 g(z)=z—-2
418 ox
424 1. 0,0,3,3 4. 3,0,0,3
2.0,0,3,3 5. 3,0,2,%
3.0,0,4,3 6. 3, % 2, %
425 1. 2 5. 8
2.9 6. —3
3. 8 7. 2
4. « 8. v
426 1.1 5. 1
2. 0 6. 0
3.1 7. -1
4. 0 8. —1

427 1. —o0, 400, —00, 400
2. +o00, —00, —00, +00
3. +o00, 400, +00,+00

4. —o0, 400,400,400

428 1. 0 4. 2
2. 0 5. |al+1
3.V2 6. 3
429 1. 2 4. =3
2. —1 5. -3
3. 3 6. 0
430
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435
436

[ellV]

ot

N

—

Wi

. e+2

—~
—
~

o=

R ee)

R ee)

. +oo

=

+oo

—0o0
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(en)
N

PN

00|

—

. 4z

. —00
R ee)

. 00

. 00

. Aegv undpyel

. +oo



2.0 5. —oo
3. o0 6. 0
441 1. +oo 4. 400
2. +oo 5. —oo
3. —o0 6. 0
442 1. 4oo 4. 2
2. 400 5. —oo
3. 400 6. 400
443 1. 4oo 4. 2
2. 0 5. +oo
3. +oo 6. 2

444 1. Dy = (—o00,—1)U (-1, +00)

2. (¥) 0 () o
®) o () —oo
) 103 (0) +oo
(®) 15 ) =
() 0 (@) m=Hs
(¥) 0 () %
445 1. 2 6. y>+3y+4
2. 8 7. 22
3.8 8. 22
4. 14 9. y2+5y+8
5. 14 10. 4
_ _
446 p=3,q9=—3
447 Tw o (A)
1. 15 3. 400 5.3 7.3
2. 18 4. oo 6. 3 8. 3vm2Z +1
T to (B)
1 azO,a:% 2 a:—%—%\/l_?,a73
448 4
449 -4
450
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455

456

460

461

463

464

465

466

467

468

469

470

. +oo

— 00

1. +oc0

o

f@)=20—-4, a=-2, =2

1
3
1 lim 7(“_1)x.3+4x+1 =
" z—too pa?+1
. “1) a3+ dpt1 pt4
1 (p—1)z°+ _ 1
P ERNTEEE g

lim (m i W)

r—+o00o

6. —oo
7. +o0
8. +oo
9. +o0
10. +oo
2
6. 5
7. 0
1
8. 3
9. 400
10. 0
+oo n<o0
—o0 , 0<u<1
0o w=1
+oo , p>1
’ M;éi]'
, w=-1
—0o ,U4<71
= 1 y M= —
+oo , wp>-1
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() 15 () 3
®) 18
()

)

Y too () 3
(®) +oo @) 3
2. (o) Aev undpyet.
B) a=—-2xua= %
471
+oo p<1
lim (\/x2+1+ux): 0 pu=1
——00 oo p>1
472 1)1(@2) &
473 400
474 1. Dy = (—00,a] U[B,+00)
2. (o) —2%f8
(®) +oo
(r) —a
®) -8
(e) *
N _IV2Ba+p)+8, B<O
© zli%\f(x)_{ gt 5>0
(%) +oo
() 3 la+p|

475 L lim f(z) =0

2. Ye xdde ddotnua (0, h) pe h > 0 nepéyovTon dLACTARATA TNG LopYAC

1 1 1 1 1 1 . , .
(2;77 (2n+1)7r> ’ ((2)¢+1)7r’ (2n+2)7r> ’ ((2)1+2)7r’ (2n+3)7r> ue x € N*. Yo npdro didotn-

ua n f moipver Yetixée Tiwéc, oto dedTEPO dpyNTIXéC xou oto tpito Vetixéc. Apa dev eivau
wovédtovn.

476 Av anavthicate «\ = 1» Zavaoxepdeite to. H andvinon eivar «dev umdpyet Tiwh Tou A»
477 +oo

478 1

v lim d(z) = 400 ywelc
rT—09

479 (2) Oy Tio mapdderyua ye f (z) = ez xu o1 = —5,02=735¢

va elvar oo = 4-00.
481 t=1%t=2
482 a=1,5= 1

483
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. ST e
486 Mobvo oty nepintwon (1)
487 AnanTHSH:
1.5 5. V3
2. 6 6. 3
3.0 7.7
4. 6 8. 5
488 1.3
2 %
3.9
489 1. No 4. Oy
2. Na 5. No
3. Na 6. Now
490 Loa=2 3. a=6
2. Aev undpyel. 4. Aev undpyet.
491 Ohec.
493 1. ouvex¥c
2. ooLVEYHC
494 1. 31
2. 18
3.1
497 a=4,8=73
498 o= -3
499 1. Aev elvar cuveyAc dibtt elvar acuveyhc oto zo = 0. H ypapixh tne napdotaon eivou:
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<~

