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NpoAeydpeva

Ol onpelwoelg autég £X0UV @G BAon TO UAIKO TTOU XPIOlHOoTIonod yid v
618aokalia g AdyeBpag otnv A' Aukeiou tou Ipoturou Ilsipapatikou Ievi-
koU Aukeiou Evayyedikng XxoAng Zpupvng Katd ta oxoAika € 2011-2012
ka1 2013-2014. AkoAouBr|Onke 10 emtionpo mpoypappa aAdd yia v euxepé-
otepn 818aokadia éywvav avadiatdaelg Kal mpoobrKeg.

Zinpidoviat otny 16€a 6Tt oto 0X0Agio o KABe Padnpa Sa yivoviat ta Baot-
Ka kat da unapxet Kat oikov epyaocia rmou Sa cunrtiétatl oto enopevo padbnpa.

'‘Ooeg aokrjoelg £xouv v évbeldn «Aro g egetdoelg tou (akolouBeti £tog) »
ripogpxovtat aro tg [Maveddnvieg e€etdoeig ota Madnuatka @sukrg - Texvo-
Aoyikng Kateubuvorng.

Tnv anodoorn «€1ppog» yla 1ov opo «pattern » v odpeidew otov Kabnyntn
Ceddpylo MrtaAoyAou.

ApPKETA ITApopAPATA EVIOTIOONKAV OTIS APXIKEG ONHEIWOELS ATIO PabnTPleg
Kat padnteg tou tpnpatog Al (2011-2012) tou oxolAeiou pag. [daitepeg suya-
plotieg opeidw otnv Zrnuptbouia Avdporouou (twpa @ottnipla g Nopikrg
ABnvav), tnv T¢va KajfoysporouAou (topa ortouddotpia oto HMMY tou EMII)
kat tov Keovotavtivo Kapouo (emiong ortoudaott) oto HMMY tou EMII).

Eipat euyvopov otov @ido ocuvadedgpo Ap Iavvn Owepaidn XxoAko Zup-
Boulo Mabnuatikev yla 11§ emonuavoelg moAdov napopapdiev oty A’ 'Ex-
8001 ToU TTaPOVIog KAt IV H1aTUNIOOT EUOTOX®V TIAPATHPT|0EWV.

H gubuvn yia 6oa mapopdpata mapepevay Bapuvel, UOIKA, ATTOKAEIOTIKA
epéva.

deBpoudpilog tou 2015
N.Z. Maupoyiavvrg,
Mabnpatikog (MSc,PhD )
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1.1

O1 Npayparikoi ApiBuoi

Zto Tupvaoio éxete yvwpioet dtagopa £i6n apdpmv. Oa ta Savabupnbou-
HeE.

O1 buoikoi Ap1Opoi

Eivat ot apiBpot

0,1,2 3,4, ..

Eexkivouv aro 1o 0, akodouBei o 1 rou eivat o endpuevog tou 0, petd o 2 mou
etvat emmopevog tou 1 k.ok. KdaBe puoikog apiBpo £xet kat éva emopevo. Emiong
KABe uokog ap1Bpog H1adopog tou Pndevog eivat EMOPEVOG KATIO0U (PUOTKOU
apBpou. O 0 Sev eival emdPEVOg KAVEVOS QUOIKOU apldpou.

‘Aoknon 1. Tloiog sivatl o emépevog T0U QUoKoU apBpov 2011; Tou 20112011; Tou
a;

Toug @uolkoUug ap1Bpoug PmopoUlE va ToUg IPocbEToupie Kat va naipvou-
P& AAl ©G arotéAeopa @UOIKO aplbpo:

2+3=5 5+11=16 32+39="71

'Otav npocBétoupie Toug apBpoug 32 kat 39 naipvoupe to abBpotopa toug
rou eivat 1o 61. To dBpoioua 6Vo QuOK®V aplOPOV «, S tival 0 EUOIKOG
apBuog a + . H mpddn nou extedécape eivatl n mpoodean kat 1o anotédeopa
g etvat 1o ddpowoua.

Emiong 1oug @uoikoug ap1Bpoug Pnopoupe va 10ug roAAanAactadoupe.

2:-3=6 5-11 =55 3239 =1248

'‘Otav modAarAaociaoupe 8Uo @uoikoug aplbuoug «, 5 maipvoupe éva ddlo
QUOIKO aplOpo « - B mou eival 1o YWOUEVO TOUG. TUXVA MAPAAEIoupE v
tedeia ypagoviag aff avil a - 5.



2 1.1. O Puoukoi Apduol

‘Aoknon 2. Avo guotkoi apibpoi a, 8 éxouv dBpotopa 6. Tloieg Tipég pmopei va
TIAPEL TO YIVOHEVO TOUG ;

Me v ripdén g apaipeong ta npaypata givat Sragopetukda: Evo
7 -2 =5 = @uoikog

2-"7=-5 &ev eivatl puokog

Cevikda av éxoupe 6U0 QUOIKOUG aplBpoug «, f Kat oxnuaticoupe v dtapopd
tou [ ano tov « dnAadn) tov ap1dud a— S autt) propei va sivat aAAd prnopst kat
va pnv eivat puoikog apbpog. Le kabe mepinmmon Opemg KArnola amno tg duo
dlagpopés a — [ kat B — a 9a sivat puokog aptBpog. Me pia dAdn datuneon :
Av o1 «, 3 sival guoikoi apiBpoi t6te touddxiotov €vag amo toug aplfpoug
a - rat 8 — « eivat puolkog apdpog.

‘Acknon 3. Ta toug Puokoug aplBpolg a, B eival yveotd ot kat ot 5Uo dlapopig
a— [ kat f - «a eivat guoikoi apiBpoi. Ti cupnépacpa priopovpe va BydAoupe yia
T0Ug apBpouUg «, [;

Me v ripddn g dlaipeong ta mpdypata eival Xepotepda :

8
8:4=Z:2=cpuou<c'>g

4 1
4:8= 3 = 3 =0,5 dev elvatl puokog
8 , ,
8:5= 5" 1,6 &ev eival puoikog

5
5:8= 3 =0, 625 dev eival puokog

Me dAAa Aoyia av €xoupe §Uo @uokoug aplBpoug a, 5 tote 10 tnAiko « : 5 tou
« 81a tou f pnopel va eivat propei kat va pnv sivat uoikog aptdpog. Mropet
Katl kavéva arnd ta §vo nindika «: B, f: a va pnv gival uotkog apiduog.

Agv mipéniet va gexvape pia Baoikr) ipoguladn mou naipvoupe otav Ka-
voupe Slaipeoelg : Agv smtpénietal va diaipoupe dia 1ou pnﬁsvég pe dAda
Aoyia orotedrmote ypdagoupe « : B 1 % MPETEL va €xoupe e§aopadioel Ot 1o
B 9a eivat 6wagopo mou undevog 6nhadr) 5 # 0. Evvoeital 6t propouue va

'KaBe anaydépeuon opeidet va éxer kat pia e&fynon. Tati Sev ermrpénetat va Stapoupe da
tou undevog; Zinv Swaipeon 1o NAIKO gival ekeivog o aptOpog rmou av roAdamAaotacOei pe
tov Sralpétn pag Sivel tov Slalpetéo. Ba sivat dowrov « : B = v av givat a = fy. Av topa o
Slapéng 5 nrav undév 9a eixape

a=0-v (1)
Tt pnopet va oupBatvet otnv oxéon (1)

e Av eivat a # 0 n (1) eivat aduvatn apou 1o npedto PEA0G g eival évag apdpo dragpo-
pog tou Pndevog Kat to deutepo pédog pndev. Enopéveag olyoupa Sev emitpénetatl va
Slapéooupe evav pn pndeviko aptOpo pe 1o pndév: dev Sa €xoupe anotédeopa.

Ipdturo Iepapatiké AUKe0 N.Z. Maupoytavvng
EuayyeAikng ZxoAng Tpupvng www.nsmavrogiannis.gr
http://lyk-evsch-n-smyrn.att.sch.,




1.2

Kegaiaw 1. Ot Ipayuatikoi Apduoi 3

Sratpovpe 1o 0 pe éva apBpod nou eivat S1éipopog Tou Pndevog : 1o anotédeopa
Sa eivar pndév 6nAadn
0
220 (8+0)

B
O1 Arépatotl ApiOpoti

Fpayaype o mpwv

O -5 bev eivat puokog apBuog. Eivar aképaiog apiBpog kat pdAiota o avride-
70¢ 10U 5. O1 arépatot aptdpoi mPoKUITIOUV av CUPRITANP®OOULLE TOUG QUOIKOUG
He toug avtiBEétoug Toug :

07 7]-7 7_17 727 7_27 737 7_37 747 7_47 9o
1] OTI®G AAA1WG PITOPOUHE vVa YPAYWOUE
0, ,£1, ,£2, ,+3, ,+4, ,...

Ta anoownnukd (...) vrodnddovouv neg o1 apiBpoi ouvexilouv en’ anepov.
Ta Ypnowpororjoape Kat mo nave otav ypaydape 10Ug QUOIKoUg aplfpoug.
Mobvo 1ou OtV MEPITIOON TOV AKEPAI®V I EIT ATIEIPOV OUVEXIOT] Yivetal Katl
P0G TOUG PeyaAdoug aplBpoug Katl mpog Toug PIKPOoUG :

-4, -3, -2, -1,0,1, 2, 3, 4,..

Iy nepilmoon v arkepaiov Kabe apOpnog £xet eropevo aldd Kat mponyouv-
uevo. O emopevog Tou a eivatl o a + 1 eve o ponyoupevog eivat o a — 1.

‘Aoknon 4. Tlaipvoups éva aképaio apiOpo A.x. tov 2.

IIpooOétoupe 5.

ITaipvoupe 10 aviiBeTo AUToU 10U PPrKAE.

IIpooOétoupe 5

ITaipvoupe 10 aviiBeTo AUToU ToU PPrKAE.

®a Bpoupe maAt 2.

Aoxipaote pe dddo apiBpod otn 9éon tou 2. T nmapatnpeite; Mrmopeite va dooete

Karotla egnynon ;

e Av eivat a = 0 n (1) Sev eivar aduvarn. Fpdgetat
0=0-v

Kat enaAnOsvetat and kabe apOpo y. Andadr) kabe ap1Opog Sa propovoe va SempnOHet
®g mnAiko. Autd sival kaxkd véa! @£loupe 1o arotédeopa piag rmpding va eivat éva
povo. Andadn povo évag apBpog va propet va eivat anotédeopa g npagng rouv
extedovpe. Edo tng Swaipeong. Tauto oute emitpémetal va Siaipéooupe pndév Sia
nndév.

Telikd Sev ermrpénetal va Staipovpie otdbrrote Sia pndév.

N.Z. Maupoytdvvng IIpoturo [epapatko AUKel0
www.nsmavrogiannis.gr EuayyeAikng ZxoAng Zpupvng
... http://lyk-evsch-n-smyrn.att.sch.gr




4 1.2. O Axépaior Apduoi

'‘Otav nipooBétoupie, 11 moAdarndaciadoupie 6U0 akepaioug To AMoOTEAsopa
etvat aképatog. AAAG kat otav apatlpoupe HUo akepaioug to anotedeopa eivat
AKEPAL0G

(-2)+7=5 (-8)+(-7)=-15
(-2)-7=-14  (-8)-(~7) =56
6-12=-6 12— (-6) = 18

AnAabdr ot tpeig mpageig rpoobeor), moAAarnmAactacpog, apaipeon Otav epappo-
Jovtal 0toUg aKepaioug PIopouv va Sieknepalm®bouv «écar OTOUG AKEPAIOUG.
Ia v daipeon autod dev woxvel. Mnopet va draipovpe dUo akepaioug Kat 10
amnotéAsopa va ivatl aképalog 1 va pnv eivat.

1.2.1 O d%ovag v Akepainv

A1t6 10 T'upvaocio eioBe eokelwpévol e tn 16€a tou aova mou oAU Xov-
TpKA onpaivel pia «Babpodoynuévny eubeia. Ag @aviacboupe pia subesia
Orou €X0oupEe TOTIOOETNOEl TOUG akepaioug apiBpoug wote kKabe aplBpog va
AIEXEL A0 TOV EMOJEVO TOU pia povada:

O &ovag v akepaiov

Av &exwrjooupe ard o 0 kat kivnBoupe mpog ta «de§idr dnAadr) pog toug
«ueydAougr aplOpou pe «Brjpar pnkoug 1 Sa datpeioupe puoikoug apiOuoug.
Av pe tov 1610 PBrjpatiopo kivnboupe mpog ta «aplotepd» dndadn mpog toug
«UIKPOUG» ap1Bpoug Sa datpéfoune avubEToug TV YUOIKOV aplOpcv.

«Bnpati{ovtag» otoug akepaioug

1.2.2 Ot dptiot apiBpoi.

Av aAAddoupe «Brjpa» Kat 1o KAVOUE va €xel prKog 2 «aveBaivovtag» arto
10 0 9a Siarpéoupe toug apibuoug 0, 2, 4, 6, ... eve «ateBaivoviagy aro to 0
9a Satpegoupe toug apBpoug —2, -4 — 6.... 'OAot padi autoi ot apOpoi:

=6, -4,-2,0,2,4,6...

etvat o1 dptiot 11 aAAwg uyoi apBpot.

IIpoturo [epapatiko AUKeL0 N.Z. Maupoytdvvng
EuayyeAikng LxoArng Zpupvng Www.nsmavrogiannis.gr
http://lyk-evsch-n-smyrn.att.sch.,




Kegaiaw 1. Ot Ipayuatikoi Apduoi 5

«Bnpuatidoviag» otoug aptioug apidpoug

Ot dpuiot apBpoti £xouv pia yapaktmpiotkn tdora dnAadr) pia 1610tnta rou
ToUg Xapaktnpidetl Sexwpidoviag toug aro toug dAdoug akepaioug : Kdabe évag
arnd autoug IPOKUITIEL AV MOAAAMTAACIAC0UNE KATO10 aképato eri 2 dnAadr)
etvat moAdarddola tou 2. Me dAAa Adywa av SwaipebBouv pe 1o 2 pag Sivouv
aképato apipo. I'a éva aptio a Aortov 1oxUel

a=2-arépaog=2- 5

O (3 bev eival dAdog aro tov % Xpnowornowwviag to ypappa 8 dev kavape
Tirnote AAAo aro 10 va OVOPACOUHE P €va ovopd (TTou TIPOKEEVOU Yia apid-
poug 10 6vopa ouvrBwg gival éva ypappa) tov arépalo apldpo % H emmoyn)
£VOG ovopatog (UIopel va 1o ouvaviroste Kat og £§ng : «d€toupe % = B») pag
ETITPETIEL VA YPAYOUHE

Kdl vad TIOUHE OTL

‘Apa av évag akEpalog aplbuog a ivatl aptiog tote givat g poperng o = 25 ya
KATo10v akepalo apduod 5. AAAd kat avaroda (0 0pog Tou XPro1IoIIoloUE
ota Mabnpatka sivat avtorpopog) av evag apldpog a ivatl tng poperng o =
26 yla rarotov aképaio 5 10te 0 « gival dptiog. Yiapxouv rmodAoi 1porot yia
va TEPTYPAYPOUE aUTo 10 yeyovog. ‘'OAot toug Aéve 1o 1610 mpaypa:

e O1 dptiot apiBpoi sival akp1Bog ekeivol Tou eivatl g popdrg a = 25 pe
8 axképaio.

e 'Evag ap1Buodg a sival aptiog av kat pévo av eivat tng popeng a = 23 ue
8 axképaio.

e Ikavr] kal avaykaia ouvOnkn wote £évag aképalog aplbpog a va sivat
Aaptiog eival va urndpxel akepalog 3 1€to10g Gote a = 2[5,

‘Aoknon 5. 'Evag pabntg ékave tov £Erg oulAoyiopo
-Kabe aképatog ap1Bpog a pnopet va ypagei: o =2 (%)
-Ovonpdgoupe 3 = 5

N.Z. Maupoytdvvng IIpoturo [epapatko AUKel0
www.nsmavrogiannis.gr EuayyeAikng ZxoAng Zpupvng
... . http://lyk-evsch-n-smyrn.att.sch.gr




6 1.2. O Axépaior Apduoi

~Apa o « gival ng popeng a = 245.

-Apa o « givat dptiog.

-Apa kaOe arépatlog eivatl aptiog.

Tt Sev maet kadd pe 1ov oUAAOY1IoUO AUTO;

1.2.3 Ot ntepitroi apiBpoi

Av adAdgoupe Tov «Bripatiopor 1oV aptiov Kat gekwvrjooupe aro o 1 kat
oxt a6 1o 0 Kvoupevol Mave-KAte pe Pripa pnkoug 2 da datpéoupe toug
apdpoug

..—95,-3, -1, 1, 3, 5, 7,..

etvat ot epttrot apiBpoi.

«Bnuartifoviag» otoug meptttoug apldpoug
Ynidpyxouv moAdot tpormot yia va toug rieptypdypoupe. Ag Soujie KATO0UG :
e Ilepitrol eivatl o1t apiBpoi rou dev eivat dptiot.
e [Iepitrol eivatl o1 apiBpoi rmou eivatl EMOPEVOl apTiev.

H 6eutepn nieprypagn pag odnyet oto e€rg ouprniepaopa: Av éva apOpog sivat
TIEPITTOG TOTE Ya €ival EMOPEVOG KATTIO0U APTIOU ag Tov moupe o dndadr Sa
eivat o a + 1. AAAQ o dptiog apiBuog « sivat tng popdrg « = 25 yla KATIo1o
AKEPA10 [ KAl EMOPEVRG O APXIKOG 1ag Iep1ttog aptbuog Sa sivat g Hoppng
a+1=26+1. Enopéveg xataAfjyoupe:

e 'Evag axképatog apibpog a Sa eival mepittog av kat povo av givat mg
popong « = 25 + 1 yia karoov aképato S.
1.2.4 Mia ouvoyn oug npageig

'Onwg eibape otav ektedovupe karola aro tg 4 mpddelg petau apibpwv
evog €iboug (puokov, akepainv, PNTIOV) T0 arotedeopa Propet va eivat aAAa
Kat propet va pnv eivat tou 16iou €idoug. Ag cuvoyiooupe autég Tig mAnpo-

popieg:
IIpoturo [epapatiko AUKeL0 N.Z. Maupoytdvvng
EuayyeAikng LxoArng Zpupvng www.nsmavrogiannis.gr

http://lyk-evsch-n-smyrn.att.sch.,




Kegaiaw 1. Ot Ipayuatikoi Apduoi

duokol | Aképaiol
‘ABpotlopa v Ve
Twopevo v v
AMagopa v
IInAiko

H év8edn v 0g KATIO10 TETPAYOVAKL OTAIVEL TIOG TO ATIOTEAEOHA TG AVIIOTOl-
XNS mpddng sivat tou 18iou €iboug: Tto terpayevakt Atapopd-Axképalotl 10 v
TIOU UTIAPXEL Onpaivel mog

e 'Otav apaipoupe dUo akepaioug n Siadopd eival mavia akePAlog.
ZuvrBwg dlaturvoupie 10 MAPAIIAVE IO «OTKOVOUIKA» KOS €8S
e H Siagpopd dUo akepainv sival aképatog.

AnAadn napaAeipape v nepypadr) g evépyelag « 'Otav apaipoupier Kat 10
«évtar. AUTEG O1 OUVTOHEUELS eival ouvnBiopéveg ota Mabnpatikd. Aépe yua
napadeypa «To aBpoilopa 1oV yoviov evog tptyovou sivatl 180 poipeg» kat ev-
vooulie g 01010 TPIy®vo Kat av Iapouile Kat abpoicoupie 11§ yovieg tou Sa
Bpiokoupe mavia 180 poipegr. Ermiotpédoviag otov mivaka 11ag o 10XUplopog
N aAAwg 1 mpotao

e To ywopevo 600 QUOIK®V eival UOIKOG.

etvat pia aAnBrg npotaon. Autd nou oxupdpaocte sival meg av moAAaria-
oldocoupe 6U0 oro1oucdNIIoTE PUOIKOUS ap1Bpoug Sa mapoupe PUOIKO aplBpo
KATL TIOU €ival 0m®oto. Av IAPOUE TV mpotaon :

e To nnAiko 8U0 PUOIKAOV £ivatl PUOIKOG.