500 Oy Av ftov ouveyhe t6te da eiyaue t0 dromo cuunépaoyo: lim () _ fzo) R,
T—x(0 g(x) s

2

503 No dwbn | (z)] = |:r2n,u%| = |x2| |17,u%| < 22 xou enopévec —22 < ¢ (x) < 22 v Hha Ta

z. "Apa, and T0 xpithAplo TNC TapERBORAC EXoupE limocp () =0=¢(0).
Tr—

506 f(x):{*ll z;gmg(x):{i’ i;g

rz—1 <0
r+1 x>0

513 Oy DN napdderyua va ndpete tic ouvapthoeic g (z) =0 xou f (z) = {

514 1. lim f(z)=1, lim+f(x):a2+ﬁ2+2a+2
z—5

r—57
2. a=-1,=0

3. lim f(z)=+4o0

r—+o00o

515 'Oy

517 O ypoguxée napactdoec tov f, g ehvau:

—_

(@]
To ocdvoho Tuodv g g ebvar to {0} U[1,2) U [4,6).

524 H f oto (—2,2) eivar apvnTin.
529 'Oy-Ox-Oxt.

530 Ananrusu: [4,8], [4,25], [1,16], [%@] [0,2), [1, 3),[1, +00).
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542 (o) N (8) Oyt

543 L f()=—2+2ivVae2+ 4z +54 f(z) = —% — 2V4a2 + 4z +5
2. Efvou
14+ 1Var2 14z +5 <0
f(z)= c z=0
-1 —iV4a?+dz+5 >0
y
—2 -3Vt dz+5 <0
f(z)= c z=0
14+ iV 1 dz+5 >0
Y’] 1 1
—s —sV4x2 +4x+5 T #£0
— 2 2
@) { c z=0
1

c z=0

f(x):{f%ﬁm 5 #0

557 (4) H otadepd f (z) = 0, 0 otadeph f (z) = 1 xou ot exdenixée f(z) =a®, a>0, a#1

559 H andvtnon ebvos vou. Ac ovoudoouye v cuvtouia A xon B tov tpdto o tov deltepo maixty
avTiotoiyws. O A Yo xdver 5 xivAceic xat 0 B técoepeic dnhadh Tov tehevtdio Adyo dev tov éxel o B
oahAd 0 A. Oa tpénet de vo cLPTANEWIOVY 5 GUVTENEGTES OV AVTIOTOLYOUV GE GPOUC TEPLTTAHSC TAENG
xat 4 CUVTEAEGTES TOL AVTIGTOLYOVY GE Gpoug dpTiag Tdins. Ac dodue wia oTpatnyixh Tou unopel va
0dnyYoet tov B ot vixn.

1. O B uropel va ppovticer dote xotd TIC 3 TEHOTEC XVACELS TOU VO GNUELOVEL GCOUS TEPLTH-

TEPOLC oLVTEAESTES dpTiog TdEne wropel. Autd Ya éxel oav anotéheopa LETA Ty 4n xivnon
Tou A va €xouv anopeiver yia SURTARPWOY BU0 GUVTEAECTEC EX TV OTOIWY 0TWOdNTOTE O
évac Qo elvar mepttthc T8ENC 2w + 1.

Ac moOpe Aowndy 6Tt T0 OAUGVLRO éxel dopoppwlel we eihc: f (z) = g(z) + *xH + xz2V 1
6mou g(z) elvon To TOALVGYLRO TOL amapTI{ETO AG TOLC GUVTEAEGTES TOU €YXOUY NdN GUUTAN-
pwiel. Ytoyoc touv B eivor va ddoel tétola Ty 8 010 cuvieAesTr Tou TH OoTE OOl TIWY
o xar av emhéZel o A yio tov ouvteleot tou 22V 1 va woye

pf (t1) +af (t2)

yia xdmotouvg aplduole p, g, t1, t2 KE TOUC D, ¢ va elvon Betixols. Tote To Tohvdvupo f(z) o
éxet wla touhdyiotov piloa.

Ac Bolpe e wropel va yivel n emAoyn tov B: Oa eivar f (x) = g () + Bz + az? 1! xa
o B 9éket pf (t1) + af (t2) = 0 dnhadh (xdvovtag Tic npdieic)

pg (t1) + ag (t2) + o (pt3" T 4+ a3V 1)

pth' + qth

Mpéner BéBoua va ebvar pty + gthy # 0. Tpéner axdun n Tiuh Tou B vo unv eZaptdton and tny
wph ov a (tou o B v ayvoel). Tawtd npénet va elvon pt‘?”+1 +qt§”+1 = 0. Svvodilovtac

Aowndy npéner o B va emihéger aprduoilc p, g, t1,ta, B Gote:

’

(«) p,g>0

(8) pth +qth #0

() pti" gt =0
)

B=— pg(t1)+aqg(te)

(B’ o i
pty +qtg
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O emhoyvéc TV D, ¢, t1,t2 umopoly va yivouv xoatd mohholc tpdmoue (Beéite peptxolc) xou
BéBoua M emhoyh Tou B eivon YeTd autduaTy.

561 'Oy xat’ avdyxny.
562 (2) +00 (3) 0
563 1 xu 0.

567 Eivu Dy = R—{a} xu 10 Dyoy anotedeiton and to & # o yio tot onofa ebvan f () # o tehixd
a(l+a , , , , ’ 1+« z+a7a2
™ T # o, % (Ot dbo autée Tpée oupnintovy av a = 0 . Ebvar (fo f) (z) = El—a;xw
% yioo o onola (fo f)(z) # o dnhadh Tehixd and
a(a2+20¢71)

a?+1
(1+2a—a2)x+a+a3
(1+a2)x+a—2a2—a3

To Dyofof amotereiton and . = # a,

a(l+a) a(a2+2a71)

.
o =1 CUUTIRTEL YE

T # a, . (H tpitn twh mou e€oupodue dnhadh n

xdmota and TiC TponyYolueves uévo av o = 0). Ebvon de (fo fo f) (z) =

569 'Oy
570
+oo p<1
lim (\/:v2+1+u:v>: 0 p=1

572 a<-1%3<a
573 1
575 x=0

576 (1) Dy = (—00,1) U (1,2) U (2,+00) (2) Tt e o € (=00, 1) U (1, +00)

580 1. 4oo

, , , . 3_z242-1 . 3_z242-1
2. TIedio opiopol: (—oo, —2)U(—2,1)U(1, +o0). Eivou milgl2+ % = 400 xou zilggf % =

—00, ETMOWEVOC TO Hplo TS GLVEPTNONG GTO - dEV LTAPYEL.

581 To Addoc Beloxeton 010 onueio Tou Ypdpouyue 113_1 (%) («/12 +1— x) =0 (\/xQ +1— x)
xTr—r+00

A€ unopolUE Vo avTixadloToOUE Tol dpLol TUNULOTIX.

584 Eiva yvnoinc gdivouca.

585 2

587 [2,3]

591 0.1,2,6
592 f(n)=-%
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598 Nadéoete f (x) = y. Advovtac Ty ellowon Tou npoxinte Vo Bpelte 6t yia Sodéy = Vu elvou
y = —%:v Hy = —%:v. Koatémy, aflonotmvtac t ouvéyeta tne f delte 6wt A f (z) = —%:v yia 6Aa
Ta z elte 6T f (x) = f%x e dAa ta x.

602 (2) f(x) =0, f (x) = Vka?

610 =

612 f(f(0)=73 f(1)=1.

613 ?o i<y ;
g(t) = (t+1)? t> 1 ovvexfe
) =73
614 'Oy I mopdderyua ue zo = 0 M ouvdptnon f(z) = { |§| ’ zig gxeL aUTH TNV

WLoTnTa ahAG oTo 20 = 0 elvor acuveyhc.
_1
617 Loff(1=1
1
2. f(§)=1+3V2
3. f (e?)=3

4. f1(1) =22

5. f/(1) =1
6. f/(0)=1
618 1. f'(z)= 2

e’ lnz —x
2 f' (@) = ke

0@ = Ay

—2
4 f1@) = e

619 1. f'(z) = 3ax? + 2Bz + v

2. f’(I)ZQ\;%
3. f’(iv):a\/%

4. f'(z) =322 -2(a+B+7)z+aB+ By +1a

620 1 f'(z) = CoetbE-1)

(1+zInz)?
22—z 22—z
2. g%x):l—l—?%x— ‘xg_x‘,:vio,l

625 2

627 l.y=1+e)x
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628

629

630

4.

633

634

637

639

642

643

644

645

647

648

649

650

651

652

653

L y=3x—2

L y=—2x+7

y=-z+ 35 +1
Oy

M (2,5), N (3,3)-

1 oy= (2\/5—2)a;—3+2\/§,
:< ):v—3—2\/§
(3+2f)x+472f
y=(-3-2v2)z+4+2/2
y=—-3cz+4
y=35e+;
K=3,A=—-2
a=2
y=x—1
a=-38=3
2
ry=2
y=x—2
y =6x —2
p= 265221642116

Yto 1 dev umdpyet. Xto -1 vndpyet xou elvou f/ (—1) =

fr(0)=2
19
g (z) = 15500V 156

d (:E) — 13x—2

3v13z2 —42+1
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655

659

EQATOUEVN TNV Y = %x -5

a==l1

H e€lowon f (z) = g (z) éxer Moon v = = \/e. Xto onuelo P (e, %) o1 Cy,Cqy €xouv xowt
1

1_ 1
660 f (z)= 2z, —ovvy +2z x #0
0 =0

661 1. H f(z) = |z| ropaywyiletar tavtod extdg and to xg = 0.