£€XOULLE TOV 10XUPIOPO0 OTL av Siaipéooupe HU0 omo1oucdNIoTe PUOIKOUG apld-
poug Sa nmapoupe QUOIKO aplBpo. Autd dev eival omoto 510TL 0 10X UPoRog Sev
enaAnOesvetatl yla 6Aeg 11§ ermAoyég pag A.x 1o rinAiko 3 : 6 dev eivat uowkog
ap1Bpog. To yeyovog 0Tl UmdpXouv Katl EMMAOYEG TTOU enAAnOeUouv ToV 10XU-
plopo dev eival apKeTo yla va moupe OTl 0 10XUPIoHROoG ival owotdg. 'Exoupe
Aowtov pia weudr) nipdtaon.

1.2.5 Mepikég anodeitelg

Zta Mabnpatika yla va Ssopricoupe 011 pia ipotaor) eivat aAndng npemnet
va v arodeifoupe. H anodein propel va eivat pa ardr) enaAffevon aAdd
PIopel va eival Kat £évag 1o eKIetapévog ouAdoyiopog. Yidpxouv arodei§eig
nou katadapBavouv pia 8Uo ogpég G Kat TT0AAEG - TTOAAEG ogdideg. Evo
o€ AAAeg €TNOTNHIEG 1] TTAPATHPNON KAl T0 Teipapa dempouvial apKetd yia va
otmpiSouv éva cuprnépaocpa ota Mabnpatkd ot mapatnprjosig Sev erapKouv.
Mropouv va pag dwoouv kamnowa 18éa addda oyt BeBadtnta. H BeBaotnta
gpxetat pe v anodedn kat povo. Ag doupe 1o €8¢ apadetypa:

Iepiodtepa yia tig ripotdoelg Sa Sovpe otnv evérnra [[5] oeAiba @4l

N.Z. Maupoytdvvng
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8 1.2. O Axépaior Apduoi

Mapadewypa 1. Awdéyoupe §Uo onpeia oe éva KUKAO Kat ta evovoupe. O
KUKAOG X®piotnke oe duUo pépn.

e 2 onpueia divouv 2 péprn.

Yuveyidoupe naipvoviag 3 onpeia:

e 3 onueia divouv 4 = 2 x 2 pépn.

Ag niapoupe 4 onueia:

e 4 onueia divouv 8 = 2 x 2 x 2 pépn.

Tt 9a oupBet av apoupe 5 onpeia; Ilotog eivat o o peyddog apOpog xewpiov
ota oroia propet va Xwpobel o kUkAog; Eivatr Aoywko» va avapévoupe 16
pépn. paypat:

e 5 onueia divouv 16 =2 x 2 x 2 x 2 pépn.

IIpoturo [epapatiko AUKeL0 N.Z. Maupoytdvvng
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Kegaiaw 1. Ot Ipayuatikoi Apduoi 9

P

) i
Emtapkouv o1 mapatnprjoeig rmou £XOUHE KAVEL Yid va £i1acte 6iyoupol g
e v onpeia divouv 2 x 2 x 2 x ... x 2 pépn;
——
v—=1  @opég

H anavinon eivat «Oxv. Ta 6 onpeia avapéverar va pag dwocouv 32 pépn.
'Opoeg:

Metpoviag PAémoupe Mag:
e 6 onueia 8ev 6ivouv 2 x 2 x 2 x 2 x 2 = 32 pépn
Atvouv 31 uépr]E

Eibape oto ponyoupevo napadeiypa nwg ) arir) rmapatnpnorn dev enap-
Kel yla va dswprjooupie pia mpotacn aAndr). Xpelddetal Kat KAMold «€rmKupe-
onp. Ag doupe éva anAo napadeiypa, mo amAod aro 10 PO yoUHEVO.

HMapadewypa 2. IIpooBétoupe o dptioug apiBpovg. Tt iboug apOpod Sa
apoupe:

2+8=10, 12 +24 =36, 18 + 24 =42, 100 + 98 = 198

@aivetral eg 1o anotédeopa Ya eivat dptiog addda bev eipaote oiyoupot.
Aev Epoupe 1 9a oupbei av npoobécoupe AAAOUG APTIOUG IEPA ATIO AUTOUG
rou doxkipdoape. Kat to mpoBAnpa Sev Auvetat pe to va ouveyidoupe va
nipooBétoupe Levyn aptiov apOpeov. ‘Ocoug kat va doxkipdooupe Sev 9a egav-
TAfjooupe 6Aa ta duvatd (euyn. [Iavia Sa anopévouv apiBpoi rmou dev Sa toug
g¢xoupe doxipdoet kat Sev EEpoupie T pag ermdpuilacoouv.

5To mpoéBAnna autd ovopdietat «po6inua mg Sajpeong ou KUkAou ue yopdég» kat elvat
YVeOotd Kat og «pdéBAnpa tou Moser.» To mAR0og 1oV X®piov Iou Prnopouv va IpoKUPouv av

v*-60°+23v2 ~18v+24

XPTO0IIOI|COUE vV onpeia givat o1

N.Z. Maupoytdvvng IIpoturo [epapatko AUKel0
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10 1.2. O Axépaior Apduoi

Xperwadetal €vag TPOITog yia va aVIIPETRITICOUNE OAeg TIG TEPTIOOoElS. Oa
npooBéooupe dUo daptioug ap1Bpoug. Avti va rmoupe 6Tt IpoobEtoupie Tov 2 e
tov 8, tov 12 pe tov 24 K.0.K. Afpe OT1 MPOooHETOUIE TOV APTIO K UE TOV APTIO
A kat 9édoupe va dovuue 1 oupBaivel pe 1o aBpoilopa toug k + A. Kottoviag
10 Kk + A BAéroupe armlwg éva abpotopa eve Sev eival poévo éva abpoilopa.
Eivatr eva ddpotoua aptiov. @a 1mpénel e KATo10 oo va @avel autd. Kat
0 tporog autog urtapxel: Na Supnboupe ot €vag aptiog apBpog dev eivat
OTI010G K1 O0TI010G aAAd givat 1o SimAdoio evog addou akepaiou. Apa untdpyouv
aKEPA10L f4, V TETO01 WOTE Kk = 24 Kat A = 2v. Twpa priopoupe va £xoupe
MEPL000TEPES TIANPOPOPieg yia to abpotopa K + A. Eivat to 2p + 2v 1) akdpn
kaMAitepa 1o 2 (p+ ). AAAG §poupe nwg 1o abpolopa o akepaiov eivat
AAl aréPalog. ‘Apa 1o i + ¥ €lval KATIO10G AKEPAL0G, ag Tov rmoupe p. Ma tote
K+ A = 2p 8nAadn eival 1o dumddoio KAT010U aKepaiou Katl eMOPEVRS eivat
aptiog. Puoikd 6Aa autd Propouv, Kat €101 ouvnBifoupie, va ypagpouv pe eva
10 OUVIOHO TPOTIO

K+A =2 u +2 v =2| p+v |=2p=d4puog
apuot aKépaiog aképaiog aKépatog

Ot ipotdoeig ou anodsikvuoupie ota Mabnpatikd €xouv avdloya pe v
onpaoia toug dtdpopa ovépatoﬂ. Epeig anodeiSape v nipotn) pag mpdtaon :

IIpotaon 1.2.1. To aBpoiopa Yo aptiewv eivatl aptiog.

T yivetat otav mpooBetoupe 6Uo meptttoug; Av doxkipdocoupe didapopa
{euyn apBp®v Ppiokoupe Ot 10 arotédeopa sivat aptiog. Mmopoupe va e-
pdooupe Kat og pia anodeidn:

IIpotaon 1.2.2. To aBpoiopa Yo meprttdv eivat aptiog.

Anoédedn Ag kavoupe v oUviour), aAAd MEOTIKY, KATAOTP®OT] TI0U KA-
VAIE TT0 AV :

K+A=2 pu +1+2 v +1=2u+2v+2=2\pu+v+1|=2p=dpuog
neptttot axrépaiog AKRePAL0G aAKEPAL0g

Me mapoo1o Tporo PIopoupe va arnodeifoupe v npdtaon :

IIpotaon 1.2.3. H Sapopd dvo aptiov eival dptiog.
2) H 6iagpopd 6Uo meptttav gival aptiog

‘Aoknorn 6. Na ypayete pia anédeidn yia v npdtaon

4Hp(’)taon, Anpua (Bondnukn) npotaon), Aswpnua (onpavikn npotaon), IIdpwoua (mpdraon
Iov eivat éva oxetkd eUKoAo enakdAoubo piag aAAng nipotaong (ouvrfwg Sewpnpatog)
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Kegaiaw 1. Ot Ipayuatikoi Apduoi 11

Aoxpadoviag pe aptfpoug PNmopoulie va «IaviEWoue» KAl PETA va Arlo-
Seifoupe v pdraon

IIpotaon 1.2.4. 1) To ywopevo 800 reptttov eivat mepirrog.
2) To y1vopevo evog aptiou Pe £va OTo10d1moTe aKEPAlo ival Aptiog.

An6degn. 1) Av mapoupe 8vo mepttovg K = 2u + 1, A = 2v + 1 omou pu, v
eivat aképatot. 'Exoupe

kA= (2u+1)(2v+1)
KAvoviag TG npagetg oto B péAog g 100t tag £Xoupe
KA =4pv +2u+2v+ 1
Bydaloupe koo mapdayovia to 2 ard toug npoodetéous 4uv, 2u, 2v xkat Ppi-

OKOUpE
KA=2Qurv+pu+v)+1

Av ovopaocoupe
p=2uv+pu+v

mapatnpouvle g o p eivatl abpolopa tou akepaiou 2uv (sivat aképatog S0t
eivatl yvopevo akepainv), ToU akepaiou i KAl 10U akepaiou v. Enopéveg eivat
Kat o 161og aképatog. Kat apou

KA=2p+1

OUNIEPAIVOUPE OTL 0 KA glval meptttog.

2) Ag miapoupe oV K = 2 va glvat o aptiog rapdyoviag pag Kat A va sivat
0 aAAog rapdyoviag pag. a tov A 6ev xpetddetal oUte Kal €MITPENETAl vad
yivel karnowa erurdéov unobeon apou EEpoupe armdag ot eivatl évag arépaiog.
[MoAAamAaoiadoupe OneG PtV Toug aplbpoug pag Kat Bpiokoupe

KA = (21) A
opwg 1o (21) A priopovpe €€ ioou kadd va to ypayoupe kat 2 () onote:
KA =2(pN)

Av ovopdaooupe pe p tov apOpo g o p 9a eivat évag aképalog aplOpog apou
etvat ywvopevo 6U0 akepai®v Kat akopn

KA =2p

YEYOVOG TG 1ag eSaopaliletl 611 o kKA eival dptiog.

Tt Sa oupBel otav pocbecoupe €va Aptio pe eva mepttto; ITaAt doxipég
pe apBpoug pag urtoBaAlouv v 16€a MG TO0 ATOTEAEOPA TIPETIEL va givatl
mePITTog aplopog. Ag doupe Aowov pia v tedsutaia mPotaon AuUtg g
EVOTNTAG :
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12 1.2. O Axépaior Apduoi

IIpoétaon 1.2.5. To aBpoiopa evog aptiou kat evog meptttovu eival aplOpog
TIEPITTOG.

Anoédedn Ba Soupe Yo poroug anodegng.
log Tpomog Eivatl o avapevopevog. Ag movpe g £ = 244 €ival 0 aptiog Kat
A =2v + 1 givat o meptttdg apOpog. Tote

R+A=2u+2v+1=2(p+v)+1=2p+1

O1ou p = i + v aképatog. Enmopéveg o k + A eivat reptrtog.

20¢ Tponog [aipvoupe 6rmg rptv €va aptio aptduod k Kat éva mepittd apiduo
A. @éAoupe va arnodeioupe ot 1o AOpoloja ToUg, ag T0 OVORACOUNE K + A,
elvat évag rieptttog apbpog. O x = k+ A eivat évag aképalog apldpog Kat Onwg
oupBaivel pe kKABe akEPAlo UTIAPYXOUV HUO MEPUTINOELG :

Iepintwon 1 O x gival aptiog
IIepintwon 2 O x sival repittog

Epeig 9édoupe va kataAndoupe oty Seutepn nepimwon. To metuxaivoupe
auto aroxkAegioviag v v npotn. Tt Sa ouvéBatve av ioxue n mpwtr) mepi-
meorn ; Oa sixape 61 kK + A = x pe ov T va gival apuiog. H oxéon autr) pag
odnyet otnv

A=x—-K

Ztnv oxéon auty kau Sev aet kadd: To a’ pédog eivat évag repttrog aptfog.
To B’ pédog eival i1 Sapopd Vo aptiev apOpov dnAadn cuppova pe v
npotaor[.2.3lévag dptiog apOpog. Me dAAda Adyia £vag nepttrog aptdpog (to o'
B€Aog) eivat i0og pe Eva Tiep1ttd aplBpo (to B’ pédog). Auto sivat aduvarto, artomno
onwg Aépe ota Mabnuatikd Kat ENOPEVES 1 MTPWTN Mepint®or dev euotabet.
‘Apa artopével | devtepr. 0.€.6.

Inpeiopa 1. H iponyoupevr anodeidn teAeidvel pe tny ouviopoypagia o.€.6.
IMpoxettat aprukoAeo ng @pdong onep ebet beifar (autd akpBwg To 011010
énperte va arnodeiyBei). Mrmaivel oto tédog piag anodedng yia va dndwOst
ot £xel tedeioet. e dddeg yAwooeg ouvnBiletal 10 apkukodeio Q.E.D. nou
TIPOEPXETAL ATIO TNV PPACT 1€ TTapopola onpaocia quod erat demonstrandum
1] KAt 1) TonoB£tnon KAmolou oupBoAou (ouvhOmg Tou W).

Inpeiopa 2. Ztov SeUTEPO TPOMO AOdegng g mMPotacng Xpnotpo-
nowjoape pia pEBodo Eupeone anodeilng mou ovopadetal uedodog anaywyng
oto aromo (g1g atomov arayeyn). Hrav yveott) 1én otoug ITubayopeioug kat
pia akopn epappoyn g S9a dovpe ota enodpeva. Zinv pebodo autr) dev a-
nodekvioupe aneubeiag autd mou YAoupe. A€pe 1) auto ou YeAoupe va
arodeifoupe 1oxvel 1) 6ev woxvel. Yrobétoupe Ot Sev woyver (6nAadny ulo-
Oetovpe poowpiva v ekdoxr) ot Hev 10XVl Kat rpoortaboupie va Soupe T
OUVETIELEG £XEL QUTH 1] UTIOOEOT). £10X0G £ivat va odnynboupe o KATL ITOU givat
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Kegaiaw 1. Ot Ipayuatikoi Apduoi 13

BéBato nwg dev 10xVet (otnv anddeln mou Kavape oV nPotaor) Kata-
Angape oto 6t KAroog aplfpog eival ouyxpoveg ApTiog Kat mnepttrog). MoAlg
KAatalroupie og KATL T€T010 (T0 dTomo) 1) Urtobeon Pag Twe 10 anodelkieo dev
1o)X UEL KATAPPEEL KAl ATIOPEVEL POVO 1] 10XUG TOU artodeIKTIEOU.

Zuvoyidoviag 0oa avapEpape mPONyoUREVRG £XOUNE TV aKOAouBr «ripo-
naibelar yua tg rpddelg petady aptiov Kat mePitiov

[IpooBagaipeon Aptiov-Ileptttov

+ Aptiog | Ilepiriodg
Aptiog Aptiog | Ileprrtog
[Teputtog || Tleprttog | ‘Aptiog

[ToAAamAaotaopodg Aptiev-Tlepittodv

‘Aptiog | ITeprttog
‘Aptiog Aptiog | ‘Aptiog
[Teputtog || Aptiog | IMeptttog

‘Acknon 7. O1 apiBuoi a, B sival dptiot eve o «y etval mepittdg. Na kabopioete 10
eidog apuidtnrag (Aptiog 1) mMePITTog) 1OV MAPAKATE apOu®V:

1. a+p+2011
2. a+y-1
3. af+7

4. 2 +1

‘Acknon 8. O apBpog o sival meptttdg Kat o aplOpdg aff + 1 eivar dpriog. Na
artodei€ete 611 0 B sivatl meptrrog.

‘Aornon 9. Na anodeifete 6T yia kabe aképalo o o apOpog a (a + 1) etval aptiog.

1.2.6 TloAAarAdoia, I[Ip®tol kat ZuvOetot

Ot dptiot kat ot iepttrot apibpol mpoékuyav «Brpati¢oviag» otoug akepai-
oug pe Brjpa pnkoug 2. Eekivoviag arno to 0 kat «Bnpatioviag» mave-KAato pe
Brpa pnxkoug 2 Sa kaAuywoupe 6Aoug toug aptioug 6nAadr) 6Aoug toug ap1B-
BoUg g HopdrS 2k HE TO K va givat aképalog. '‘Ocot apiBpoi amopeivouv Sa
givat ot repttroi kat 9a €xouv v popdr] 2k + 1 61ou o K 1dAt eival aképatog.
Av topa Eexvrjooupe ard 1o 0 adddSoupe 10 priKog tou Brjpatog kat ard 2 to
Kavoupe 3 to1e 9a kadvyoupe ta moAddaniaola tou 3

N.Z. Maupoytdvvng
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14 1.2. O Axépaior Apduoi

«Bnpuatidoviag» ota rmoAdarnddoia tou 3

Ta noAAariddoia tou 3 eivat g popong 3x 6mou o K va eivat aképatog. T'a
TOUG ap10110UG TTOU ATIOPEVOUV eV £X0ULE KATIO0 CUYKEKPIHEVO Ovopd. 'Opmg
mpoKettal yla apibpoug mg popdng 3k + 1 kat g popong 3k + 2.

INoAAarAdowa tou 3 | IMoAAarddota tou 3 ouv éva | IToAdarmAdotia tou 3 ouv o
K 3K 3k+1 3K+ 2
-3 -9 -8 -7
-2 -6 -5 -4
-1 -3 -2 -1
0 0
1 3 4
2 6
3 9 10 11

IMapoépola av £xoupe Pripa pnkoug 4 Sa éxoupe ta rmoAdarddoila tou 4 rou
9a eivat tng poperig 4k pe 1o K va eivar aképatog. Ot apiBpoi rou dev eivat
roAAarddota tou 4 9a eivat 1 ing popdng 4k + 1 1 4k + 2 1) téhog 4k + 3. 'Onwg
OUVEBN 1€ TOUG APTIOUG KAl TOUG TEPITTIOUG

e KdBe aképalog apiBpog 9a avrkel aroKAE10TIKA O ia arnod 1§ KAtnyo-
pieg 3K, 3k + 1, 3k + 2 pe Kk aképato.

e KdBe aképalog apiBpog 9a avrkel armokAE10TIKA O Pia arnod TG KATtnyo-
pleg 4k, 4k + 1, 4k + 2, 4k + 3 pe Kk aképaio.

‘Aoknorn 10. Na anobeifete g av pocBécoups éva apldpo g popdng 3k + 1 pe
éva ap1Buo ng popdng 3N + 2 (k, A arépatol) 1o arnotédeopa da eival Evag apBuog
mg HOPPNS 3p PE p aKrEPAlo.

‘Aoknon 11. Na anodeifete mog av moddamdacidcoupe éva aplOpd ng HopenS
4k + 2 pe éva apOpo g popeng 4X + 3 (k, A aképaiol) to arotédeopa Sa sivat £vag
apOpog g popong 4p + 2 pe p aképato.