2. Hg(z)=|z|+ |z — 1] napayoyileton navtod extds and to zg = 0, 1.

3. H h(z) = |nuz| ropaywyiletor tavtold extds and o £o = KT, Kk € Z.
663 Trdpyouv dmepec mapaBoréc mou eivar e wopic f (z) = a (z? — 2z + 1) + 3z + 2 6nov
a e R*
665 f(z)=|z|xug(z)=2—|z|

666

Trdpyxe: uia epantopévn n y = 4a — 3 mov epdnteton oty Cp oT0 onuelo we TeTunuévn -2 xou

otny Cy oto onuelo pe tetunuévn 1

669

670

671

673

674

675

679

680

682

683

687

688

692

693

2)r=—-4v+2,x=4-38

St owsiaA(g,\/i—l),B (%",—\/5—1), F(%’r,\/ﬁ— 1), A(BT’T,—\/i—l)

f1(0)=10
y = 6x —2
0120,5:71,’}/:71

(1) f(-1)=g(-1)=0

325
a:lﬁa=%+%\/ﬁﬁa:%f%\/ﬁ
Oyt

1

(2)Aev elvar cuveyhc oto 0
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698 7 (2) =42

699 20=0, y0<0

700 y=—-3z—-14

701 (f (mu2z) — f' (ovr?z)) nu2z.
702 warl(_a:’ixl:_xurl

704 y=kex

705 k=3, =—-1,u=2

dy _ _2
709 1L 2
v _ _ 3
2 de = 22
3. - _—=z
dx a—z2

dy _ _e”
4 de = eT—1
dy _ _ e
5 dez — 2
6. v — —2z

@ (@241)/(2241) (1-22)
710 1. d' (t) =5, E'(t) =12t

/() — 2@z +y (Hy(t) _ 1 /
2. d' (1) = SO, B (1) = 5 (@ (1y (0 +2 ()Y (1)

711 L 2@®)z@t)+y @)y t) =0
2. @'(t) +y (t) =0
3. 2/ (£)e*®) o () ev®) =0

h2+s2

’ , , 2 ’ ’ vy _
T12 Av vy, vs ebvor o1 Tay0TNTES PUULOUAXOD-PUULOUAXOULUEVOL avTIGTOl WS ThTE v = S

714 (1) E(t) =2tv25— 2, (2) B/ (4) = -3¢

715 ¢ (z) = —p(g(z) — Mg — M). H otodepd My eivor 1 cuyxowdd btav de ypnoiwonondei

Mroouo.

716 H f undeviletor ot -1, 0, 1. H f nopouoidler axpdrata oo 0,1 (romixd péyioTo %o Tomxd

é\dyoto avtiotolyws). H g’ pndeviletar ota -2, -1, 0, 1, 2. H g napoucidler axpdtata ota -2, 1, 2

(romixd eNdY1oTO, TOTIXG MEYLOTO, TOTUXG EAAXIOTO AVTIOTONKS).

717 1.1
2. -1, 1
3. -1, 1,2
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hd
o

Il

—

4. £ =In3—-1n2

5. 6=1
6. £=1
719 L g=2

2. £=—-1+3V283

3. £=-2+3V2

720 ¢=1-1v21

721 (1) f (2) = W (2) Ta & tou Vewprpatos wéone twhc elvar ta € =2 -1, & =1 — V2.

723 L f(z)=Va? -1
2. Yt xg#0

3. 'Oy du6T m f dev mapaywyiletu oe 6l Tt 2o € (—a, @)

733 (2) And w0 (1) Bploxovye bt 5_% + 525 = 0 xot AovovToc we Tpog € éxovpe 6Tt € = %

and v onola tpoxONTEL N ATOdELXTEA.
736 g(z) =1992e*cvve

747 1 [_ﬁ, o] ,[V2, +00)
2. (—00,0],[In4, +00)
3. (—o0,1),(1,400)

4. (0,+00)
748 Méyoto: f(1) = 1—87, ENdyioto: f(4) =1.

749 Méyoto: f(1) = 3, EXgyoto: f(—1) = 1.
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750 Méywsto: f(0) = 6, Exdyoto: f(2) = 0.
751 (2) [f (2), f ()] = [11,29]

752 H f eiva ywnoloc avZovoa [—1, 1], yvnotwc gdivouvsa oto [1, 2] xou yvnolec adEousa oto [2, 3.

To obvoro tpdy ™ f ebvau [f (=1), F (D]U[F (2), fF (D)]U[f (2), f (3)] = [-22,6]U[5,6]U[5,10] =
[—22,10].
755 [ 1.1]

758 f(3)=12In9

759 (1) a=1,8= % (2) Ebvar yvnoiwe avovsa oto (—oo, —2], yvnolws gdivovsa oto [—2,1]

xat yynoing adfovoa oto [1, +00).

_2
760 f(0) =2
761 Tw o avoixtd vou yio To xhelotd oL

. , ; 1 1 1 1
762 Trndpyouv dVo onueio to M <72\/§, 5), N (5\/5, —).
763 Oy eivou {oo pe 5.
765 (2) d(p) = /@2 +4) (1 +p2) (¥) T p = 0 xau ebvan d (0) = 2.
t

766 0. nerioeic petd xpbévo t Vo eivor TI (£) = 500 (g) 20 you IT(30) = 6015 = 232, 38.

5 14 ,
767 Eiva I (t) = (Z) 107 TTp xou AOvovtoc tny eglowon 11 (t) = ellp Bploxovpe t =
44.8 .

10 —
In5—2In2

4aB+2v/aBS
2

768 H E(x) nopousidlel eNdyloto Yo & = 10 onolo elvar o

B (4“5% ”‘55) — 408 +4/aBS + S

770 Ebva f'(z) = n ((1 + )t - :v”_l). Enouévwe av o n ebvon dptioc n f elvon yvnolwe
ablovoa. Av o n ebvar mepittde téTE M f ebvar yvnolwe gdivovosa oto didotnua (foo,fé] %ol

yvnolwe adfovoa oto ddoTnua [—%, +00).

TT73 (1) Otav = + y = a 1 mopdotacn Ty topovcidlet PéyioTo Yo Tz = ¥y = £ evd 1 napdotas
Yy n mop n TY TAp W ) B) n mop n

x? + y? napovoidler eldyioTo emiong btav T = y = S. (2) Otav 2y = o n mopdotaon = +y

TapouGIdZeL EAAYIoTO YL T = y = Ja. (3) Otav 22 + y2 = a 7 napdotaon = + y nopOUCLILE!
V2o \/041—7 xor k' (z) =

péyioto v z = y = 5. H nopdotaon i + i yedpetu k() = % +
emopévac K () >0z —Va—22 >0 222 >a s > —“22" dnhadh éxovpe

m37\/a7m23
xQ(a—xQ)\/a—xQ

eNdyloto Yo T =y = —VQQO‘ (4) T % + % =an -+ y nopovotdlel ehdyioto dtay T =y =

N

o
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(I):i\WJ’,M

775 O olhxde ypbvoc mov amatelton yio tny dadpoud APB elvou t o1 oy ME

0 <z <. Enopéveg

v — VT2 + o

t/ 2=
(@) vivavVa? + o?
Eivou
, 1
t'(z) >0& x> au 5 5
vy T U1

Avoxpivoupe 300 TEPLRTOOEL:
* U /ﬁ < B A woddvapo va > v, /1 + % Téte eNdyioto xpbdvo éxovpe 6Tav = = «
27 Y1
I
N
1y o202

o Ioybetve <wp,/1+ % Tote n t ebvon Yvnolwe gdivovoa 6to Tedio optopold tne xot eEAdYioTn

T Tou YpdVoL Exoupe dtav x = f.

776 1. Dy = (—1,4c0)

2. Dvnoiwe @divovoa oto (—1,0] xo yvnolwe adfovoa oto [0, +00).

2
TT8 To tuydv onueio M (z,y) e xauniddne anéyet and v evdeia andotooy d (x) = L\/%%
omola yivetow ehdytotn v x = —2 . To {nroduevo onpeio eivar to P (—2, —8).
779 Evw o= fg,ﬁ = f%. Tonxb eNdyioto 610 = 1 xou Tomxd péyioto oto = = 2.

782 f(z)=22+=
784 (1) a=5,=6(2) f(t)>12<3<t<12
785 z=0,z=1

787 Etvw POB = 2z . Enopévewe AP = 2povvz xar 0 ohxde ypdvog Tou amouteltor yiow Ty

dadpou APB eivau t (z) = 2’3‘17}# + 2:;:. Epyalbpacte pe v npobnddeon 6t vy < va. Eivow

t'(z) = 12}—’1’ (5_; —muv> xu t' (z) > 0 & 5_; > nux. Av xo v o povadixdc apldudc Tou
Sraothuartoc [0, 5] yix tov omolo toxder nuxo = Z—; téte M ¢t ebvan yvnolwe adEovoa oto didotnua
[0, z0] xou YVnoine gdivovoa oto Sidotnua [zo, 5]- Apa n eAdylom Tiwh ¢ ¢ TapoLGLAZETL oA
_ 2
T o

dxpa 0, 5 tou Botiparoc [0, 5]. Eiver ¢ (0) xau ¢ (%) = z—zp. Enopéveg

o Av el va < Fv1 Snhodn mepinov v2 < 1, 57v1 téte N ouvToudTEPN Bradpopn eivar n AB
ue dhha Abyio o adinthc pddver ypnyopdtepa 6T0 B xohupurovrag!

jus

5v1 o adhntic Vo @ddoer ypnyopdtepa 0T0 B TpéXOVTUC AT WhAXOC TOU

o Av elvar vo >
t6Eov AB.

e MtV nepintwon mou v = Fu1 TOTE 0 (Bl0¢ -EAAYLOTOO- XEOVOC EMITUYXAVETAL oV 0 odANTAS
XOANUUTACEL XaTd whxog tov evduypdupmou Tuhpatoc AB H av tpélel xatd wixoc touv té<ou
AB.