Fevikd av &xoupe dUo axképailoug apBpoug = kat ¥, o ¥y Sa ovopddetal
noAAanldoto Tou T KAl o T S1aip£Ing Tou Y av UIIAPXEL €vag TPitog akepalog 2
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Kegaiaw 1. Ot Ipayuatikoi Apduoi 15

€101 ®OTe va givat y = xz. Av eivat y # £z o y Sa Aéystal yvrjowo nofAaridoio
TOU & KAl O & YUrjotog Slaip€ing tou .

Mapadewypa 3. e 0 apBpog 3 eivatl rmoAAarnAdoto tou —3 6101t UIIAPYEL O
axépatog —1 étot vote 3 = (-1) (-3).

e 0 apBpog 12 sivat dwapéng tou 36 Sidt unapyet o apOpog 3 wote
3-12 = 36.

Ty oxéon y = xz o y dnAadr o xz eival moAAarmAddacto Tou x. Aivovrag
AKEPALEG TIPEG OTO 2 PITOPOULE va €XOUHE OAa ta TTOAAATTAGC1d TOU T TTOU £ivat
1a:

.—bx, -4z, -3z, 22, -z, Oz, x, 22, 3z, 4z, 5Sx ..
‘Aoknon 12. Bpeite 6Aoug toug d1atpéteg tou 12

[Mapatnpoupe 6t agov o = 1-a, a = (-1) - (-a):

e Ot +1 kat +a eivat Saipéteg ou a.
'Evag aképalog apiBpog a ovopddetal mp@tog av:

1. Eivat didgpopog tou 0.

2. Eivai diagopog tov £1.

3. Ot povot dapéteg tou givat ot apibpot +1, +a.
'Evag aképatog apibpog o ovopddetal ouvdetog av

1. Eivat didgpopog tou 0

2. Eivat 8iagopog tov +1

3. 'Exet kat dAAoug 81a1péteg KTOG Ao toug apldpoug +1, +«

Ernopévag évag ouvbetog apBpog 9a eivat g popprig 2-x 1 3-x 74 - KA
pe xz # £1,0 6nAadn Sa sivat éva yvrjoto nmoAdarddoto tou 2 1 tou 3 1) ou 4
K.O.K.

Ot pwtot ap1Bpoi mpoKUItouy av arod t1oug akepaioug esaipéooupe toug 0,
1, -1 xat toug ouvOetoug. AnAadr av e€alpéooupie akopn Kat 6ooug aplOpoug
a €xouv Kat aAdoug Siaipéteg exktog arto toug =1 kat +a. Andadr) ot rpoTot
apiBpot eivat ekeivol ou Sa AMOPEIVOUV av Ao TOUG AKEPAIOUG ATTIOPAKPU-
voupe ta 0, 1, -1 xat 6Aa ta yvrota ioAdariddola wv 2,4, .... Ot apiBpoi rou
artopévouv 9a eivat o1 pwtotl apBpoi. davracdeite auvtr) v dadikacia cav
éva «kookiviopa» orou «arepvouws ot 0, 1, —1 kat ta nmodAarddowa wwv 2,4, ...
Kat ot «péver gival ol patotl apiBpoi. Autn n dadikaocia eival yvootr ano
tov Epatoobévn kat ovopdadetal «<Kookwvo tou EpatooBévougr. Agilel va mpo-
00£00UE MIOG OTAV «TTIEPVOUW» ATIO TO KOOKIVO Td yvriola roAdartddoila tou 2
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16 1.3. Ot Pnroi Apwduoi

Zxnpa 1.1: Ot pertot apiBpoi petadu 1 kat 400

AUTOPATEG IEPVOUV Katl 0Aa ta rioAAariddoia tou 4, tou 6 k.0.k. To 1610 yivetat
Kat pe ta yvhola nmoAAarddoila tou 3. Amopakpuvoviag td arnopakpuvoupe
Kat ekeiva tou 6, tou 9 K.0k. Ztov 1ivaka @aivovial ot p®tol apdpoi mou
Sa aropeivouv av «kookwvicouper toug aptBpoug ard 1 éng 400. TIpooédte 6T
EVQ «apalpoupe» aplfpoug mou napouctadouy [ia KAVOVIKOTHTA TO ATTOTEAE-
opa dnAadn o1t anopével Hev TapouUoladel KATIOWW EPPAVE] KAVOVIKOTNTA. XTa
EMOUEVA OTAV AvaPepOUaote o TP@Ioug apduous 9a svvoouue toug IeTikoug
TOWTOUG.

1.3 Ou Pytoi Ap1Bpoti

1.3.1 Tt eivat ot pnytot apiBpot

Ot pnrot (5nAadr) ot apBpoi rmou PIropouv va mwdour va TEPLYPapouv)
etvat o1 apiBpoi o1 oroiotl MPOKUMIOUV ®G MNAIKO dU0 akepaim®v ONKG yia
napadetypa ot apibpot
-3

i 4 9

[SV R
wlo

Me aAla Adyua

e Pntoi apiBpoi eivat o1 apiBpoi tng popong % OIToU O1 Y, V elval aképaiot
(v £ 0).
H napdotaon evog pntou umo popdr] KAAopatog ivat n 1o ouvr]ewuévrﬁ aA-
Ad mpénet va Yupdpaocte 0t KAdopata pe 51apopetikoug aplOunTég-napovouaoteg
UIopel va rtaptotouv tov 1610 pnto. 'Etot
36 50 14 -8 1
72100 28 -16 2

SYrdpyet kat 1) Sexadikr) napdortacn BA. [LA1Y)
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Kegaiaw 1. Ot Ipayuatikoi Apduoi 17

Kdbe pntog prmopel va napaoctabet pe éva KAAopa O0mou £€Xouv yivel 0Aeg ot
arAoro)oelg (avaywyo) Kal o mapovopRaaotr)§ ToU ival @uolkog apiBpog. Te-
Tola Tapactaoct) ivatl povadikr rat Agyetat avnyuevn (Exel avaydel petd ug
ardorooelg). Andadr av duo 1étola KAdopata (avayoya e ITapovopaoty)
(PUOIKO ap1Bp0) maploTavouv Tov 1810 pNTd ToTe 01 ApPlBPNTEG TOUG £ivatl oot
Kd1 Ol TIAPOVOHAOTEG ToUg glvat ioot.

Mapadewypa 4. Ag SoUpe PEPIKEG TETO1EG TIAPAOTACELS O€ AVIYHEVI] LOPQT) ©
-125 -25 144 9 77 7
60 12 64 4 121 11

‘Acknon 13. Na ypadouv os avnypévn popdn ta =5 800 m1

-122 70 71

1.3.2 Xuykplon pnrev apldOpov

Mag eivatl yvewotd amo to F'upvaocto éva kpurptlo ya va eAéyxoupe av §Uo
KAdopata eivat ioa dnAadr) av mapiotouv tov 1610 pNiod:
©

e Av 1oxuel § = 161e 9a 1oxvet kat KV = pA

alAld Kat avuotpoPeg
o

e Av 10XUel KV = pA tote Sa 1oxvel Kat § =9
1] XP1NOIHOIo)VIAg v opoAoyia nou eidape oty

I

e T'ia toug prtoug § Kat % Ya 1oxvet § = 2 av kai povo av woxvel KV = pA.

Zinv oxéon § = % 01 K, v Aéyovtatl dkpot Katl ot A, i Aéyovtar puéoot. H 1o06tnta

9a aAnBevel av 10 YvopEVo T®V PECO®V €ival 100 € TO YIVOHEVO TV AKP®V.
PuoKa:

e 'Evag pntog apiBpog § 9a eivat ioog pe tov 0 6nAadr) tov pntd apbuo %
av povo av k = 0.
‘Aoknon 14. Na anobeifete 611 (ta «, 3,7 eival pn pndevikoi aképaion) % = %

23589878123459 _ 78123459235898 .
12345923589878 58987812345923°

‘Aornon 15. Ioyvst dpaye

‘Aoknon 16. Oz, y sivat aképaiot apidpoi kat o pnrog %3 eivat undév. IMoiog eivai

ox;

Emniong pe mapopotlo 1pormo prnopoupe av £€Xoupe dUo pnioug aplfpoug §

% He ta A, v va eivat guotkoi aoduol va Bpiokoupe mote eivat § > % KAt Tote
Ly
A vt

e Qa eival § > % av Kat povo av KV > .

e Qa eival § < % av Kat povo av kv < .
’ , . . .11 33 .
Aoxnon 17. Na Ppeite mo1og amnoé toug pntous apiBpous s¢ kat 53 etval peyadvte-
pOG.
’ ’ . f B 11 =50 , B
Aoknon 18. Na Bpeite ro10g and toug prnrovg apibpoug -7 Kat 53 givatl peyadu-
1EPOG.
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18 1.3. Ot Pnroi Apwduoi

1.3.3 TIIpdgeig petadu twv Prtov

Av mipoobéocoupe, apaipéooupe, moAldardaciacoupe 1 Hiaipécoupe HUo
PNTOUG EEPOULE MRS TO ArotéAeopa ivat ermiong pnrog apdpog:

K M _ KUTUA
° )\+V_ Av
° K _ M _ KU—pA

A v

E.HE _EY
* X Av

)

BN KV
._ —

13

v

Evvoeital eg otig napandave oxEoelg ta A, v givat stagpopa tou 0 kat otnyv
tedevutaia oxéon eivat kat o i dragopog tou 0.

YrnievOupidoupe 011 o1 1eXVIKEG TIOU €X0UpE PABet yia va rpocBadailpoupe
KAdopata (petatportt| oe opovupa K.1.A) eakodoubouv va givatl Xpriotpes.

Mapadewypa 5. IIpoxkeévou va Bpoupe to abpotopa %4‘ % elvatl mpotuoTEPO
va KAVOUe Op@vUpd ypadoviag:

63 5 68 17

84 84 84 84 21

|Cﬂ(>—t

2}
3 5 3
-+ —=—+
4 84 4
mapd va ypayoupe
§+3_384ML5_§E_£
4 8  4-84 336 21

‘Acknon 19. Na ypdyete oe amoUctepn HOPPT] TOUG PNTOUG

_u,3

1. A= =+

_ 11 3

Z.B—?_g

_5.=2

3. I'=3 g
4. A=1
6

'Onwg akplBwig opioape ta moAAarAdoia tou akepaiou z va eivatl ot ake-
patot apiBpol g HoPPHS 2& HE 2 AKEPAL0 €101 UITOPOULE VA 0PICOUNE AUTH
1 @opd ta rmoAAarAdola 1ou pntou x. Eivat ot pntot apiBpoi tng poporg zx
pe 2 mall aképato.

Mapadewypa 6. Mepikd roAdarddota tou % givat ta:

4 24 4 4 12 4 8
_6._:__7 _5._:_4’ _3._:__’ _2._:—_’
(-6)-z === (-5)- = (-3)z == (V-

4 4 4 4 4 4 8 4 12
(_1)'_:__7 0'_:07 1'_:_7 2'_:_7 3r—=—
) ) ) 5 5 5 O )
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Kegaiaw 1. Ot Ipayuatikoi Apduoi 19

MropoUpe tOpa va CUPIANpoooupe tov rivaka g ogdibag [ dote va
nieptAapBavel Kat toug pnIoug:

duowkoi | Aképatot | Pntot
‘ABpotoua v v v
Twvopevo v v v
Alagopa v v
InAiko v

1.3.4 O &8ovag v Prtov

Av mdpoupe éva agova TV aKePAi®V PIOPOUHE VA CUNITANPOOOULE HE
onueia mou va avtiototKouv oe prroug apidpoug. Ztov agova autd tortobe-
touvtat:

1. O1 pntot ou eival moAAanAdola tou %

(SN
[UPN
(I
(SIS
(SN
[P

45

&
A
o
Ao
&
o
&
N
o
N
o
o
o
o9
=3
o
o
N9
N}
o
w9
w
o
e

AN
wia
AN
PN
©ia

e

N =
w
N =
N

N

N =
N =
N =
[P
N =
N =

3. Ot pntot 1ou eivatl moAAarddoia tou

S [N T

4. Ot pntoi ou eivat oAAamnidoia tou

K.0.K. 'Etot ¢xouye tov dfova tev prtev 6rou 6Aot ot pntoi £xouv tortobetn Ol
katdAAnAad otnv eubeia.

6ndadr) ot Yetkoi prtoi torobetouvial 1pog 1o 1810 pépog tou dfova kat o kabe o > 0
anéxel ano 1o onpeio rmou toroPeteitat 1o 0 andotaon a KAt t€Aog ot aviiBetol TV KOV
PNTOV TOMOOETOUVIAL CUPPETPIKA ©OG IIPOG TNV apX1)
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20 1.4. OuIlpayuatucoi Apduot

Ot IIpaypatiroi ApiOpoi
[Nwg mpoxkurtouv ot Ipaypatikoi ApiOpot

‘Otav toroBetovpe 10Ug akepaioug aplBpoug oe pia eubeia yla va rmapoupe
éva afova akepainv eivat rpodaveg ot ta onpeia g eubeiag Sev e§avidovviat
6nAadn undpyxouv onpeia ota omnoia dev avuotoxel kKavévag akEpalog. 'Otav
OUNIMANPOVOUE HE PHTovg yia va rdpoupie éva aova prjtdv CUPRITANpovovTal
onpueia petady Siadoxikav akepaiav. TibBetat 1o epotnua: Oa egavidrjoouv ot
pntol ta onpeia g eubeiag; Me dAda Aoyla Sa avriotoixel kaBe onpeio g
eubeiag oe pntod apdpo; 'H prneg Sa anopeivouv kamowa onpeia ota oroia
bev 9a avtiotoikiotel pntdg apidpog

Ovopadoupe onwg ouvnBidetat pe O v apxr) tov aiovev 5ndabdr) to onpeio
rou avtiotoixei otov apBpo 0. Ovopddoupe pe F 1o onpeio mou avuotoiyet
otov ap1Bpo 1. To tpnpa OF éxet puokd prnkog 1. Pépvoupe kdbetn otov
agova oto onueio F kat mave oe aut) naipvoupe éva onueio B €tol dote
BE = OFE. Auté yivetat eukola ypagovrtag KUKAo pe Kévipo 1o F aktiva OF
6nAabdn 1 kat naipvovtag 1o B va givatl éva and ta 6Uo onueia mou t€Pvel o
KUKAOG v KaBetr). To opBoywvio tpiyovo OF B €xetl ufkn Kabétov mAeupov
1 xar 1. Ag ovopdacoupe « 1o prjKog tg urnoteivouoag tou OB. Av topa pe
kévrpo 1o O kat axktiva OB ypayoupe KUKAO Kal ornueidooupe pe A to onpeio
TOU TéPvel 0 KUKAOG autog tnv nuieubeia O F tote guoika to tpfpa OA sivat
100 pe 1o uApa OB kat enopévag 9a £xel Kat autd pnkog oo pe a.

®a avuiotoxei apaye oto A pnrog aplOpog;
Me dAAa Aoyua eivatl o apiBpog a pntog; Ag doupe 1 9a cuvéBatve av o o
frav pntog. ®a énaipve, onwg KABe pntog, pia avnypévn popor) :

a=b ()

"Onwg avapépaps évag JeTKOG pNTdg TOMOBETEITal 08 GNPIEiO TIOU ATEXEL A6 TV ApXt] TOU
agova punkog ico pe tov apBpo. O aviibetog tou tormobeteital CUPPETPIKA ®G TIPOG TV ApXh
tou Ggova. Enopéveg ot pnroi 9a e§avidouv v eubeia av propouv va eKGPAcouv 6Ad Ta PrK)
pe aAAa Adyla av kaBe prkog eivat pntog apibuog. Ot apxaiot 'EAAnveg og pia enoyn miotevav
ot autd eivat Suvatov émg otou ot ITubBayodpetlot armedeav 6t autd dev eivatl duvatdv SnAadr)
9a unapyouv pnkn rou dev Ya ekppalovial pe pno apdpo
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Ztnv popodn (%) 9a £xouv yivel 6Aeg ol duvatég amdomnoroslg Kat ot i,V 9a
etvat guoikoi apiBpoi.
To tpiyovo OFE B sivat opBoyaovio kat eropéveg 9a 1oxvel os autd 10 Oc-
wpnua tou ITubayodpa:
a?=1%+12

Enopévag:
a2 =2 (* *)

2
Av ocuvbudooupe g (%), (**) éxoupe (%) = 2 KAl EMOPEVHG
W= 2P (xxx)

To 8eutepo pédog g (*#+) eivat évag 2 erti karoov aképato (tov %) emopévag
9a eivat évag aptiog ap1Bpog. ‘Apa kat to ripwto pédog dnAadr) o ,u2 etvat aptiog
apBpog. O p povog tou Sa elvart 1) aptiog 1) epttrog. Ilepittog e prmopet va
eivat 8101 16te 9a frav p? = [+ 4 = MEPITOg X TEPITIOS = MePIttdg mpdypa
abduvatov. Enopévag o i etvat dptiog. AAAAG T0te 14 = 2K Y1d KATIO0V aKEPAlo
kxrat p? = (26)? = 4k ®arn (* * *) yivetal

4K% = 02
TIOU HETA T1§ ATTAOTIO0E1g 1ag Sivet
262 = v

Topa eivat n oglpd tou v va Byetl Aptiog Pe éva cUAAOY10p0 TTapO1010 Pe EKEIVO
TTOU KAVAUE Y1d TO L. AV OH®G 01 4, I €ivatl aptiot TOTE T0 % bev eivat avaywyo.
"Exoupe éva atorto oto oroio kataAniape Sexopevot 61t o « eivat prtdg. Apa o
ap1Buog « dev eival pnrog. Enopévag to onpeio A 6 propet va kadudBei amo
éva pnto. To ted1ko pag ouprnépaopa eivat ot ot prnroi apiBpoi dev emaprovv
yla va kaduyouv v eubeia. Xpesialopaote kat dAAloug apiBpoug. Autoi ot
apiBpot ovopadovial aopnrol Kat 6Aot padi pnroi kat dppntot pag QTiaxvouv
TOUG TEAyUatkousg aptdpUoug.

Av £xoupe U0 mpaypatukoug apldpoug «a, [ autol 1) Sa eivat oot 1) 6x1.
To va damothocoupe av §Uo npaypatikoi apiBpoi eivat icot 1) 6x1 dAAote eivat
€UKOA1 urnobeon addote ot [Iaviwg 1) 161otnta tou va eivat §vo apiBpoi icot
etadepeta 1 onwg Agpe ota Mabnpatka eivat petabatixr).