788 Toeeic.
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792 Eiva f/(z) = e~ %22 1 (A —z) xou ebxoha Boloxoupe 6t oto (0,A] 0 f eivar yvnoiwe
adfouoa xa oto [\, +00) elvar yvnolwe @divouca. Emopéves éxer (ohxd) péyioto to f(A) =
Mer = (Ae)?. 'Eote tdpa g (A) = (Ae)® ye A > 0. Ebvos ¢’ (A) = e*A> (2+1n A) xau emopévoc
g N >02+nA>0&Ind > -2 X > e 2. Apa 1 g napovotdlel eAdyloTo Yio A = 8%

—2
"Apa m eENdyiotn wéyioTn T T f emTUYYGveTar 6Tay A = e% xou efvon 1 f (8%) =e ¢

793 H f eivau cuvexhc 610 R, napoywyiletar o dha 1o 2o extde Tou 0 xou efvan

2
e’ |z|3 3z 42
fa)=—r———
3 T
Ernopévwe n f elvoar yvnolwg adfovoca oto (700,7%}, yvnoiwg @divousa oto [,%,0] xa yvnoloc
abdZovoa oo [0, +00).

Enrewdd lim f(z)=0, f(0) =0, lim f(x) =400 xu f(z)> 0 yi 6kt Tat &, T0 GOVOAO TLUGV
T —r— 00 x—+00

e f ebvou 1o [0,+00). H eiowon e Va2 — X = 0 woduvoyel ye v f (z) = A xou 0 TAHdoc TV

ey e e€aptdron and 1o A. T A < 0 7 eglowon dev éxer xappia pilo. Av A = 0 éxel axpioe

ple xaw yio 0 < A = f (,%) = %13/ ;—3 Exer axpBac tpelc pilec. Twa A = f (,%) éxer axpPBg dvo

o Yl A > f (—%) éxer axpiBoe uia pila.

794 Av n()) ebvor o Tiidoc tov pildy e eilowone téte

1 av |)\|>2%9/g
_ 2v3
n()={2 o =%
3 ar 0<|A< 2B
2 av A=0

796 1. TIedio opiopol: (—oo,0) U (0, +00), Livoho tipdv: (—oo, —4] U [4, +00).
2. Tvnoiwc @divovoa, I'vnolne adZovaca.
798 Eiva f/(z) = 3(z — 1) (z — 3) xou enopévwc 1 wovotovia te f oto didotnua [—2,3] éxet

wc e€hc: Tto [—2, 1] ebvan yvnolwe adovoa xa oto [1, 3] eivar yvnolwe gdivovoa. Yto [—2,1] 7 f

napouotdlet péyioto oto = 1. Ebvon f (1) = —6 < 0 xou emopévwe n f dev undeviletor oto [—2, 3].

801 'Eow f(z) = ovve — z. e xdde éva and to diooThata [—% + 2k, 37” + 2k:7r], keZnf
elvar yvnolwe pdivovoa eropéves elvar yvnolwe gdivovsa oto R. Apa 1 e&icwon €xet to Tohd wia
pila. Opwe f(0) =1 xou f (g) = —3. Apa and 10 Yedpnua tov Bolzano n f éxet pla toukdyiotov
pila. Apa tedxd n f (Gpo xou M e&lowon) éxel axpiBoe wio pila.

802 'Eyer axpiBde uia pido tqy = = 1.
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806 f(4)
807 y=20

809 Me 2z = x + yi elvou |z37z+2|2 =90+ (3$2+2)y4+ (314712x+1)y2+x672x4+
4x3 4+ 22 — 4z + 4 xou agod 22 4+ y2 = 1 eivan |z3 —z+ 2|2 = 1623 — 422 — 162 + 8. Tehixd 7
wéyiotn A elvon v/ 13 mou emituyydvetan i z = f% + z@

810 0O byxoc tou Tou x0UTIOL Vot Efvon

V(z) = z(a — 22)(8 — 2x)
Eneidq npénet 2z < o xou 2z < B ovpnepaivovpe 6t Yo elvor < § xow @ < g
Enopévee n ouvdptnon V(z) 9o éxer nediov optopod 1o didotnua (0, g) Tapaywyilovtac Ty V(z)
Bploxouye
V/(z) = 1222 — dax — 4Bz + af.
Abvovrac Ty avicwon V/(z) > 0 Beloxovpe 6Tt emakndedetor yio
v<i(a+p-vaZ—af+82) o>t (atB+ Va2 —aB+p2).

ALamloTOVETAL EOXONA OTL

%(aﬂsfm) <8
%o OTL
%(a+ﬁ+¢m)>g.

Enopévee n V(z) evon yvnolwe adfovoa oto didotnua
)
xou yvnoiwe pdivouoa oto didotnua

[% (a +B—+aZ—-aB+ ﬁ2> , g) "Apa tapouotdlet (0Axd) uEYioTo Yid T = % (a +B—+/a2—af + 52).

812 1. Ebvor ta A (—=2,0) ,B(1,0)

2. e o A = 0 n ouvdptnon eivan Yvnoing pdivousa oto (—oo, f%] xau yvnolwe adfovoa
oT0 [—%,—l—oo).

=192 -3)+1

e To A # 0 7n mapdywyos e f éxer pillec g p1 = Z3Y oL pg =

Z1iVOAT—3A+L Vgé\f_s’\ﬂ. Av elvar A > 0 elvow p1 < p2 xor n f ebvar yvnolwe adovoa
oto (—00,p1], Yvnoloc @divovsa oto [p1, p2] xa yynolwe adovoa oto [p2, +00).
3t p1, p2 TOPOVCLALEL AVTIOTOX WS TOTXO WEYLOTO ot ToTixd EAGYIoTO. e avdhoya
cuurepdopata 0dnyoldpeda av A < 0.