‘ MetaBatikny [616tnta tng loomtag: Av a=Frar f=y e a =~ | (1.1)

Ipageig otoug Ipaypatikoug ApiOpoug

Ztoug mpaypatkoug aplfpoug PIopouv, ONKG KAl Otoug Prtoug, va &-
Ktedeotouv kat ot 4 rpddelg. Mriopouiie va CURITANPOOOUE TOV MivaKa TG
0eAidag [19] kat pe toug mpaypatikoug apiBpovg:
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22 1.4. OuIlpayuatucoi Apduot

duowkol | Aképatot | Pntot | TIpaypatikot
‘ABpotlopa v v v v
Twopevo v v v v
Magopa v v v
[InAiko v v

AuTo 10U KAvouie otav rpocBEtouie HU0 mpaypatikoug aptdpoug Ax. toug 6
Kat 7 eivat va avuoroixidoupe oto {euyog twv aptOpov 6 kat 7 éva véo aplOpo:
10 abpotopa toug 6 + 7 dnAadr) o 13. Av ypnoporoovoape §Uo iooug pe
autoug ap1Bpoug yia apadetypia toug % kat 10 -3 kat toug mpooHetape maAt
13 9a Bpiokape. IIpoxettat yia pia yeviky apyr) mou £xoupe otnv AlysBpa
otav ektedoupe mpdgelg: Ze iocoug rpoobetéoug aviiotolXouv ioa abpoiopara,
o€ 100UG TTAPAYOVIEG AVIIOTOLX0UV ioa ywvopeva KtA. Andadr) yevika £xoupe
ot:

Ava=d xai =8 tvrea+B=ad +p xara-B=a" - (1.2)

H 18101tta avty pag emtpénet va mpooBEtoupe Katd PEAN 100TNTEG 1] va TTOA-
Aamlaociadoupe kata pEAn ootnteg. Avadeépetat oe SU0 100TnTeG aAAd 10XUEl
Kat ya nieproootepeg. 'Etol av yia mapddeiypa €xoupe v mAnpogopia mwg
a = x Kat [ = y 10te autopdtag &Epoupe g o+ [ = x +y. Emiong 6iaBaloviag
v B = y avarnoda cav y = 5 €xoupe ot . + y = x + . Mia e181kr] mepintwon
givat otav £€xoupe tnv mMAnpogopia ot wxvel i wotnta « = 5. Tote enedn n
100tTa 7y = ¥ 1oxXUel mavid, OIo10g Kat va ivat o y PIriopoulie va mpoobéoupe
Kat va oAAarAactacoupie autég tig 6o wotnteg. Oa Bpoupe nag a+y = S+
kat « -y = B - 7. Andabn propoupe kat ota §Uo pédn piag wwdtntag va mpo-
oB£oouyie tov 1610 ap1B11o6 Katl va rmapoupe 100thtd 1 va roAAarnAactdocoupe pe
Tov 1610 ap1Bpo Kat va mapoupE 100t

‘Ava:5tc')tsa+'y:5+'y1<moz-'yzﬂ-'y‘ (1.3)

YuvnBiletal otv AdyeBpa va Sewpoupie TG MPAdelg «+» tng POcHeong Kat «»
TOU NOAAAAQO1a0P0U ®G Pactkég mPAagelg KAt T1g MPAgelg «—» g apaipeong
Kat «» g daipeong wg mapaywyeg rmou opidovral pe Paon avtég. I'a tov opt-
OO0 TOUG XPNOTHOTIOLElTAl O avTiBETO¢ KAl 0 avtiorpogpog evog (1 pndevikou)
apBpou.

‘Aoknon 20. Na anobeifete o6t1 av = § téte 3o+ 2 = 38 + 2.

‘Aornon 21. Na anobeilete 6t av x = 2’ téte ax + 8 = az’ + 8.

1.4.3 Ocuedlindeig 1610m1eg v [pdiewv

Kdaroieg 1616tteg tov rpdiemv tng rpoobeong Kat tou rmoAlandaociacpioy
eivat depediwdeig kat o1 unddotreg propouv va napayxBouv pe arnodeifelg anod
autég. O1 Ogpedwderg 16101n1eg ival o1 akoAoubeg:

Avupetabsukn) a+6:6+axala-ﬁ:6-a‘ (1.4)
IIpoturo [epapatiko AUKeL0 N.Z. Maupoytdvvng
EuayyeAikng LxoArng Zpupvng Www.nsmavrogiannis.gr

http://lyk-evsch-n-smyrn.att.sch.,




Kegaiaw 1. Ot Ipayuatikoi Apduoi 23

H 161601tnta (L4) pag Aéet ou Sev €xel onpaocia n oepd pe v oroia rpocbe-
Toupe 1 moAAarmdaotdoupe dUo apBpoug: Ot apiBpol Propouv va avitpeta-
1eBouv 6nAadr) o &vag va mapet v oe1pd 10U dAAou Xwpig To anotédeopa va
aAAdaget.

‘ [pooetapiouxyy: a+ (B+7) = (a+B)+yrara-(8-7) = (a-F) ~'y‘ (1.5)

H mpd&n g mpoobeong 1 tou rmoAdardactacpou yivetat petadu 6uo apib-
pov. Av £xoupe tpelg aplbpoug n diotnta pag Aésl 6u propoupe va
eKteAéooUpE TV TPAgn Hetadu tov 6U0 mpatev (va mpoostalplobei o mpotog
Tov HeUtepo) Kat 1o petd va ektedeodel 1 rpdadn petadyu tou anoteAéopatog Kat
TOU TPitou 1] va ekteAeoBei n mPAagn petady Tou IPOTOU Kdl TOU ATOTEAECPATOS
g npagng Seutepou kat tpitou. To arotédeopa da eival to 1610 kat ylautd
ypagpoupe:

a+(B+y)=(a+B)+y=a+B+y

a-(B-y)=(a-B)vy=a-B-v

H npoostaipiotiky) 18161tn1a o ouvéuaopo e TV AvIPETaOeTIKY] 1A ETTITPETTEL
va adAdadoupe oglpd Kat va ripooBagdatpoupe tapevhéoetg. 'Etot

a+f+y+d=(a+7y)+(B+9)

a-(B-(v-(6-€))) =(a-v-5)-(5-¢)

‘ Yriapén oubetépou otoixeiou: a+l0=axrkata-1=«a ‘ (1.6)

H 16i6tnta avag@épetal oto yeyovog ottt Kabe mpdin éxet éva oudétepo
otoixeio 6nAadn £va otoixeio rmou dtav oUPPETEXEL OtV MPAH 1€ OIO1081ToTE
alAlo otoixeio ouprepipépetal «oudbEtepar 6nAadn dev to petaBadder: Eivau
oav va unv éywe 1 pddn. Av nipoobécoupie 1o 0 og orowodnrote apOuo 1
av noAAardactdooupie pe 1o 1 oroodnmnote apiBpo 1o anotédeopa Sa eivat o
apBpog pag. Aesv urtapyxouv aAdot apiBpoi pe auteg g 1610tnteg. Aev givatl
ortoubaio addd propoupe va dwooupe Katl pia pikpr] anodeln: Av unr)pxe
Kat dAdog apBuog ag tov novpe 0 dote yia kabe o va frav 0 + a = «a 61
agevog 0+ 0" = 0 kat apétépou 0+ 0’ = 0’ ondre tedkd 0 = 0.

1
Yriapgn ouppetpikou otoxetou: a+ (—a) = 0kar - — =1, (a #0) (1.7)
«

H 1wo6tnta autr) pag Aéet ot kaBs otoryeio (otnv mepimworn Tou roAda-
MAAO1AopPoU TIPETEL va £ival Kat | Undeviko) uropet va «e§oudetepnbeid» and
éva aAdo oote va pag daoet 10 «adpavegy oudETEPO OTO1XEl0. TNV MEPITIOOT)
G IPOOHECTG AUTO EMITUYXAVETAL TIPOoHETOVIAG ToV aviidero aplBpo —a eve
OtnV MePIm@on Tou nmoAAaniAaotacpoy moAAaniaotadoviag pe 10 avtiorpogpo
otoixeio é

‘Erupspto'uxr’]: a-(ﬁ+’y)=a-ﬁ+a-’y‘ (1.8)
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24 1.4. OuIlpayuatucoi Apduot

H smpeplotika) lﬁlétl’]toﬁ pag Aéel g otav YEAoupe va TOAAATIAACIACOUHE
éva ap1Bpo pe éva abpotopa n 6oudeld auty) propet va «ermpeptoted» dnAadr) va
Xwptotet o aAdeg artdovuotepes: Na yivouv ot ermpriépoug ToAAanAaoiaciiol tou
ap1Bpou pe toug Poobetéoug Katl va rpootebouv anotedéopata. Mia ootnta
onwg n - (B+7) = - B+ a-y pag Aédel og 10 MPOTO PEAog etval i0o pe 1o
Sevtepo. AMAd €€ ioou kadd pag Aéet g 1o Seutepo eival i0o pe 1o IPWTO.
Amo 10 IpwTo petaBaivoupe oto HeUTEPO EKTEADVIAG TOUG TIOAAATTAQO1AC0US
aAAd kat ano 1o eUtepo oto POTo Pyaldoviag onmg Ape Koo mapdayovia.
O1 600 ddAeg mipagelg g agaipeong Kat g diaipeong opilovrat mAéov wg

e8ng:
a-B=a+(-B) (1.9)
Kdat
a_,.1 (1.10)
B B '

‘Acknon 22. Bpeite xopig xapti kat poAvbt 1o dbpotopa: 1+ 671 + 999

‘Acoknon 23. Bpeite xopig xapti kat poAubt 1o abpoiopa % +3+ 1—79

‘Acornon 24. Av A+ B =7 Bpeite 10 34+ 3B.

‘Aoknon 25. Na ypdyste @G YIVOHEVO TTIAPAYOVIRV Ta
1. 6z +12
2. 3af+a
3. aA+aB+BA+ 3B

1.4.4 'AMAeg I610t1eg TRV TIPAE@V
O11616tnteg 1.4 7 Atyeg Tov ap1Bpd, pag EMIPENIOUV va a-
robeifoupe 0Aeg T1g dAAeg 1610TNTEG TV TTPASE@Y TTOU §époupeﬁ. Ag Supnboupe
HEPIKEG :

(ot §)= (-0) + (-f) K —— =

o B (1.11)

QI+

=S

TTOU pag Aéet OtL:

0 avtiderog (avtiotolywg 0 avtiotpo@og) adpoiopuarog (AvtioToiYwS YIWOUEVOU)
glvat (oo¢ e 10 adpoiloua (avtiotoiywg 1o YLWOUEVO) TV avTiEIOV (AVTIOTOLX WG
U avnotpé(p(ovlﬁ

5To mAfpeg 6vopa g eivatl «ImpePIoTKY 1B19TTa 10 TIOAAAMAAGIACHOU MG TIPOG TNV TIPO-
oBeonp.

9Tig anodeifeig autég av kat dev eival duokodeg 9a g apadeipouye.

192 névia pddpe étot oty kaOnueptv) kouBévia pag. Lta Mabnpatikd autol tou eiboug
ol eKQPAcelg ouvnBidovial Kat mpotp®vial yia va deixBel kamowo eidog opototntag. Zinv
MPAypatikotnta poKettat yia 6Uo mpotdoeig:

o avtiBetog abBpoiopatog eivat i0og pe 1o dBpolopa TV avilBEtav
0 avtiotpoog YIvopévou eival 100G P TO TO YIVOHEVO TRV avIloTpodmv
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Kegaiaw 1. Ot Ipayuatikoi Apduoi 25

Mia dAAn PBaoikn 1810tta eivat n dowtta mg diayoadng:

Av a+v=0+v wte a=p0

1.12
Av a-v=8-7v xwar v+0 twte a=0 ( )

[ToAAoi xepiopoi mou kavoupe oty AlyeBpa otnpidovial oe autr tv 1610tta :

Mapadewypa 7. Av éxoupe 6t +3 = 7+3 101e Hraypadouiie 10 3 orueIdvovIag
T +3 = 7+ 3 xal KataAfyoupe oto ouprépacya x = 7. ‘Opola amd oty
oxéon a(x+y) = af av 0 a eivalr 81GPopo tou PNdevog propoupe va o
Sraypayoupe & (x + y) = ¢ xal va cupriepavoupe 6t x +y = f.

To 0 raidet éva e181kod poAo otov moAAarndaciaopid (Aéyetat ylautd anoppo-

@NIKO OTO1XELD):
(1.13)

dnAabdr av mapoupe 1o yvopevo tou 0 pe kdamolo apiBpod 1ote 10 anotéAeopa
9a eivat pndév. Autog eival kat o PoOvVog TPOITOG Yid va Yivel éva YIVOHEVO
pndev dnAadn mpénel onodoTe KATIO10G IIAPAYOVTAS TOU va givat Pndév:

‘AVOz-ﬁzOtétsa:Or’]Bz()‘ (1.14)

H 18610tta avt) eivatl onpavukn oty eriduorn e§l00oemv Kat 10XUeL Kat yia
TIEP1000TEPOUG ATTo HU0 TTAPAYOVTEG.

Mapadewypa 8. Av éxoupe pia §i0mor pe AyvooTo To & Kal e KATIo10 TPOTo
TIETUXOUHE va TNV PEPOUNE OTNV HoPPT

(x-1)(z+1)(z-3)=0

10Te emeldn) KATI010G aro toug rapayovieg Sa eivat pndev n mpénet £ — 1 =0 1
z+1 =01 tAog z - 3 = 0. Enopéveg untapyouv tpia evdexopeva ya 1o x. Oa
etvarz=1nz=-111tédog z =3.

Emiong propet va amnodeixOet n yvootr diotnta:

[a(=8) = (-) B=-(aB)| (1.15)

Kabwg KAt 1

[(—) (-B) = a8 (1.16)

TéAog amodeikvustal ot 1 ermpePLoTIK 1610TNTa 10YXVUEL KAl IO YEVIKA Yid
TPEIG 1) TIEPLOOOTEPOUS aplOpoug

la(spxy=d+.)=a(«B)+a(xy)+a(d)+..] (1.17)

‘Acrnorn 26. Na yivouv ot moAAarmdaciacpot
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26 1.4. OuIlpayuatucoi Apduot

1. z(y+z-1t) 3. (za)(y+z-1t)

2. (z+a)(y+z-t) 4. (a+B-7)(k-A+p)

‘Aoknon 27. Na ypdyste oav éva KAAopa Tig Mapactdosig:

+

TN W=
Wl

3. =+

N [—=
=
Q=
|

4.

1
x+1

N[—=
N

1
y-2

zy+1
Tty

‘Aoknon 28. Aivetai n napdotacn A = . Na Bpeite tnv ripn) tng A otav
l. z=1,y=2

‘Aoknon 29. Na ypdyste oav éva KAAopa Tig MAapactdoeig:

2 a
1. £ 3.

7 Y

o©

a a
2. £ 4. =

Y Yy

‘Aoknon 30. Na anobeifete dtiav2r+5=2y+50te =y

‘Acknon 31. Na Mapayoviorojoste TG MapacTAoelg :

1. af-ba-35+15 4.

2. pc+qc+pd+qd
3. ab-bd+ae—de

‘Acornon 32. Na amlonowoste g APACTACELS :

Ta+z

1. zy+xd 4.

o, aBtBYtBs 5.
Be

3. za—zb-ya+yb 6.

za+zb-ya—yb

ab + 5b+ 6a + 30

5. ab-5b-6a + 30

2ab—-10a + 3b—-15

zm+zn+3m+3n
2em+2xn—-3m—-3n

2ta+2tB+sa+s
2ta—2tB+sa—s3

zy—Lr—ay+af
zy+fr—ay—-af

‘Acornorn 33. Ta tov apBpd y sival yvooté nog (y— 1) (y—2) (y - 3) = 0. Toiég
eivat o1 ipég rou uropei va rdpet 1o ywopevo (y + 1) (y +2) (y + 3);

1

‘Aornorn 34. Na anobeifete ot av (a - ) (é -3

):Otétsazﬁ.

‘Aoknon 35. Tt Sa ofjuaive va ftav n nPocOect) EMUEPIOTIKY] O MPOG TOV TT0AAA-
rmAaotaopo; Ioyuvet tétowa 1616tta;
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Kegaiaw 1. Ot Ipayuatikoi Apduoi 27

1.4.5 Xuvtopeuoeig Kat Ipotepatdtnieg

Ztov moAlarnAactaopo mapdAeinoupe OMou PIopoupe, Kal 6gv UTIAPXEL
kivduvog va SnpoupynBei ouyyxuor, 1o oUPBoAo «» g PAagng tou roAdarra-
otaopou. 'Etot ypagoupe 2z avii 2-x kat a (S —) avii a - (8 —7). duokd
8e propoupe avti yia 3- 7 va ypayoupe 37 oute avti yua 3- % va ypaypoupe 3%
(to mpwto givat ico pe % Kat to devtepo pe %)

'Orou eivat duvatdv napadeinouvpe napevOéoelg. 'Etol ypagoviag a + 8y
evvooupe 10 a + (7). Avtibeta ounv napdotaon « (f + ) 8¢ propoupe va
napadsiyouyie v tapévbeon adou av v rapadeinape Sa frav af + v av-
i Tou owotou aff + ary. Katd ta aAda akodouBoupe tov yevikd Kavova yia
NV MPOotepaldTIa Vv npageev mou pabape oto T'upvdoilo: Av 8ev umdp-
Xouv mapevBEoelg 1 ektéAeon moAAamAactacp®v Kat dialpéoenv mponyeital
G EKTEAEONG TRV TIPOCHECEMV Kal adaipeoewv. Av €xoupe pia adluoida amo
nipoocBagatlpéoelg 1 pia aAuoida arno noAlaniaciacpoug Kat S1alp€oelg 10te
cruvr]eigata 01 IPAagelg va exktedovvial anod ta aplotepd mpog ta dedia.

‘Aoknon 36. Bpsite012-2+3-4

‘Aornon 37. Bpeitet012:-2:3-4

1.4.6 Auvapeig kat roAAanAdola

O1 mpageig g pdodeong Kat ToU rmoAAAAac1acoU PItoPoUV QUOTKA va
epappoobouv ot 100Ug IPoobeTE0Ug 1] 100Ug Ttapayovies. 'Etol av éxoupe éva
apBpo a kat éva JeTKO aKEPAL0 I PIIOPOUHE va OXIHATICOUE

To abpolopa To ywopevo

a+a+..+a G Q...

————— [ —
vV (QOpES Vv (OpEg

To v dnAmvel mooeg Popég enavadapBavoupe 1o o 6nAadn 1, 2, 3 KA kat og
Kapia nepimoon dev onpaivel «aneipeg @opegy». Ma 10 abpoilopa xpnopo-
O10UPE TOV OUPBOAIONO VYo Katl dev eival mapd €va moAAarnddoio 10U a eV
Yla TO YIVOHEVO XPNOHOIIOI0UPE Tov oUpBoAlopd o kat éxoupe pia dvvaun
pe Baon 10 a rat exden 1o v. YrevOupiloupe to o Adystar Suvaun, 10 «
Aéyetar Baon rat 1o v ekdémng. Ot ouviopoypadieg autég elvat xpriotpeg Kat
81eUKOAUVOUV TOUG UTIOAOY1IOP0UG. M'a Tov Adyo autod TiG EMEKTEIVOUE KAl Yla
NV ePIMI®OoT 010U 0 v gival pndev 1) Kat apvnTikog aképalog. Movo rmou otnv
nepinmtoon g duvapng pe Pndeviko 1 apvnuko ekOETn anattovpe 1 Bdon va
etvat 6tagoprn tou 0. Eivat 0 a = 0 xat gpidoupe va givat a’=1 ya o # 0. Av
TP 1o V gival apvnTtiko 10t

va=(-v)(-a)=(-a)+(-a) +..+ (-a)

-V QOpES

"'Mep1kd UMOAOYIOTIKA IIPOYPAPPATA U108£TOUV AAAOUG KAVOVEG
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28 1.4. OuIlpayuatucoi Apduot

Kat

| S —
—V QOpEg
Zuvoyidovtag €xoupe:
a+a+..+« av v >0
(S
v QOopég
vo = 0 av v =0

(ma)+ (@) +...+(-~a) av v <0

-V @QOPES
Kat
a-o- .-« av v >0
—_————
v QopEg
ar = 1 av a0, v =0
Lol l-o L gy v <0
a a a a
—_———
-V QOpPES

O naparndve ocupBoAlopdg eival KAN®g evoXANTKOG adAd kado sivat va egot-
Kelwbeite 600 yiveral vopitepa. H Baoikr) tou dour eivat

Karowa mapdactaon 1 av  Ioxuvel kamnoia ouvOnkn 1
Kdanowa nmapdotaon = § Karnowa napdotaon 2 av  Ioxvel kdrowa ouvOrnkrn 2

orou ot ouvOnkeg 1, 2, ... eivat aAAndoaniokAeiopeveg dnAadr) otav 1oxvel pia
and autég dev 1oxUouv ot ddAeg. Ag doupie éva akoun napadeiypa. Ag moupe
ot 0 v eival euolkog apBpog. Iloiég eivatl ol Tpég moU pPropei va mapet o
(-1)"; Avw =0 e (-1)” = (-1)? = 1. Av o v sivar xarowog dpriog v = 2k
T0te:

Zevyog 1 Zevyog 2 Zelyog K
D)"=C-DCED .. -D)=C-DCED)ED) (D) ...(-1)(-1)=1-1-...-1=1
vV @opég K QOpES K QOpEg

Av mdAt o v etvar meputtog, v = 2k + 1 1618 Otav ypdwoupe 1o (—1)” unod
Hop®1) yivopévou 9a éxoupe k ywvopeva guyov (—1) (-1) mou divouv 1 emdi
éva axkoprn —1 nou Sa pag yupioet to ywvopevo oe —1. Emedr) kat o 0 eivat
dptiog ouprepaivoupe nog to (—1)” etvar 1 1§ —1 avédoya pe 1o av o v eivat
aptiog 1 rieptttog. Tedwka:

v 1 av v=dapuog
(-1)" = ,
-1 av v =mneptriog

‘Acknon 38. Na unodoyioete v Tipn) g napdotaong A = (—1)3 +24 4371

‘Aoknon 39. Na unoloyioete v apdotaon (%)_3 +274 4+ (-3)°
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Kegaiaw 1. Ot Ipayuatikoi Apduoi 29

1.4.7 I&iétnteg Auvapeav kat [ToAdamAdaocicov

I'a uig duvapeig 1oxuouv o1 akoAoubeg (Yvootég amo to 'upvaoto) 1610tnteg
(o1 p, v gival aképatol kat orou xpetdetat givar o # 0,5 # 0):

pa+va=(p+v)a war oo’ =t (1.18)
ot
pa-va=(p-v)a xrat —Vzoz“_” (1.19)
a
v(pa)=(ur)a war (o)’ =t (1.20)
v(ia+pB)=va+vf xat (af)’=a"p" (1.21)
o\’ av
V(o — =va—-v Kat - =— (1.22)
(a-5) g (5) =5

Ot arnobeifelg twv 1810tV autev dev eival SUokoAeg arlwg xpetadoviat Ka-
TAAANAO XEPIOP0 TV EMPEPOUG MEPUTIOOERDV. KdAroieg mepinmtooelg avitpe-
TEIOVIAl OTI§ AOKI0E1G TTOU AKOAOUB0UV.

‘Aoknon 40. Na urodoyioste T1g Suvaneg:

1. 24 4. 5°
2. 42 5. 273
3. 2° 6. (-3)°

‘Aoknon 41. Av sivar o = 5 kat o = 625 Bpeite ta o't xat o7,

‘Aoknon 42. Av o = p kat o' = ¢ 6rou p, ¢ eivat yveotoi apiBpoi Bpeite 0
.

‘Acknon 43. Na unoloyioste Tig duvdanelg:

—
—~~

(S Wl
N—
S

w

—~~

|

Wl

N—"
w

N
—~~
~—

w

-

—~~
|
wlot
~—
|
[~}

‘Acknon 44. Na ypdysete og pia SUvapn tou a toug apldpoug:

1. a3a® 4. (a2a3a4)2 (a2a3a4)3
2. o 5. (a*)” 0a® L

3. (a?)° 6. ((a) " (a)*)

‘Aoknon 45. Na unoloyioste TIg TTAPACTACELS:
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30 1.4. OuIlpayuatucoi Apduot

1. 22432 (=3) 3. (=)™ 51 4 (=) 4D

2. 291 (~2)° + 20 a4 £ ¢

‘Aoxnon 46. Na anodeifete v W819mTa o’ = oo dtav ot u, v eival guotkol
n n 1, @

apidpot.

’ ' i -v _ ao" 3 ' '

Aoxnon 47. Na anodeifete v 1618tta o™ = 25 6tav o1 u, v eivat puokot apiOpoi

ne u > v.

‘Acoknorn 48. Na napayovioIoljoeTe TIG MAPAoTACEIS :

1. ax?+o’z-af-Bx 4. a'3pt - a'pt?
2. 22 +ax - fr-af 5. z2y* + 220% + a*y* + a*b3
3. 2%y? + aty? 6. 16028 —45% —4a* + o2

‘Acoknon 49. Na amlormoiroste 11§ NAPACTACELS :

z2a+a3b%+yta+ry®b? 5x2yz?

1, LTatxr o +y aty b 3., 2T Yz
z3a2+x3b+yta?+yib © 5z2y+10222

2 954927"*954?!25 4 rmart®+sSmas3t3

xty2r+aiy2s rm-rt3+s3m-s3t3

1.4.8 Asikteg

Zta Mabnpatikd xpnotporolovpe ypappata yla va cupBoAicoupe apiB-
poug, onpueia 1) dAAa avukeipeva. Mepikég (OPEG XPNOTHOTIOIOUE KAl TOVOU-
peva ypappata. Ta §vo Aoyoug: O mpotog ylati 9€Aoupe KAmolo ypdppa va
pag unievbunidet éva dAdo yiati o1 §Uo apBpoi rou cupBoAiouv £xouv petady
Toug karmota oxeor. O deutepog Aoyog eival ot prnopet ta Gabeopa ypap-
pata va pnv enapkouv, 6ebopévou O0tt 6 PIMOPOUNE va XPIN OO0 |COUHE
1o 1610 ypappa ya va oupBolicoupe duo Siapopstikoug apibpoug. 'Opnwg 1)
EMAVAANYPI TOV TOVOV OTd TOVOUHEVA Ypdappata pag dnpoupyel KAmola mpo-
BAnpata. Mrmopoupe va Eexopicoupe 1o a’ and to a””’ addd ta mpaypata
9(1 6UOK6A8UQV av Si.XCl].lS a aIIIIIIIIIIIIIHIIIHIIHIII Kai allllIIIIIIIIIIIIIIIIIHIIIII‘ I‘lCl oV
oKOMé autd XPnoijuomnoloupe toug Seikteg. Avu yia a’,a”’,a’”’ pnopoupe va
YPAPOUYE aq1,a2,a3. Av yla napdadetypa 9éAape va ocupBoldicoupe toug 12
HLVeg PITOPOUCALIE VA XPNOOIIO)00UE Tov oupBoAiond My, Mo, ... yua tov
npoto prva (Iavoudpto) tov deutepo pnva (PeBpoudpio) k.o.k. Me 1o0Ug Seikteg
MPETIEL VA E11A0TE TIPOCEKTIKOL OTO £§11G ONueio: Agv ouumepippovtal Onwg ot
duvauelg akopn kat o6tav Soudevoupe pe apBpoug. 'Etot dev eival owotod va
TOUE TIOG 30V = A7.

‘Aoknon 50. Eoww 6tta; =4, as =7, az = 11, ay = —2. Bpeite 1a
1. a1 +as+az+ay

2. a14+3a142

2, .2, 2, 2
3. ai +az+az+aj
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4 ajaz
(13*(13

‘Aoknorn 51. Na xdvete TG Tipdageig
(a103) (afa3)
3
(aiB)” alf?
- (a1 + Br) (a2 = B2)

- (212223)” (a22325)

—

w N

o~

1.4.9 H Awatagn otoug [paypatikoug

Ot paypatikoi aptBpol Prnopouv va cuykpivovial onwg ot pntoi apidpoi.
Av £€xoupe U0 mpaypatikoug aplbpoug a, [ tote KAo1o (kat éva povo) arnd
Ta emopeva 9a 1oxUet

e Ot apiBpoi eivat igot.
e MeyaAutepog eivatl o a Kat pkpotepog o B.
e MeyaAutepog givatl o 8 Katl HKPOTEPOS O A

O1 avtiototyot oupBoAilopoi katd nepintwon eivat . = f (@AAdkat f = o), a > S
(aAdd kat S < @), B > a (adAd kat a < §). Emopéveg yia 0o mpaypatikoug
ap1Bpoug a, [ 1oxvel povo €va arod ta

TNa 6vo mpayuatikovg «, B €va povo amno ta enoueva 1o UeL

a=fna>Biasp 129

Ermiong €xoupe KAl avapelkieg TEPTIOOELS

e Na eivat a < f 1 a > 8 6nAadn va arnokAeiotei n « = § onote ot apibpoi
eivat S1agpopot. Tpagoupe a % 5 (aAdd kat B £ ).

e Na sivat a < 8 11 a = f 6nAadrj va anoxAeiotei n « > [ onote o « givat
HKkpoOtEPOG 1 100G tou (. Tpagoupe « < [ (aAdd xat 5 > ).

e Na sivat § < a fj 8 = a 6nAadr] va aroxrAeiotel n « > [ omodte o [ eivai
HIKPOTEPOG 1) 100G tou . Tpagoupe B < a (aAAd kat « > F).

Txéoeg dmwg ot A< B, A> B, A< B, A> B Aéyovtal avioomieg Kat ot
apBuoi A, B Aéyovrat uéin toug.

Mapadewypa 9. Eivat3<6,6>3,3<6,6>3,3#6,6+3,3=3,3<3,32>3.

Av givar a > 0 101 0 @ Aéyetal 9detkog. Av egivar o < 0 tote Adyetat
apvnTIKOG eve av « > 0 Aéyetat un apuvntikog.

‘Aoknorn 52. Tloieg amod Tig EMOUEVEG OXE0E1S eival OROTEG Kat TToteg AavOaouéveg;
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32 1.4. OuIlpayuatucoi Apduot

p—

<

<

e %5

5
3

8

16
~7<-12
T+-7
(-11)% 2121
(-2)%*>0

2

1.4.10 @gpeliddeig 1610tteg g Atatadng

YrnievOupidoupe pepikeg, yvwoteg aro to 'upvaocio, Sepedindelg 1810tnteg
g iatadng.

‘MataBQUKI'] [616tnta: Av a < 8 kat B < ytote a < 7y (1.24)

EukoAa priopoupe va §1armotoooupie akOpn nmeg 1oxXUeL

‘Avasﬁxatﬁ<fytétsa<’y‘ (1.25)
‘Ava<ﬂl<a1,8£'ytc')tsoz<'y‘ (1.26)
‘AvasﬁxatﬁS’ytétsasV‘ (1.27)

H petaBatucr) 1610tta pe tmyv popon (L24) 1 ug popeég (1.25), (1.26), (1.27)
pag erutpénel va puerabaivovpe ano 6Uo avicotnteg o pia tpitn. 'Etot

e Av &poupe g 2 < £ KAl T < Y CUPMEPAIVOUPE MRS 2 < ¥.

e Av &poupe g a < b, b < ¢, ¢ < d 16t Epoupe nwg a < ¢ kat ¢ < d
EMOPEVRS a < d.

Ye éva opidovtio dfova mpaypatkev apdpov n oxéon a < b onupaivel nog
10 b elval toroBetnpévo 6e€ia tou a. H oxéon b < ¢ onpaivel nog 1o ¢ eivat
tortoBstnuévo 6e81d tou b. TéAog ) oxéon ¢ < d pag Aéel wg 1o d eival 6eda
tou c. H petaBatikr) 1610tta ouotaouikda pag Aéet iog av to b eivatl 6e§a tou
a Kat 1o ¢ 8e§1d tou b tote 10 ¢ gival 6g§1a tou a.

b c d
° ° *—o

H petaBatikn 1610tta pag emipénel va ypadoupe SmAég aviootnteg Ornwg
a < b < c. H oxéon autr] onupaivet 8vo npaypata: ot a < b xkat o b < ¢. Kat
(PUOIKA, WG OUVELELa, onpaivel Kat ot a < ¢. Av 1oxvet a < b < ¢ Aépe 6t o b
etvat petalv tov a Kat c.

Iox¥el xat n mapakAte 161(’)tr]t:

‘AvaS,BKmﬁSatc')tsozza (1.28)

2 A¢yetal auniouppetpier; o8 avublactodr] fe v 1B16Tta g 100TNTag «Av o = 3 Tote Kat
B = a» TIoU OVOPAdETal CUUUETOIKT
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Kegaiaw 1. Ot Ipayuatikoi Apduoi 33

‘Acknon 53. Yrnobitoupe 611 a > b, a < ¢, d > c. Na ouykpivete toug d, b.
‘Aoknon 54. Av 2 < z kat 3 < i UMOPOULE VA GUYKPIVOULE Ta T, ¥;
‘Aoknon 55. Na ypdwete eikoot Tipég ToU  yia Tig omoieg woxvet 1 < o < 13.

‘Aoknon 56. I'a toug apBpovs a, 3,7, 4, sival yvootd 6t a < 3, 8 < v, § < 3,
g > [3. TIoiég aro 1§ MapaKate® oX£0£1§ IPOKUITIOUV arto Ta raparndave dsdopéva;

1. a<d 2. e>6 3. v>4 4. a<e

‘Aoknon 57. Na tornoBetrioste Katd aufouoa oe1pd Toug apdpoug

5 4

595
'8 4 28

Wil

1.4.11 Alatadn kat ripageig

H &1dtadn otoug mpaypatikoug eival apeoa ouvdebepévn He TG mpdaselg
Kat dev Aettoupyel avegdpinta anod avtég. Eival onwg Aépe ovpBiBaotr) pe tig
rpdgetg. To yeyovog autod meptypddetat aro Tig £§1g 1610tteg

‘Avoz<ﬁtétsa+’y<ﬁ+’y‘ (1.29)

‘Ava>0, B>Otétaaﬂ>0‘ (1.30)

H 1616tta EPLypPAPeTal wg e§ng:

«Av mpoodéoouus kar ota 6Uo uéfn pag avioomniag tov b apduo da
TPOKUWeL aviootnta mov 9a gxel idla gopd Ue TNG ap XU
EVO 1) @g

«To ywouevo 6vo 9tk apduwv givar 9etico»
Yuvbuadoviag g Tig 1810t teg autég pe g 160t teg (1.23),(1.24) kat g 1816-
TNTEG TRV IPASE®V PITOPOUHE va arodeifoupe Kat dAdeg 1810teg YVOOTEG Ao
1o 'upvaoio:

Ag unoBécoupe ot 1woxvel a + ¥ < B + . Tote mpooBEtoviag kat ota §uo
HEAn 10 — éxoupe a+y+ (=) < B+v+ (=) 8ndadn a+0 < f + 0 xkat tedika
«a < . Emopéveg:

‘Ava+'y<5+'ytétaoz<ﬂ‘ (1.31)

TIOU TIEPTYPAPETAL KAl B

«Av amro ta dvo uéan pa aviootniag d1aypdyoule Tov 610 TPOTOETED TOTE
TPOKUTTEL AVIOOTNTA TIOU EXEL 1O1a GOPA UE TNV P XK

Ag unoBecoupe wopa niog a > B. Toéte mpoobitoviag kat ota 6Uo péAn 1o
- Bpilokoupe ot av+ (=) > B+ (=) ndadn a—F > 0. AAAA KAl avioTPOPRG
av urnotebei wg o — S > 0 tote pocbétovtag autr) ) eopd to B Bpiokoupse
nwg a > . 'Exoupe anodeilel Aormov nog

‘a>ﬁav1<a1pévoavoz—ﬁ>0‘ (1.32)
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34 1.4. OuIlpayuatucoi Apduot

H 1616t ta pag mAnpodopet yia 1o yvopevo deukov apldpev. Mrio-
poupe va amodeioupe avaloyn 16idtnta ya to abpoiopa: Ag urtobiooupe
nog « > 0, B > 0. Téte mpoobEtoviag ota peAn g mpotng o S Ppiokouue
nwg a+ 3 > B mou av ouvbuaotei pe mv [ > 0 Adye ng petabatikng 1610ttag
nag diver v a + 8 > 0. Enopévag arodeifape ot:

‘Ava>0,ﬁ>0tétsa+ﬁ>0‘ (1.33)

AnAadn ou
To adpoiopa 6vo Jetikwv apduwv sivar Jetikog apduog. Me mapopolo
TPOII0 PITOPOUHE va arodeioupe nwg:

|Ava>0, >0t a+fB>0] (1.34)

KAl akoun

‘AvaZO,,Bzotc')taomLﬁZO‘ (1.35)

Hépete 011 0 avtiBetog evog Setikou aptBpou eival apvntuikog aptdpog kat o
avtibetog £vog apvntikou aplBpou eivat 9etikog. AuUto Propei va mmporuUyet
Kat anod 1§ 1810tteg nmou npoavapepape: Av unotebel nwg o > 0 1o1e TIPO-
oBétoviag at ota Yo pédn 10 —«a Bpiokoupe 6t o — o > —a 6nAadr) o 0 > —«
ETOPEVOS O —(¢ €ival apvnTikoG. Av ralAt unobécoupe 6t o aptdpog a eivat
apvnukog nAadr o < 0 maldtl pooBétoviag 1o —a Ya katadrioupe oto o
a > 0. Enopéveg:

‘a>0avxq1pévoqv —a<0‘ (1.36)

H 1616tnta pag Aéel T oupBaivel otav pooBEtoupe og pia aviootnta
éva appo. Amo 1o I'vpvaocio yvopilete og 6tav moAAaniactadoupe Kat ta
6U0 péAn piag avicotntag pe éva Yetikd aplOpod MPOKUITIEL Pia aviootntd rou
éxetl v 161a @opd pe v apxikn. Ba arodeifoupe autr) v WBoma. Ag
urnoBeooupe Ot woxvel a < B kat v > 0. Tdte eivar B — a > 0 kat enopéveg
oxvetl (Adywm g ) OTL TO YIVOHEVO TV UKDV aplOpov sivatl Jetikog
8ndadn v (B —«a) > 0. Apa 7S - ya > 0 xat enopéveg 74 > ya 1 aAlwg ya <
vB. ‘Apa

‘Ava<,81<cu'y>0tc')taa'y<5’y‘ (1.37)

Av topa a < § kat tvat v < 0 tote —y > 0 kat priopovpe va rtoAAarndaciacoupe
KAt ta 6Uo péAn tng a < B pe tov 9eukd apdud —y ya va nidpoupe —ay < =By
ortdte oy > [7y. Andadn:

‘AVO&<,3KCII’)/<OTO"ESCV)/>5’)/‘ (1.38)

H 1610tta dev eivat dAAn amo tov kavova (+) - (+) = (+). Andadn évag
QIO TOUG KAVOVEG TV IPOCT|I®V Y1d tov rToAAardactacpo. Ag arodeifoupe kat
TOUG AAAOUG KAVOVEG TV POV IMTOU KOHIKOTIOOnKav arno tov Alopavio
OT0 £pYO TOU «ApleanKc'v.

¥Mropei va Bpedei oty Sievbuvon
http://www.archive.org/details /diophantialexanO1plangoog
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Aeiyeg énl Aty moddanhaoiacdeion moel Bragbiy,
Agtprg 0% éml Vmopbiw morst Aslyey, xel tijg Asipsmg
onuelov ¥ éAdimds xdrw vedov, M.

Ao 1a <Ap1Bunuka» tou Atogpaviou £ékdoon Teubner, 1893.