815 Méyworo 31—‘? Yo T = %

816 To cuBaddv eivar E (1) = irQ\/4 — 12 xou 1 péyloTn TIWH Tou elvon %\/g YT = %\/6

s

818 <«

824 1. (—o00,2]: xoikn, [2,400): xvpth
2. (—o0, 1]: xvptH, [1,2]: x0i\n, [2,+00): xvpTH
3. (0,1]: xoihn, [1,+00): xvptH

4. (—00,0): x0i\n, (0, 4+00): xvpth
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5. [2km, (2k + 1) w]:xoikn, [(2k + 1) m,2(k + 1)7]: xvpth (k € Z)
6. (0,1]: xuptA, [1,+00): xoikn
825 1. A(1,16)
2. A(e,1—3e?)
3. A(-1,-2), B(1,-2)
4. A(0,169), B (1,96e — 6), I' (2,48¢2 — 15)
5. To A(0,3) aAr& 8yt to B(1,6)

A B ( )

2oa (=G %) B ()

830 [-v2, v2
831 Etva

2(x—1) (z? + 4z +1)
(22 +1)°

f () =

xau onpelo xoapmhc ebvan ta A (1, £ (1)), B <72 +V3, f <72 + \/§>),

r (72 — V3, f <72 - \/ﬁ)) Do vou arodelfovpe 6T elvon cuveudetaxd PTOpOOKE VAl TEPOLKE GUV-

tehectéc dlevdivoews. Eiva: Aap = Aar = i xat enopévwe to A, B, T eivan cuveudetoxd.

835 Oa npére f” (%) = 0 dnhady) mpémer o = 1. T @ = 1 éxoupe
3 2
f(z)=-zx — 3% — 10z +7

fl(@)=2?-32—-10=(z+2)(z—5)
' (z)=2x -3

H f" (z) aA\&Ze: mpbdonuo exatépwdey tov To = % XU ETMOUEVOC TPdYWatt N f Tapousidlel xoumh

0TO Tg = %

838 (1) H f eivar yynoine pdivouoa xow xupth. (2) A= —1, A =2

843 1. 1 5 «

N
V)
o

Q=

o~
|
—
*
IR
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844 1. 4oo 5. 1

2. +oo 6. 2
3.1 7. 0
V2 1

4. 5 8. 3
845 Ld 5.1

2. 0 6. 0

3.1 7.1

4. 1 8. e
846 =
847 1
848 (2) A=3
849 (2) Oiaq,b.

: A 0 _ g (P02 2 G () B 1 o) =
850 'Eyoupe chToo (1 + m) xgrfoo (e ) xgrfooe . Ewwxgrfooxln (1 + m)
lim ln(lf-k%) =(0y lim L;r“) = a xou enopévee  lim (14 2)7 = lim e¥ = e
T — 400 = (0) r— 400 -2z x— 400 z y—a
851 nwx=1.
854 2
1

856 VaBy
857 ~
858 1. z=1 4. z=1,z=-1

2. x=1xz=2 5. x=1,z=—-1

3.z=1 6. *
859 1. y=z—1 4 y:%x

2. y=z 5. y:x—l—%

3. y=2z -1 6. y=a+1

860 r=—-1l,y=x—-6,y=x—6

861 (1) Eivwoiz=1,z=2,z=3. (2) H epantopévn o0 A eivas n y = 11z — 6. Advovtac 10
chotnua

y:luf6}

y=f(z)

Beloxoupe 6T N epantopévn enavatéuve: Ty C oo onueio B (6, 60).
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862 Eiva Dy = (—1,1)U(2,400). H f éxer xataxdpuypes aovpntdtov Tic ¢ = —1, z =1,z =2

EVR Yo T — +00 eV EXEL AGUUTTWTO.
863 (1) 2=0xuy=1(2) Ox.
864 (1) 2xw5 (2) u=2

866 Oy

867 'Oy du6m dev undpyer zo € R dote ILm f(z) = too.
Tz

868 A= i+ az+..+a, B= Q%Jr 25%+...+ 2\%_”.

871 H cuvdptnon éxe medio opiowod to R. Aév éyel aouuntdTovs. Sto (—oo, —%} etvou yvnolnc

@divovoa xo 6T0 [—%, +00) elvar Yynolwe adfovoa. ‘Exet tomixd ehdyioto oto —% 10 —i 10 onofo
elvar xou ohxd. H ypagueh tne mapdotacy eivon xupth oe dho to R xou elvan 1 :

\ /
Cy

|
o
Q

, ; , , ooz . V61 1.
872 H ouvdptnom éxe. nedlo opiopot 1o R. Aév éxer aouuntdrovs. Lto (=00, =%57] elvar yv-
olwc pdivouoa, oto [7§,0] elvau yvnolog adfouvoa, oto [O, @] elvau yvnolog @divousa, xo 610