Av etvat a > 0 ka1 8 < 0 tote o > 0 ka1 =8 > 0 omote anod v givat
a(=f) > 0. AAa a(-B) = - (af) kat enopévag — (af) > 0 apa af < 0.
Arodeifape ou

‘Avoz>OKcu £ <0 téte a5<0‘ (1.39)

AnAadr) anodei§ape tov kavova (+)- (=) = (—). Tédog av urobécoupe ot < 0

kat 3 < 0 tote and wmyv (LI6) éxoupe aff = (—a) (=F) > 0 6nAadn éxoupe:
—_——
+ +

‘Ava<01<cu 8 <0 tote aﬁ>0‘ (1.40)

He dAAa Adyia tov yveotd pag kavova (=) - (=) = (+)

Ag amodeifoupe aAAn pia yveotn) pag i6i6tnta: Exeivr mou £xel oxéon pe
TOV TIOAAATTAQC1A0HO0 TRV PEAQDV Piag aviootntag pe €va aovntiko apldpo. Av
etvat a < f xkat v < 0 tote B — a > 0 xat enopévag y(5 — a) < 0 and v ornoia
TPOKUTTTEL 0Tl vy > By 8nAadr] n apxiky avaicotta dddage popd. Enopévag
gxoupe:

‘Avoz<,81<a1'y<0tc')taoz’y>ﬂ'y‘ (1.41)

Eépete IOG 0 aviiotpodog evog Jetikou aptdpou sival Jetkog Kat o avti-
oTPOPOG £VOG APVITIKOU gival apvnukog. Ag to arodeifoupe. Eivat a - é =1.
Agou 1 > 0 av pev eivat o > 0 9a eivar avaykaotikd kat é > 0 drapopetika 10
YIWVOHEVO TOU £1Ti 10 @ 9a ftav apvnuiko Kat 0x1 detko. Av ralt eivat a < 0 Sa
MPEIIEL va €ival Kat é < 0 agou oe svavuia Mepinm®or T0 YIVOHEVO TOU HE TOV
a 9a frav aAt apvnuko. Me dAda Aoyia

1

Ava >0ttt —>0 (1.42)
«
) 1

Ava <0t —<0 (1.43)
o

YrnievOupidoupe ot av €xoupe 600 pn pndevikoug aplBpoug Tote autol Agyoviat
opoonpotl av sivat kat ot dvo Jetkoi 1] Kat o1 Vo apvnukoi. Av dev eivat
oudonuot, Tou onpaivel g o €vag da eival Yetkodg KAl 0 AAAOG ApPVITIKOG
10Te Aéyoviatl etgpdonuot. Ot 6U0 mpornyoupeveg 1610TNTeg 11ag Aéve TOG Evag
ap1Bpog kat o aviiotpodog tou Ja eivatl avia opoonpot.
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36 1.4. OuIlpayuatucoi Apduot

Ot xavoveg TV MPOCHHUKOV Pag Aéve 0Tt av rodAardactdooupe §Uo opo-
onpoug apBpoug 1o arnotédeopa da eivatl évag Jetkog apldpog eve av roA-
AarmAaotdooupe §Uo etepdonPoug T0 anotédeopa da eivat apvnukog. Emiong
agpou % =q- % Kat ot apiBpot % kat B eivat opdonuot eite oAAardaocid-
OOUNE TOUG 1N undevikoug apiBuoug a, [ eite toug Saipécoupe Sa Bpoupe
opoonpoug apibpovg. ‘Oxl puolkd Toug id10ug, amA®g opoonIo0UuG.

Eipaote ouvnBiopévor otav Aépe mpoonuo evog pn pndevikou apiBpou va
EVVOOULE TO + av 0 ap1Bpog eivat YeTikOg KAl 1o — av 0 aplOpiog eivatl apvnTikog.
MrniopoUpe va opicoupe Kal KATIOG H1aPopeTiKA T0 TIPOCNHO £vog aplBpou pe
£va TPOIO IOV OF KATO1EG MEPUTIWOELS elvat Tio e§unnpetikog. Opiloupe:

-1 av z<0
npoonpowou =45 0 av z=0 (1.44)
1 av >0

'Exoupe Aorov 1poroug yla va @avialopaote 10 IIPOoHo £vog U pndevikou
apBpou: 'H ocav -1,+1 1) oav +,—. AMA®G € TOV 0PIOPO TOU IIPOCIHOU
rmou 600nKe 110 AVK KAl €ival 0 «Ermionpog» 0plopog KAAUITIOUPE KAl TNV
niepinmtwon tou 0 anodidoviag tou ipdonpo: 1o 0.

O1 ponyoupeveg 1810tnteg pag IANpopopouy ot :

nipdonpo (af) = mpoonpo («)mpdonpo (F) (1.45)
katywa 3 #0
, a)  mpéonpo (o)
npoo o (—) =—= (1.46)
B)  mpoéonpo (B)
Kat
a
POONHO (5) = nipdonpo (af) (1.47)

‘Aoknorn 58. Eotw o1t a < 8. Na anobeifete oti:
1. 6a-3<68-3
2. 5(a+1)<5(8+1)
3. 6(a-pB)<a-0
‘Aoknon 59. Eote ot a < 8 kat v < §. Na anodeifete ot:
1. 2a+3y<268+36
2. 2a-50 <28 -5y
3. MT 4 4< B0y
‘Acknon 60. Eote o611 a < 8 kat v < §. Na amnodeifete 61t ay — ad — By + 56 > 0.

‘Acornon 61. Eow ou
a<p (1)

[Toleg amo 11§ AapakAt® avicotnteg eivatl FEBaio Ot MPoKUITtouV aro v (1);
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Kegaiaw 1. Ot Ipayuatikoi Apduoi 37

1. 2a<2p 4. 2+a<p
2. a<2p 5. 5<p
3. 2a<p 6. a<f+2

v , . . . ; . a+f
Aoknon 62. Eoto ot oxvet a < 3. Na arodeifete 6t 1o0x0et kat a < =5 < 3.

a+p
2

o p

It ouvéxela va ypawete §EKA TIHEG TOU X Yid TiG OTToieg 10 Uel
a<zr<pf

‘Acknon 63. Ava >0, 8> 0, v <0 va xaBopioete 10 MpdONI0 TV APOUGY

1. —(a+p)

2 (’—f'y

3. (a+1)(y-1)
4 %4—%

5. 4

1.4.12 Axépaieg Kal 6eKad1KEG TIPOOEYYIOEIS

Av évag mpaypatikog aptbpog x 6ev eival aképatog 10te da Ppioketat pe-
1adu 8o 61aboxikOV arepainv. O Mo PIKPOG Ad autoug ovopaletal akgoaio
UEPOG TOU aplBpoU z. Av 0 x eival akEPA10g TOTE TO AKEPAL0 PEPOG TOU opietatl
va eivat o i610g o .

O x Bpioketan peTaED oVThV
TOV S1S0YIKAOV aKEPUIDV

X

\0 o pkpog ivan

TO AKEPOLO PEPOG TOV X

To aképaio pépog tou & oupBoAidetat pe [2] kat o omdvia pe |z]. Eivat
Aowov [2,3] = 2, [-7] = -T, [%] =0, [—%] = —2. Mia dAAn 1o ouviopn
eplypadn tou akepaiou pépoug sival n akoloudn:

0 pEeyaAuTteEPOg
axképatlo pépog tou x = [x] ={ amnd toug akepaioug (1.48)
ou Hev uniepBaivouv 10 T
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38 1.4. OuIlpayuatucoi Apduot

PuoKA 10XUEL

[z] <o <[z]+1] (1.49)

To aképalo pépog eivatl pia oAU mPoxelpn Kat avakpiBrg MmMPooEyylon evog
apBpou. Av o ap1Bpog x dev eival akEPAlog, OMOTE £ival PEYAAUTEPOG ATIO TO
AKEPAI0 PEPOG TOU TOTE XPELAETAL VA CUNRMANP®OOOUE TO AKEPALO HEPOG HE
KAt akoprn, dndadr) va npoobeécoupe kAT, yia va €xoupe tov apldpo pag. O
ap1Bpog autog Agyetat derkadiko pepog 1ou x. Etvatl Aomov

‘ T = aKEPA10 PEPOG TOU T + HeKAdIKO PEPOG TOU T ‘ (1.50)

ETIOPEVOG

‘ dexadiko pépog tou = = x — [x] ‘ (1.51)

'Etot 10 6exkadiko pépog tou 3,2 eivar 3,2 — 3 = 0,2 to 6erabiko pépog tou
-4,78 eivat 0, 22.

Mtua GAAn rpooéyytlon tewv apldumv, pe v ornoia eiote e§0IKEIOPIEVOL artd
10 AnNpotiko eivat 11 §ekadikr] PooEyylorn. Avii va XP1olp0Io|00UE TOUG
axkepaioug xpnowomnoovpe g duvapetg tou 10:

-4 1
1(1)0—3 o
107! = hag (1.52)
10 .
100=1,
10* = 10,
102 = 100

IZnpewwote 011 av moAAanAaciacoupe pia dUvaprn 10U apandve KataAoyou
erti 10 9a Bpoupe v apéong emodpevn SUvapn mou eivat ypappevn
arp1Bog anod KAtw. MmopoUle QUOIKA va £XOUHE 00081 TIOTE PIKPEG SUVANELS
tou 10 kat ocodnmote peyddeg. Ag SoUpE MG XPIOHOIIOIOUHE AUTEG TIG
duvapeig yua va npooeyyicoupe toug 9eTKoUg Mpaypatikoug apifpoug. Ag
Yewpriooupe éva Setkd mpaypatnko apidpo x. Av o x sivar duvapn tou 10
elpaote tuxepoi: bev €xoupe mPooEyylon tou T adAd tov 1610 tov x omoiog
9a eival kanoog anod toug apBoug T0U KATaAGyou Av évag ap1Bpog x
dev elvar §uvapn tou 10 Bpioketat petaguy dvo Saboxikwv Suvduewmv tou 10
dnAabr) 6o duvapewv mou £xouv ekbéteg Siabox1koug akepaioug. Ag boupe
TOV OUYKEKPIIEVO aplOpod = %. O z Bpioketat petady v 102 = 100 xat

103 = 1000. AnAadn:
10% < % <10?

Mrtopoupe va «ivnfouper Lexvoviag and to 10?2 xat va @Bdcoupe oto 103
Sratpexovrag ta rmoAAamnAdacia tou 10? 6nAady aveBaivovtag ava 100.

100 =1-100, 2-100, 3-100, 4-100, 5-100, 6-100, 7-100, 8-100, 9-100 = 1000
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Kegaiaw 1. Ot Ipayuatikoi Apduoi 39

2 ~ 2
2-10 4-10 6-10 8-10 10.102=103

Av 0 ap1Bpog pag sivatl Karoog and auvtd ta noAdamnidaocia nall ipaocte tu-
Xepoil apou £xoupe VvV T ToU apldpou pag. Iy MePInTeon jag Orou
T = % autd dev oupbBaivel. Emopéveg o x, Bpioketat petagu 6uo diadoyxikmv
rioAdaridaoiov ou 102 = 100. TIpoxwpdpe oc OUYKplOog1g TOU T Pe autd 1a
roAAarAdola :

Eivat 100 < 2 agpou 3100 < 824

Eivat 200 < % agou 3 - 200 < 824

AMAG givat 300 > 8724 agou 3 - 300 > 824 Bpiokoupe Aowrtov Ot o x Ppioketat
petadu wv 2 - 100 xat 3 - 100 6ndadr woyvet:

2-100<%<3-100

S o
2.10° 410 6-10 8-10 10-102=10°

Auty) eivat pia petn Poogyytlon tou x: Me Pfripata nAdtoug 100, Ecuidoupe
Vv Ipoooxt pag otoug apibpoug petadu 200 xar 300

O z eivat 200 ouv «kdatr. AUTO 10 «KATL PIIOPOULLE Vd TO IIPOCEYYIOOUHE av
gexwrjooupe and to 200 kat kwvnboupe mpog o 300 ox1 pe Prpata mAdroug
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40 1.4. OuIlpayuatucoi Apduot

100 = 10? aAAd pe pikpotepa ioa pe v apéong ratotepn duvaprn. Andadn
Bripata mAdatoug 10!, ®a KaAuyoupe toug aplBpoug

2.102+1-10, 2-10°+2-10, 2-10*+3-10, .., 2-10*+10-10

H kdarmoto arnd autd ta Brjpata Sa «matfjoer oto x 1) 1o = 9a Ppebei petadu §vo
Sadoxik®v Bnpdatev. Zuykpivoviag tov aplOpo T e Toug Imapandve aptdpoug
Bpiokoupe o1

24
2-102+7-1O<8T<2-102+8-10

2
2:10°+4-10

Av 10pa ouveyiocoupe pe Bripata mg apéonsg pikpotepns duvaung tou 10 6n-
Aadn) tou 10° = 1 Bpiokoupe éut

24
2'1002+7'10+4'100<87<2'1002+7'10+5'1OO

H apéong endpevn duvapn rou Sa pag dwoet pia mo KaAn npooeyylorn eivat

11
10 10 = {5~ Etvau:

24
2-1002+7-10+4-100+6-10_1<8?<2-1002+7-10+4-100+7-10_1

Zuveyidoupe pe auto Tov TPOITo SOUAEUOVTAG HIE TIG EMOMEVEG BUVANELS 1072, 1073
O®PEVOVIAS 0AoEva MIKPOTEPOUS Tpoobetéoug. B®a doupe ot xpeladetatl va
IPOCOETOUE TOUG

2.10%, 7-10', 4-10°, 6-107!, 6-1072, 6-1073, 6-107%,.. (*)

Ta anoownnukd oy (*) unodndeovouv ot pe ta evdidpeoa Brpata (rou
9a £x0uv pPrKog 10KATOWS APVATKGS aKépaios y nay 9g kAvoupe Sev Ja «ratyoou-
He» otov apBpo x. Ty (*) ot apiBpoi nou eivat ypappévot éviova (bold)
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Kegaiaw 1. Ot Ipayuatikoi Apduoi 41

dnAdvouv néoa Pripata XPnolono|oape ano Kabe mAdtog:

2.102 7-10' 4-10 6-107' 6-107%2 6-1073, 6-107* ..
! ! ! ! ! ! ! !

2 7 4 6 6 6 6
O1 apBpoi

2 7 46 6 6 6

pag 6ivouv oxedov 0Aeg TG Anpodopieg g «drabpopung pag. Xxedov Kat ox1
O0Aeg ylati Sev @aivetal mou apyloav ta «pikpd» Prpata éndadn exkeiva mou
eixav midartog pia uvapn tou 10 pe apvnuko exkBetn. Auto taktoroteitat av
Bdldoupe éva onuadaxt yua va dei§oupe rou ouvébn autd. Eival i yveortr) pag
UTI08100TOAT) «,»:

27 4 , 6 6 6 6

210 Mapandve arotéAeopid Popoucaile QUOIKA va @BAcoUpE av KAVApe v
Siaipeon:

2 7 4, 6 6 6

|
NN O
— = = N
— N N

— N 0o O

N 0 O

H napandve Sadikaocia pag odnyet ownv dekadikn mapdaotaon 1ou apldpou

. . . o . . _ 824
x. Auto oupBaivel pe kGbe apOn6 o1 povVo pe Tov ouyKekpévo z = =5=. Ta
va oxnpaticovpe ta moAAanidaota Vv empépoug duvapemv tou 10 moAAania-

otddoupe auteg Tig SUVAELG €Ml KATIOOV ATTO TOUg aplipoug
0,1,2,3,4,5,6,7,8,9

(to 0 Sa xpnopornonBei av dev xpeltaodbei 10 aviiotoryo rmoAAanAdaocto) Kat €10t
oxnpatidovtal ta yneia tng dekadikng nmapdotaong. Tevika oty dekadikr)
napdaotacn evog aplfpou o mpaypata priopouv va cupBouv.
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42 1.4. OuIlpayuatucoi Apduot

e H diabikaoia kanowa otypr) Sa teppatiodel kat 9a oxnpartocdei o a-
p1Opog pag (0tav kamowo evéiapeoco Prjpa «matroer otov aplbpo) n n
dabikaoia Sa ovveyidetal er’aneipov adAda Sa spdavidetal ouvexng Eva
Kdl 10 auto ouprieypa ynoiov (Afystatl tgpiodog).

e H Swadikaocia 9a ouvexiletatl erramneipov addd dev 9a epgavidetal ema-
vaAapBavopevo ouvex®g éva Katl T0 auto CUPMAEYHA YPndiaov.

H nipwtn niepintoon spdavidetat otav mpdkettat yia prnroug apibpioug Kat 1ovo.
H 8eutepn epgavidetal otav mpokettal yia appnioug apidpoug kat povo. H
derabikn mapaotaon Aorov pag 6ivel Kat éva KPupto yia 1o av évag aptfpog
etvat pntog n oxt:

e Teppatidopevn dekadikr] apdotaon) 1 Ao KAMO10 onpeio Kat petd e-
ntavadapBavopevr : O apBuog eivatl pnrog.

e Aexkadikr) mapdActaoc) P TEPRATI{OHEVE] Kat P ertavalapBavopevn ano
KaArmoio onpeio kat peta: O apiBpog eivat appntog.

Av 1 6ekadikn) mapdotaorn) evog aplBpou teppatidetal Pnopouve Kat autny va
Vv dewpoupe wg replodikr) pe enavaiapBavopevn nepiodo to O.

Kabe ap1Bpog £xet kat pia dekadikr) mapdotaon kat kabe dekadikr) rmapd-
otaorn avtuotolxel os éva apOpo. Mag evdiadepet, onimg eivat Aoyiko, os KAabe
ap1Bpo va avrotoiyei puovo pia dexkadikn nmapdotacr. AUTO EMITUYXAVEIAL AV
eV emTPEYOoUE Va XPNOoIoolouvIal SeKadIKEG MapAoTACELS TTOU £X0UV TIEPi-
060 10 9. O Adyog eivat ot av tig erurpgéWoulie da £xoupie SUTAEG MAPACTACELS
oplopévev apibpwev. Ta nmapdadsiypa n dekadkn napdotaon 0,999... odnyet
otov apiBuo 1. Auto 810t av smtpéwoupe tov oupBoAiopo 0,9999 kat ovo-
paocoupe a = 0,9999 t6te 10a = 9,9999... 6nAadr) 10a = 9 + a xkat 9a = 9 apa
a = 1. Av dowov emtpénape napaoctdoeslg pe nepiodo 9 n povada exkiog a-
o v napdotaon 1 9a &iéBete kat v 0,9999. Zupogwva pe doa avapépape
TIPONYOUHEVRG 1 eKAG1KT] TTAPACTAOCT) £VOG aplBoU Ja €XEL TNV YEVIKI] LOPPT)

U Qp—1-..00; 31522

— ~—
Axépato Mépog  Askabiko Mépog

‘Acknon 64. O apiBuog % etvat pnuog. Bpette v §ekadikn) tou nmapaotaon.
‘Aoknorn 65. Tlolog apiOpog éxel aképalo pépog 3 kat Sexadiko pépog 0,23

‘Acoknorn 66. Ta toug TPWHPIOUG aKEPAIOUS aaa1ag Kal bobibg eival yvaotd ot
as + by =ay +by =ag+ by = 11. Bpeite 10 aBpoioja toug asaiag + babybg.

‘Aoxnon 67. Bpeite tov avtiotpogo tou 0,3 (1 mavda nAdvet mepiodo)
‘Aoknon 68. Na efetdoste av av o Mapakdte apldpog (dnelpa Sekadikd yneia):

0b, 101001000100 00...
—_—— —

- =
1 2 3 4
givat pntog 1 appnrog
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‘Aoknon 69. Ta tov apBpod pe T pe dexkadikr) Mapdotacn asasaiag 1OXVEL a1 =
3+ag, ag =3 +ay, az =3+ as. Bpeite ov .

‘Acknon 70. IIdpte éva ormolodAIoTE TPIYPAPIO AKEPA10 @ TOU OTOioU TO MPMTO KAt
10 tedeutaio yngio va drapEpouv touddaxiotov dUo povadeg. Avuotpeyte toug apib-
pouUg Kat apailpeote and 1ov PEYAAUTEPO TOV HIKPOTEPO. Ba €xete €va véo aplOpo.
Avuotpéyte adAd autr) ) @opd va Kavete ripoobeon. Ti mapatnpeite;

1.4.13 Terpaywvikeég Pieg

Eibape omv [L4T] 611 0 apBudg mou ekppdadel 10 PAKOG TG UTIOTEIVOU-
0ag evog opboymviou Tplymvou pe PnKn kabétov mieupwv ioa pe 1 dev eivat
pntég apBpog. Ovopdoapie autd ov aplOpo Pe o Kat QUOIKA 10XUEL a? = 2.
Xprnopornoloupe 10 0ploTikO ApBpo ylati kabe 9eTikog ap1Bpog pe autrn v
66tnta avaykaotika da givat i0og pe tov . Aot av unotebel g ya éva
9etikS apOpo [ woyxver B2 = 2 wte 9a sivar a? = 52 kar enopévag o - B2 = 0
dnAadr

(a=p)(a+p)=0

IV apandve 100TnTa MPENEL KATIO0G Ao ToUG Iapdyovieg ToU d' PEAOUG
va eivat pndév. O a + B ©g dBpoilopa detkwv eival Jetkodg Katl 0x1 Pndev.
Enopéveg 9a eivar a — § = 0 kat enopéveag a = 5 = 0.