[@,—I—oo) ebvau yynolwe abfovoa. 'Exel tomixd ehdyioto 610 —@ 0 —i, tomixd péyioto oto 0
V6 1

T0 2 ot Tomxd ENdYIoTO 070 5= to —7. Ta Tomxd ehdyiota eivar xor ohxd. Eivar xvpth oto

(7oo,f§], xoiln o710 [7§, @] %ol XUPTH GTo [,§7 g] Ta A (7§, %), B (@, %) elvas

onueia xapmic. To oldvoro by e evan 10 [—3,+00). H ypapueh tne napdotaon eivan

| 2 |

\C/ /
3
4 —\B
\—@ 2 o 7 ﬁ/

873 H cuvdptnon éxet nedio opiopod to R. Tedgeton xau f (z) = {

2?2+zr—-2 <0
2—z—2 >0
2c+1 <0
2c—1 x>0
pdivovoa xat xvpTth oTo (—o0, f%}, yvnolwg adovoa xar xupTh 610 [f%, 0],yvnolwc gdvouca xau
7 1 ’ , , 1 1 ’ , ’
xwpth 070 [0, 5] xou Yvnolwe adgouoa xar xvpth 6710 35, +00). Tta 5 napovsidlel Tomxd ehdyioTo
7oL eivall xou OAX6 TO —%. 370 0 mopovoidletl Tomixd wéyioto to -2. To chvoho T®Y Tne eival To
[—%, +00). Aév éyel acuvpntdTous. H ypopixh tne nopdotaoy eivar n:

Topa-

yoyiletow mavtod extdc Touv 0 xou 1 mapdywyoc tne ebvon f/ (z) = { Efvar yvnoinc

¢ 0
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874 H ocuvdptnon éxet nedio opiopod o R. Aéy éyel acuuntdtove. Eivou

3 12 18 3
)= =2 - o+ —="—(x—2)(z—6
fla)y=ge gt o =,@-2@-6)
pide N
Y 3 12 3
= — —_— = = —4
flla)=ce-—=c@-4

O nivaxag petaBoric e f elvar o axdrovdoc:

I'(x) - + +

f(z) t — +

EN IS B S AN

X0 M YPOPLXH TNG TAPAoTAoN N

1B

=

™
\

875 Eiva Dy = (=00, —1) U (=1,1) U (1,400). H Cy éxer xatuxdpuPes ACUURTMOTOUS TIC & =
—1l,z =1 (apod lim f(z) = —oco, lim f(z) = 400, lim f(z) = —oc0, lim f(z) =+
r——1" z——11 r—1— z—1t
00) xa aoVURTOTO Y T — foo ™y y = = (agod lim I®@ — 1 ye  lim (f(z)—1-2) =
z—+oo T z—+oo

0). Ebvau lim f(z) = oo xu f' (z) = %, " (z) = 4x%. ‘Exouvpe f'(z) >0 <
x—+oo (ar —1) (ac —1)

2t —422 —1>0e 2t —422 - 1>08 2 < —V2+V5, x> V2+ V5. Enione f/ (z) >0 &

—l1<z<0Rz>1. Hopatnpeiote 6Tt n f elvon TEPLTTAH XL EROUEVWS N YRAPIXH NS TapdoTaoy Jao
elvar CUPHETEIX WE TPOg TNV apYh Ty afdvey. O mivaxac petofolic e f elvar

I R I
T - _\a+vE -1 1 2+ +00
f”(l?) N _ _ B .
f@ | - - + - + +
Ve \ +oo N 400 400
f(‘T) . 7'-1/1- . \ a.ln'. e \ 'r.ls. /

H cuvdptnon tapouctdlet tomxd uéyioto oo —v/2 + 510 f <f\/ 2+ \/5) = % (1 + \/5) 1/ (2 + \/5),
tomxd ehdyioto 60 V2+ 5 10 f (\/2 + \/5) = —% (1 + \/5) 1/ (2 + \/5) To cOvoho TIL®Y

e elvar To R H ypagpixh tne nopdotaon éxet onuelo xapunhc Ty apyf tov afdvev xo eivor :
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Fﬂ
|

z—2 2
876 Ané wn oxéon [/ (z) = © ac—2_1 - a"‘f_’fz f' (z) ouvayoupe bt f ebvon cuvexhc xou

z—2_
r—2

ralpvovtag dpta i T — p Bploxovpe bt 7 (p) > 0. Autd npocéyovtag 6t £

> 0. Enopévee

xovtd oto p eivon f(x) > 0 xTA

879 1. Dvnolwc @divovsa oto 7%\/5, yvnoiwe adovoa 6to [f%\/é,O], yvnolwe gdivovoa
610 [O, %\/6], yvnolwg abfovoa oto [%\/6, +00).

2. Yt ,%\/6’ %\/6 napouctdlet tonixd eNdyioto to f (f% 6) =f (%\/6) = fi nou elvo
xat oOAx6 eAdyioTo. Bto 0 napousidlel tonixd péyioto o 2.
3.0
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