Meéypt outypng o povog 6tabéopiog 1pornog yla va avagepboupe otov a
etvat va rmoupe «o Jetikog apiBpidg ou 10 TETPAY®VO Tou givat 2». O aptdpog o
gival Kat n mMAEUPA €KEIVOU TOU TETPAYHOVOU TTOU €xel £Badov 2. O Atddpaviog
XPIOIOIIOI0UCE TOV OPO «ITAEUPA». AV XPNOIOIIOI0UCANE TV OpoAoyia Tou
Alopaviou Sa arnoxkalouoape oV @ «MAsUPd ToU 2». QOTO00 ETNKPATNOE 1)
0poAoYia TOV YE®PETPOV T0U Meoainva oUppova Jie TV 0TIoid 0 (v ATTIOKAAgital
«pida tou 2» kat akpiBEotepa «TeETPAY®VIKI) pida tou 2». ITo yevika £€xoupe tov
axkoAouBo oplopo

Opiopdg 1.4.1. 'Eote x £vag prn apvnukog npaypatkog. Ovopaloupe tepa-
youkn pida ToU T ToV Povadiko P apvnTiko apiBpd Yy yla Tov ormoio 1oXUEL
y2 = z. H tetpayevikn pida 1ou z oupBolidetat pe /.

Hapadewypa 10. V4=2,v0=0,V1=1, \/g: %

A&ilet va Supdnaote 611 0 oupBoAiondg ¥ = /T onuatvet tpia mpdypata:
e O zx (Aéyetatl kat umtopptdo) sivat P apvnuKog

e O y (dnAadn n terpayevikn pida tou x) eival pn apvinukog

® Y =

'Onwg eibape ev £xoupe kapia eAnida va ypayoupe Tov V2 ®G KAdopa pe
0poug akepaioug apou ev ivat pniog. Mmopoupe OP®G va TOV IIPOCEYYIoOUHE
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44 1.5. H I'loooa g Aoyucng

pe mv Porbela tov dekadikov mapactdcewv. I'a va to kavoupe autd Sa
xpeltacboupe v €8¢ napatjpnon. Av «, 3 eiva 9stukoi apiOpoi tote agpou
a? - %= (a-B)(a+pB) kat a+ B > 0 10 nmpéonuo tou a? — 52 givat 1o 610
€ TO TIPOON 0 ToU & — B. Av 0 évag eivatl 9etikog, apvnuikog 1 undév 9a eivat
Kat o dAdog. Kat emopévag Sa sivatra = 8, a < B 1) a > S av kat povo av 1oxvel
N avdloyn ox€on yia ta tepdyeva toug. Metd and auty] v mapatipnon ag
ETTIXEIPT|OOULIE VA TIPOCEYYIOOUNE TO V2

2 2
1. Eivat 12 < /27 kat emopévag 1 < /2. Emiong 22 > /2 kat eropéveg
V2 <2. Autn) elval Kal n PO Pag IPooEyylon :

1<\/§<2

2. Aoxmadoupe topa toug aplBpoug petadu v 1 kat 2 pe «Prpatopo»
dexartou 0, 1. Bplokoupe

1,12=1,21<2
1,22=1,44<2
1,32=1,69 <2
1,42=1,96 <2
1,52 =2,25>2

ortote 1) Sevtepn MIPOCEYYION 1ag ivat

1,4<V2<1,5

Yuveyidoviag pe auto Tov TPOIo PIopoupe va Bpoupe 00odrIIote KAAL TIPo-
OEyy1l01 TOU V2 ermbupovpe.

‘Acknon 71. Na Bpeite uig /169, /196, /225, /189 /225
‘Acknon 72. Na Bpeite pia Sexadikr) mpootyyion tou V3 «g 10 Xep dnAadn xwpig
va XP1OLIOIoW)0oeTe aplOpopnXavy), UITOAOY10Tr), KIVITO KTA.
H I'Aoooa tng Aoyikig
Pons Asinorum

H Aauvikn) ékgppaon Pons Asinorum otnv kuptode§ia onuaivet «n yépupa
v yaibapow. Tng €xel arodobel kat 1 PETAPOPIKY onpacia « yépupda tov
nABiow. XpnowponoinOnke t1ov Mecaiova yia va nieptypdyet v 5n nipdtaon
TV Z1o1Xeinv_] tou EUKAsiS:

"To apyaio keipevo propei va Bpedei £66:
[upload.wikimedia.org/wikipedia/commons/c/ce/Euclid-Elements. pdf|

BYndpyouv 81agopeg e€nyrioetg yia tov Adyo rou 660nke auty) n ovopaocia. Mia arnd ug ermt-
Kpatéotepeg eivat ot §00nKe pag Kat 1 CUYKEKPIHEVT MPOTAoT) OMKg eKTiOetal ota «Xtotxeia»
tou EuxAeidn eivat n mmpotn) mov napouctddel KAmola SUOKOALA Kat EMTOPEVES ATTOTEAOUOE Eva
KPUP10 H1aX®P10P0U IOV IKAVAV Padntodv aro toug UOAOUToug
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T&v loooxehdy Tery@vewy ol Tpog Tf) Bdost yovia loo
aAANAoug eioly, xol mpooexBAndelody T@v owv eddeldy ol
OO TV Pdoty ywviot loot dANGAaLS EcovTal.

TTOU Pag A€el OTL 0g €va 1000KEAEG TPIY®VO Ol YWVIEG TTOU TPOCKEWVIAL OTNV
Baon tou KaBkg KAl o1 Yovieg Tou oxnpati¢el n BAaocn pe 1§ IIPOEKTACELS TOV
10wV TAEUPOV eivat 10eg.

Agv pidape 6Aot pe tov 1610 tporo yia ta Mabnpatikd. Ag Soupie pepikeg
Sratunioeig ya v idia ipdtaoct (PLOvo yia 10 KOPPATL TIOU avadEPETal OTig
napd v Bdon yovieg adou 1 100tNd TV eERTEPIKOV YOVIQV gival dpeon)
mmou spgaviocdnkav oe diapopa PBAia T'ewperpiag ta onoia ekdoOnkav otnv
EAAnvikn yAwooa. Ot 1peig npoteg S1aTunOOELg TIPOEPXovVIAl ano oapidpa
ratadiepéva BiBiia Feoperpiag eve o1 endpeveg £xouv AnBgei and ta oxoAika
BBAia T'ewpetpiag amo v dekaetia tou 60 kat petd.

1. E1g mtav tpiyovov 1000KeAEG, dt yovidl at €1G tag ioag meupd aviikeipevat, eivat
ioar["9

2. E1g tav 1000KkeAéG Tply®VOV al yovial dl arnévavil tov ioov meupov tou eivat
toa[1

3. E1g kd6e 1000keAEG Tpiywvov, al yovial Tou, at onoiat Keiviatl arnévavil 1oV 0oV
MAEUPWYV TOU, elvat ioat E

4. Al napd myv Bdow yevial aviog 1000KeA0UG TPy®VoU givat ioat.

5. Av 6Uo mheupai tprywvou ABI sivat ioat, tote at arévavu autov yeviat sivat
ioat.

6. Ze kaBe 1000KeAEG TPly®VO o1 TTapd v PAon yevieg elvat 10eg.
7. Xe rabe tplywvo anévavil amno ioeg mAsupég Pplokoviatl ioeg ywvies....

8. Ot mpookeijieveg yovieg ot Ao 1000KEAOUG TPLYOVOU givat 10eG.

16 Aeyévbpou, Ztoyeia Mewpetpiag, Met. T. ZayioU. TIpéKettal yia PeTapaorn g mepipnung
l'ewpetpiag tou Legendre. Exd06nke ota téAn 19o0u at.

' Xpiotouv Mrniappnaotdbn : Meyddn Teopetpia, péoa 200u at.

'8 [Tétpou Toyka: Oswpnuiky Tewpstpia, péoa 200U at.
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46 1.5. H I'loooa g Aoyucng

9. Av éva tpily®vo £ival 1000KeAEG TOTE O1 TIPOOKEipEVEG Ot BAon ywvieg Tou eivat
loeg

10. Ze xkaBe 1000KkeAEG Tplywvo: Ot pookeijieveg ot Baon yovieg eivat i0eg...

[Tépa amnd g Sapopetikeg H1aTUNWOEIS OAA TA ATIOOTIACHATA PAG TTANPOQO-
poUV €va Kat 1o auto npaypa. 'Ou oe 0Aa ta 10ookeAn Ipiyova oupBaivel ot
ywvieg Tou Ppiokoviatl anévavit and ta okéAn tou 6nAadr) amévavit amno Tig
10eg TIAEUPEG TOU 1] AAADG AUTEG TIOU MPOOKewvtal otr Bdon tou eival ioeg.
[Ipdypa mou onpaivel 6Tt av ouvavir)ooupe £va ornolodrote IPiy®vo ou £ITt-
mA¢ov oupBaivel va eivatl 10ookeAég Sa 1oxUel auto 1o oupniépaopa. I[Ipokettat
yla pia mpotaon ano tig nmoAAgg rou £xoupe ota Mabnpatikd rou pag Aget ot
av oupBativel kAt 16te oupBaivel katl KAtt dAAo. Autou 1tou £i6oug o1 Tpota-
0€1g TToU Hev Xprjotporolouvial povo ota Mabnpatika eixav pedenOet ano tov
Ap10toTéAn 0 oroiog Yeswpeital o JepeAwing g EmoTHUng g Aoyikng. Av
avaAuyooupe v nmapanave mpotact 9a doupe ot unidpyouv duo eudlakpita
koppdana: H vnddeon kat 1o ovunépaoua.

Av10 TplywVvo eival 1000KeAEG TOTE O1 TTapd Vv Pdon yovieg eivat ioeg

Yrobeon Zupnépaopa

Ye mo1o tplyevo avagpépetal n unobeor); «E1g mav» pag Aéve ot Statunwoeig 1,
2, «mavtog» Aéel 1 4, «og kABe» 01 6, 7, 9. O1 Sratunooeig 5 kat 9 eival KATIOG
dlagpopetikeg. Aéve «ave. Evvoouv Kal autég OTL av £€XoUpe €va Tplymvo pe
b6uU0 mAeupeg ioeg Sa €xoupe Kat 11§ anévavi yovieg ioeg. H Sratunwon 8 dev
MEPIEXEL OUTE TO UTTOOLTIKO «avr. AAAG KAl aUTr) UTTOVOEi T0 «kaBe» Tiptv tnv AéEn
«oookedoUgr. 'OAeg pag Aéve, e 51aPopeTiko TPOTIo ival aAnBeia, OGS ornote-
dnmote cuvavtape £va TPlyvo mou 1Kavorotel v urodeorn Ja kavortotel kat
10 oupriépaocpa. Kat aut) akpiBag sivat n adia tov pabnpuatikov mpotdoemy.
Egappoloviat oe ortoiadrnote repiotaoct) 1IKAvortotouviat o1 UTIoOEoetg p1ag Kat
pag artaAAdccouv anod tov €AeyX0, KABe popd, ToU av 10XUEL TO CUPTMEPACHA.

Méxpt tov 190 aigva 1a Mabnpatika datunevoviav Kat S1eKIepal®voviav
o€ TpEXouoa yAoooa. Ze pia yAoooa BéBata o akpiBn otg S1atunoetg g
ané v kabopdoupévn. H epgavion Feoperpiov nou rfjoav prn EuxkAeideieg
Kat ol 6uokoAieg otnv depediwon tou KAGdou tng Mabnpatukng Avaiuong
€0TPEYAV TNV IIPOCOXI] T®V PNABNPATIKOV OV EVIATIKL PEALTN TG AOYIKIG
Kal tov Oepediov twv Madbnpatukaov.

Ot eutuyieg g oupBoAKYG ypadrg otov kKAddo tng ‘AdyeBpag £dwoav tnv
wBnon wote va sioaxBouv adyeBpikeég 16¢eg KAl oUPBOAIONOG OtV PEAET NG
Aoykrg. 'Etot avadubnke o kAadog g Mabnpatkrg (11 ZupBoAikng) Aoyt-
KI|G TTOU arotédeoe pia pabnpatikonomnpév) ekdoxr g KAAoIKNG AOYIKNG.
[Mpwt-gpydateg Sswpouviat o De Morgan kat o Boole. O cupBoAiopog rovu €t-
ofxOn Sev eixe okomod va xpnoponoindei ota Mabnpatka (ta Mabnpatika
HIopouv Kat Xepig autdv) adda yia va pelendet kaAditepa n Mabnpati-
K1 Aoyikn. Qotdoo €va KOPPATtt aro tov cUpBoAlopo auto €xel epdoel ota
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KaOn-pepvd Mabnpatikd kat Sewpeital xprorog 610t avadeikvuiel tig Aoyi-
K£G OXE0EIG HETASU TV IPOTATEGV.

1.5.2 Tlpotaoeig

H Mabnpatikn Aoyikn €Xel @G aVIIKEIPNEVO PEAETNG TIS TIPOTACELS KAl TIG
petady toug oxeoelg. Movo rou anodibet otnv A£8n «rpdtaony pia S1adpopetiky
onpaocia ano ekeiv nou anodwoape oty oediba [/l Entiong urtapyet Stapopa
oty onpaocia mou arodidel otnv i6ia AN n kaboptdoupévn yAlowooa. Aé-
yovtag mpotaon ot Mabnuatiky) Aoyikrn evvooupe pia pabnuartikiy EKgpaocr)
IOV €Xel T/npeg vonua Kat ermrtAéov £X0UPeE £€va KP1trplo yia va kabopiocoupe
av afindng 1 weudng 1 Oonwg adiwg Aépe va arnodwooupe o autyv pia un
afndeiag.

Hapadewypa 11. 1. H ékppaon «3 > 5+ >» Sev €Xel vOnua KAl EMTOPEVRG
bev eivat potaon.

2. H éxkppaon «o apiBuog 11 sivat opaiogr evdexopévag va €Xel KATIO0
vonpa otnv kabopdoupévn yAwooa aAdd oyt ota Mabnpatuka.

3. H ékppaon «3 > H» eival mpodtaon Kat eivat weudng
4. H éxppaon «33 > d» eival ipdtaon Kat ivat aAndng.

5. H éxppaon «x + 2 = 3» dev gival nipotaor 610t Sev &Epoupe yia moio
r pape. Kat emopéveg dsv éxoupe tpormo va anopavoupe av sivat
aAnbng n weudng. Av yia napdderypa oupBaivel 1o x va eivat o 3 tote
gxoupe v Ekppaot «3 + 2 = I mou eival pia Yyeudrg rpotaocn. Av o x
yivet ioog pe 1 tote €xoupe v aAnbn npodtaon «1 + 2 = I».

Zwv oediba [ einape ot mpotaor eivat éva artodederypévo Sewpnua. Q-
01000 ¥peltadovial Katl KAToleg aAnbeleg oTi§ Onoieg otnpidopacte yia va Ka-
voupe g arodeifelg pag. Ipoxkertal yua ta aftopara: Eivat npotdoeig g
MaOnuatkrg Aoyiknig rmou tg dexopaocte wg ainbeig xwpis andden. 'Etot
ota Mabnpatka ocuvaviape, petaiu aAdev, tg eghg npotdoeig tng Mabnpartt-
KNG AOYIKAG:

e Exeiveg yia tig omoieg Siabstoupie arro'éslgfn.

e Exeiveg yia tig oroieg dev d1abetoupe anodedn aida dexopaote xwpig
anodedn 6nAadn ta aiopata. Amnotedouv v Bdor nave oty oroia
otnpidetatl pia pabnpatikn Sswpia.

¥potaoceis (tng Mabnpatikig Aoyikg) mou dev Epoune av eivat aAndeig addd undpyouv
Karoteg evdeigelg mou ouvnyopouv yia auto Aéyovial gikaoieg. YIIAPXOUV APKETEG AAuteg 61d-
onpeg ewkaoieg. Kamnoleg ano autég €xouv amir) kat diatvnwor. Mia tétowa eivat ) @nuopévn
ewkaoia tou Goldbach:
KdbBe dptiog peyadvtepog tou 2 propei va ypagei og d6poiopa §uo npotwv apibuov. Asite kai
doknon 428 Mapapével dAutn ano o 1742!
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1.5.3 TIlIpotaciakoi Turot

Exppdoeig 6nog n «x + 2 = 3» mou dev eivatl pev npdracn aAdd yivoviai
POTaon av dOooupe KATOEG TIHEG OTIG UeTabAntée TIoU TePlEXouv (e6w ne-
taBAntn eivat o ) Aéyovral potaciakoi tunot. Ot Ipotaciakoi TUTol propet
va punv aAnBsvouv yla Kapia TP 1oV PEtabAnt®v ToUg 0TS O IIPOTACIaKOS
rnog «0 - x = 2», yia oplopéveg TIHEG OIS O «X + 2 = 3» KAl yla OAeg OTI®G O
« -2 = 0». Ot tedevutaiol Aéyovial kat kadoAikd ajlndei¢ mpotaciakol TUrot.
Zinv nepimworn g yépupag tov yaiddpeov n petdBAntn eivat 1o 1piyovo Kat
TIPOKELTAL PUOIKA Yla €va KaBoAikd aAnbr) mpotactakod turo. Ot mpotdoelg
- Yewpnuata nou xpnotporolovpe ota Mabnpatika eivat kaBoAikd aAnBeig
[POTAC1aKOi TUIIoL yia toug oroioug Siabetoupe kat pia anodeidn.

£1a EMOHPEVA O O0EG MEPILNTMOELS MPOTACLARAOV TUNOV TibeTal To &-
patnpa av eivat aAnbeig 1} Yeudeig 9a evvoseital 6t tiBetal to epdTNRA
av eivat kaOoArd aAnbeig npotaciaxoi tﬁno@.

1.5.4 H Zuvenayoyr

H mpotaon pe 10 1000KeAEG Tplywvo otnv oroia avapepBrirape €xel tnv
akoAoubn doun:
Av P 16t Q

— —
Yri6Oeon Zupnépaopa

Mia nipdtaon autou tou €iboug ovopdadetatl ovvenayoyn. pagoupe kat

H ouvenaywyr) ouoyetidel v aAnBeia piag npotaong (unobeon) pe tnv ain-
Oe1wa piag dAAng (ouvpnépaopa). Mag BeBawwvel o011 av oupBel 1) unidéBeon va
aAnBevel Sa aAnBevel katl 10 CUPTEPACA.

H ouvenaywyn Aowutdv Sa eivar weubdng 11ovo otav auto nou PeBaiwver Sev
1oxUel. AnAadn povo otav n vrtdbeon eivar aAnbng Kai to ouunépaocua ivai
Weubég. Ze 0Aeg Tig dAAeg mepuntioeig eivat aAnorg.

[ToAAég amo TG 181011eg TIOU avapépape eival ouvenaynyes. Ia napa-
detypa avagépape ot:

‘Avazﬁtétsoz+fy:6+’y‘

TOU onpaivel 6Tt av oe ornoloucdnmnote icoug aplBpoug pooHBécoupe tov 1610
ap1Buo6 9a mpoxkuyouv icot apibpoi. 'H addiwg yia kabe «, S xat vy n oxéon
«a = 8 ouvenayetal myv oxéon a + v = S+ . To nmapandve o OUVENAy®yn
ouviopeupéva ypdgetat:

‘a:,@:a+7:ﬁ+’y‘

oTpékertat yia pia oupbaon mou akolouBeital suputata ota Madnuatikd Kat UKOAUVEL
mVv {wr pag: ‘Otav Aépe 6Tt KATO10G 10XUPLoP0G aAnBevet evvooupe ot aAnBevet yia OAeg Tig
nieputtooelg SnAadn) eivat kaBoAika aAnbng rpotactakdg TUIoG.
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Kegaiaw 1. Ot Ipayuatikoi Apduoi 49

Kat 9a svvosiml Kat Ot avapepOuaocte os Kade 1p1ada mpayuattkov aplduov
a, B kary.

H napanave ocuvenaywyr eivat aAndrg. Emiong aAnbrg eivat kat ) ouve-
mayeyn :

‘Oz+*y=,3+’y:>0¢:ﬁ‘

Kat kataAaBaivoupie 611 auto TI0U pag Aget eivat 0Tt onoTedIIOTE £X0UNE (v+7y =
B + v 9a £xoupe autopdteg kat a = 8. Avtibeta ) ripotaon

a+y=pB+6=>a=0

gival peudng 6101 ev eivat aAnbnig yia 6da ta a, 5,7y, § 6161 ev aAnBevet yua
OAeg TG Suvatég ermAoyeég v @, 3,77,0. Twa mapadsypa otav a = 5, 8 =7,
v =3, § =1 n undéBeon aAnBevel aAdd OX1 TO0 CUPEPAcHA.

Ta Sewprjpata ota Mabnuatika Siatunodvoviatl Pe Tov €va 1] Je Tov dAAo
TPOTIO UTIO PopPI] OUVENAYOY®OV: Mag Aéve 0Tl av 10XU0UV KATIO1EG UTIOOE0ELG
10XU0UV KAl KATIo1d OUPIiEpdopatd.

‘Aoknorn 73. Tloieg amod Tig MAPAKAT® CUVENAY®YES eival aAnOeig;

1. a>0=a+5>5
2. a>0=>a+06>0
3. a=f=>a+1<p+5
4. 2> g =>a>0
5. a+=0=>a®>+3%=0
‘Aoknorn 74. Tloieg amoé Tig MAPAKAT® MTPOTACELS eival aAnBeig ;

1. 2z=6=>2=3

2. 2=6=>zx= \/6

3. 2=vV6=>22=6
4. 1< -6=2%2=6

5. 22=6=>1<-6
‘Aoknorn 75. Tloieg amod Tig MAPAKAT® MTPOTACELS eival aAnOeig ;

1. 22=-1=>2%=1

Lt =1l=>a%=2

La?=2=2%>1

2
3
4. 22=-1=>5=3
5

.5=3=x=3
21
BALS.3
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50 1.5. H I'loooa g Aoyucng

1.5.5 H Iooduvapia
Eépoupe OT1 EKTOG ATTO TNV IIPOTACT)

Av 10 TplywVvo eival 1000KeAEG TOTE O1 TTapd Vv Pdon yovieg eivat ioeg

YriéOeon Tuprnépaopa

1oxXUEl KAl 1] aviioTpodn nipotaor) (tnv oroia 51atunovoupe Pe KATIOES PIKPO-
dlapopég yla va €xet vonpa):

Av 1o Tplynvo £xel U0 yovieg 10eg TOTE elval 1000KEAEG

YnoOeon Zuprnépaopa

MrniopouUpe va §1aTun®ooUliE Ta IIAPATIAVE KAl AAA1KG.
IMa kabe tpiyovo ABI 1oxvouv:

B=v= B=T

B=T= B="
dnAabr) n ouvenaywyn aAnBevel Kat mpog T 6Uo kateubuvoelg. O 10XUP10110g
ot oupBaivel autd ypagetat oupBoAKa :

=y B=T

[Tpokettal yia pia véa ouvdeorn mpotacewmv rou Aéyetal woodvvauia. Av Exoupe
oroleodrote mpotaocelg P kat Q n 10oduvapia toug oupBodiletal pe

P<Q

Mia tgoduvapia gival aAnbng P1OvVo av o1 CUVENAY®YES TIPOG Tig U0 KaTeuOUV-
oelg eivat aAnBeig. Enopévag pia wodvvauia 9a sivar aindng av 1 kat ot Svo
TPOTAOEIS TTOU OUVOEEL eivatl ajindeis 1) kKat ot §Uo Weubelg.

‘Aoknon 76. Iloieg amno Tig Mapakdte 1ooduvapisg etval aAneig;
1. a>5<2a>10

<0 at<0

a-B>0ea>p

af>0<a+>0

ok LN

a>2ea>7
‘Aornon 77. Tloieg amnd 1§ TTapaxdte 10oduvapisg etvat aAnOeig ;
l. x+#2 o x+2+4
2. x2 = x>2
3. xiy@xQ #yz
4. x=y+1leox+y
5

.rx=1e22-1=0
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Kegaiaw 1. Ot Ipayuatikoi Apduoi 51

1.5.6 H Zuleuén

‘Otav ypagoupe 1 < 2 < 3 evvooupe 011 10XU0UV OUYXPOVKG §U0 rmpdypatd :
'Ou 1 <2 kat 2 < 3. Andadn n npdtaon 1 < 2 < 3 eivar pia ovvOetn mpotaon
rou araptietat and dvo koppdata tg 1 < 2 kat 2 < 3. Ovopadetat oculeudn
v 1 < 2 kat 2 < 3. H aAnbeia g npodnobétetl tnv aAnbeia kat twv dvo.
TCevika av éxoupe duo mpotdoeig n P, Q opiletatl n mpdtaon

rou ovopadetat 1 ouleudn tou Kat lvat ajindrg puovo otav kat ot 6U0 mpo-
taoelg sivat ajindeig.

‘Aoknon 78. Tloieg amnd tig apaxkdte oulsutelg sival aAnOsis ;
1. 3<8kat 5<3
2. 2<3 kat 3<5H
3. T #y rat m2¢y2
4. 2z = %x+%x rat 22 # -1
5.

r>r—-1lxrat y>y—1

1.5.7 H Audeudn

Av givar af = 0 tote ) 9a eivar a = 0 1) 9a givar 5 = 0 xwpig va armoxAsistat
va 1oxvouv Kat ta §o. Av €xoupe 6uo mpotaceilg P kat () ) ouvOetr mipotaon

pag mnpogopei ot aAnBevst karowa aro tg P kat ¢ énAadry 6t toudaxiotov
pia amo ug 8vo sivatl aAndng xwpig va anoxAeietatl va eivatl kat ot dvo. Aé-
yetat 6ld§su v P xat Q. Mia 6ialevén 9a sivar wevbrng otav kat ot 5vo
mPOTACEIS TTOU oUVOEEL elval Weubels kat oc Ofleg Ti¢ umoflotneg tepimtwosls Ja
slvar ajindng.

‘Aoknon 79. Tloieg amndé tig mapaxkdate diadeuielg sival aAnOsis ;
1. 3<1935<3
2.2<313<5

xryf a’Ey?

3
4. 2x:%x+%xxcu 2%+ -1
5

Lx>x-1Qy<y-1

22y priotponoteital kat o cupBoAtonsg P A Q
2 Xpnoponoteitat kat o cupBoAiopoég P v Q
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52 1.5. H I'loooa g Aoyucng

1.5.8 H Apvnon

Ze MOAAEG TEPUTTOOELS oxnpati{oupe v apvnon piag mpotaong 1 vog
npotactlakou tunou. [Ma mapddeiypa n apvnon twu a = § eivat o a # S.
TCevika av éxoupe pia npdtaor P n opiletat i dpvnon U’]

n onoia eivar aindng uovo av n P sivar weudng.

‘Aoknon 80. Tloieg amno Tig MapakAte apvhoelg sivatl aAndeig ;
1. ox1 2>3

2. 6x1 2+3

3.0xt z<xr+1

4. 6x1 22>7

5

.oxt (a+fB)v=ay

1.5.9 Arnodeieig

"Exoupe 6e1 800 Baoikég texvikég arodeng. Tnv evdeia anddeiln ovp-
@®VA HE TV oroia §EKIVAPE Ao KATL MOV 10X VEL KAl KATAAYOUHE 1€ 0OOTO
OUAAOYIOPO OTO ATTOGEIKTED KAl TNV EUpeon amodeln PE v OTold KATAAr)-
YOULE OTO arodeIKIEO armoKAgioviag v evavila nepirntoon. Me tov éva 1) tov
AAAO TPOTTO OTIG ATOSEIEEIS P1ag XP1OIOITOI0UHE OUVENIAYWYES 1) 1008uvapieg.
Zuyva ypagpoupe

PP =>P=..=> P,

—— N

Yrobéoeig Arnobeiktéo

orou £xoupe PeBaiwbel 611 o1 erpépoug ouvenayeyes P = P, Po = Ps,
P, 1 = P, xat autd eivat apketd yua va ivat Kat 1o anodeikiéo ainbég. O
Aoyog: Agou 1 urnobéoelg P; anotedouv aAnbr mpotaon KAl 1) CUVENAYROYT)
P, = P eivat aAnbng kat n P, eivat aAnbrg (Supnbeite niote pia ouvenaywyn
eivat aAnbrig). Me v P» twpa aAnbr kat tv cuvenaywyn P = P3 aAnbn
givatl kat n enopevn npotaocr g aducibag pag 6nAadr) n P3 aAndng. Tedwkd
HE autd Tov TPOTo KATAAryoUHe Oto ot 1 arodeiktéa pag P, eivat aAnBrg.

Mapadewypa 12. Ag unoBéooupe 6t 9édoupe va arodei§oupe ot av = < y

, 2r—-3 2y—3 . , .
tote =~ < = —. Mropoupe va ypayoupe:

2x—3<2y—3

r<y=>2x<2y=>2xr-3<2y-3= 1 1

Kal adou Ol EMPEPOUS OUVENAy®yeS eival aAnbeig (otnpiloviatl o yvwoteg
181011eg) Kat 1o oupnépaopa sivat aAnbégg.

24 6upBoAidetat xat pe ~ P
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ZuvnO1opévn TEXVIKD €lval va XprolHonoloUlEe 1008uvalieg:

Qi Qe Q
—— N——
Armodeiktéo YroBéoeig

AnAabdr) Sexkvape anod 1o anodeiktéo kat pe KatdAAnAn enefepyaoia petabai-
voupe pe 1wooduvapieg oe KAt §Epoupe g ainBevsel. Agou twpa 1 Undbeor
(), aAnBevetl kat aAnbsvset ) wobuvapia Q,_1 < @, 9a aAnbevst n Q-1 KA
€0G O0ToU KataAnyoupe ott aAnbevel n amodeiktea. Ag doupe nwg GouAevet
auto oto 1610 mapadetypa rmou avapepBrKapie Mo nave :

2:0—3<2y—3<:>2:(:—3_2y—3<0‘:> 2r-3-(2y-3) <0
4 4 4 4 4

2z -2
u<0<:>23:—2y<O<:>2(a:—y)<0<:>:1:—y<0<:>gzc<y
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IUvola kai MBavdmreg

2.1 ZuvoAa
2.1.1 H évvoila tou cuvoAou

Aégyovtag «ovvofor 9a svvoovue omotadnmote ouAdfoyn oe pia oddtnta M
KATOWV KAdOPIOUEVOV Kal SlAPOPETIKOV AVUKEUEVOV NG avtiinyng N mg
okEYng nag. Avta ta avtkeipsva 9a ovouafoviar «otoryeiar g M.

'Etot apxie o Georg Cantor oe éva Jepediwdeg apBpo tou 1ou dnpooiev-
9nke 10 1895 Kkat pe 10 omoio SnpuioupyrOnKe auto Tou Aépe onpepa «@smpia
Zuvodow. H Berpia Zuvodev Sekivhoe anod tv avaykn va «BAérnouper pepo-
vopéva aviikeipeva oav pia eviaia ouAdoyr Kat va v petaxepigopacte oav
tétola. Aéyoviag «to A1 tou Aukeiou g EuayyeAikrg» evvooupe ta maidid tou
Aq oav pia oAouta 6ndadny oav éva ouvoro. Kabe pabninig 1) pabnrpia tou
Aj eivat otoixeio tou cuvorou autou. To cuvodro A; mepldapBavel povo Toug
naéntég tou Ap. Asv mepidapBavel pabniég dAAev THNRATEV 1) avuKkeipeva
rou Bpiokovtatl oty aibouoa tou A; KA.

Georg Cantor

1845 - 1918

2.1.2 H évvola tou avnkew

'Eva ouvolo Aoutdv amaptidetal amo otoixeia Kat ta OTolXeia @Traxvouv
ouvoda. Ta mapadetypa av €xoupe toug apibpoug 1,45, 8 propovpe va
pavtacboupe 10 GUVOAO TIOU £XE1 WG OTOLXElA autoug toug apidpouvg. To ypa-
@oupe Ypnowponoigvrag aykiotpa {, } pe ta ornoia mepikAsiovtal ta otoikeia
wu: {1,4,5,8}. Xpnowonooupe Kepadaia ypappata yia va ovopdcoupe
1a ouvoda. Av arogaocilape va ovopdacoupe pe M 10 naparndve ouvodo Sa
ypaoape M = {1,4,5,8}. To otoixeio 1 avikel oto cuvodo M 8nAadny mept-
AapBavetat oe auto. Fpdgoupe cupBoAikd 1 € M. Zto auvodlo M Sev éxoupe
ounneplAdBet 1o otoryxeio 9 6nAadn 1o 9 dev avnket oto M. Tpagpoupe 9 ¢ M.
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56 2.1. Zvvoda

2.1.3 Avaypaor), nieptypadr] Kat facikd cuvola aplOpev

Av Sédoupe va ypayoupe éva cUVoAo Propoupe avapeoa os §Uo aykiotpa
va yPAWyoule Ta ototXeia Tou onwg A.X.

M ={1,4,5,8}

Av twpa 9¢dape to ouvoldo pag va reptAapBavel TOUg aKkEPA1oUg aplBpoug ano
1 ¢wg 100 Sa ypadape
A=1{1,2,...,100}

plag kat Sev eivatl KaBOAoU TIPAKTIKO va YpAayoupe 6Aoug Toug apldpoug arnod
10 1 ¢0g 10 100. Ta amoo@nnIkdA «...» UITOVOOUV ToUg aplBpoug mou aro-
ownoviat adAd givat oto ouvolo: tov 3, tov 4, Tov 5 Kat ast Aéyoviag. Ot
ap1Bpotl 0TIKG TOUG oUVAVIAHoAPE OUYKPOToUv ouvoAa. 'Etot éxoupe 10 ouvolo
TV PUOIKOV, TI0U Ta OTOLXEla TOU £ival ATTOKAEIOTIKA @UOIKO1 aplBpoti:

{0,1,2,3,...}
EUpBOM@OUp 10 oUvoAo eV uokev pe N. 'Etot:
N={0,1,2,3,...}

Kat b ta anooionnuka unodnAevouv apibjioug mou umndpXouv GT0 GUVOAO
addda bev ypdagovtal. Movo mou autr) tnv @opd 1o mANBog toug dev eivat
KATTI010G OUYKEKPIPEVOG ap1Opog addd eivat areipo.
Ot aképalol emiong OUYKPOTOUV TO OUVOAO TV AKEPAIDV. Eup6o)u’§sm@
pe Z. 'Etot:
z={..-3,-2,-1,0,1,2,3, ...}

r

1 Kat
7Z={0,+1,+2,+43,...}

Mepikég popég oupBaivel 1 avaypagn (6nAadn to ypdywipio) v otoixeiov va
BNV givatl eSUMNPETIKY HE 1] XOPIS AMOOIOIITIKA. YIIAPXEL KAl KAT010G AAAOG
TPOIIOG Yla va eEnyrjooupie og 1olo ouvolo avadepopaote: Na mepyodpouue
Ta otoixeia tou ouvolou mou pag evolagépel. Ta mapdadeitypa to cUvoAo
A ={1,2,...,100} mou &ibape mo ndve pnopei va ypagel pe nepyoapn wg
£8ng

A={zeN| 1<2<100}

H napanave ypagrn akoAlouBei pia turonounpévr ouvadn :

A = {an¢ nou naipvoupe ta otoikeia | mola ouvOrKkn Kavoroovy ta ototxeia}

'Ané 1o natura Kat 1@ mAPAYOYA TOU. AVAPEPETAL 6TL ) TIPGOTH POPd OIou ePPaviobnKe o
0p0g «(PUOIKOS Ntav aro tov Chuquet to 1484
2An6 v Teppavikn A¢En zahl=ap1B6g
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Kepaiawo 2. Xvvoa kai [Idavotnteg 57

‘Aornon 81. Na ypdwete pe neptypadr) 1o ouvoro B = {-3,-2,-1,0,...,19,20}.

‘Aoknon 82. Na ypdyste e mieptypadr] 10 oUvolo tev aptiov. Na Kdvete 1o 1610
Y1la T0 GUVOAO T®V MEPLTIOV.

‘Aoknon 83. Na ypdyete 10 cUVoAo eV dlaipetmv tou 12.
‘Aoknorn 84. Na ypdwete 10 0Uvodo tev oAdardaciov tou 6.

Mrmopoupe va Sewprjooupe 0AOUG TOUG PNTOUS MG OUVOAO. EU},I6OA@€‘[Q@
pe Q. To 1610 kat yia toug mpaypatikoug aplfpousg t@v oroiov T0 GUVoAo
GU}l6OAi§81C[H pe R.

2.1.4 ’loa ouvola. YrioouvoAa.

AUo ouvoda A kat B 9a Agéyovrat ioa av éxouv ta i6ia otoixeia. T'pagoupe
A = B. Ta napddetypa ta ovvoda A = {xeR | (z-1)(x-2)(z-3) =0}
kat B ={1,2,3} eivai ioa.

Ta A, B sivat ioa av aAnBevet ) nipdtaon

reAd=xeB

‘Aoknorn 85. T'a noiég tpég tov o,y ta ouvoda A = {1,4,-2} xa1 B = {1, T+ 2,y2}
etvat loa;

Av kd0¢ oto1xeio tou cuvolou A sival kat ototxeio tou cuvorou B toéte 1o A
Aéyetal urtoouvolo tou cuvodou B. Tpagoupe oupBodika A ¢ B. Tpopavog
wxvar NcZ,ZcQ, Q cR. ®uoikd priopoupe va ypaAWwoupe Kat:

NcZcQcR

Ipopavag av ta ouvoda A kat B sival ica kdbs otoixeio tou A sival kat
otoxeio tou B kat enopévag to A givatl urtoouvodo tou B. Emopéveg 10xvet:

A=B=AcB (2.1)

Kat akopn
A=B< AcB xat Bc A (2.2)

‘Aoknon 86. Ic noisg anod Tig MAPAKATe MEPUTIOOELg 1oxUel X € Y
1. X={-1,1},Y ={zeR[2?-1=0}
2. X={zeR | 2>3},Y={zecR | z>2}
3. X={xzeR |2>10},Y={yeR | y>2}
4. X={zeR | 2>10},Y={xeR | 2>12}

30 oupBoAiopdg mpopyetat and 1o quotient=rinAiko
*ané 1o real=mpaypatkog
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58 2.1. Zvvoda

2.1.5 To revd ouvodo. To Baociko ouvodo.

'Eva ouvolo nou dev €xet ototxeia Agyetat kevo. Na mapdadetypa 1o cuvodo
{xeZ | 2x+3=0} eivat kevd apou dev undpyetl aképatog x wote 2z + 3 = 0.
'‘OAa ta kevd ouvola eivat ioa. To ouvolo oupBodietal pe .

‘Aoknon 87. Na sEnyrjoste yiati 6Aa ta Kevd ouvoda sivat ioa.

'Otav dnpuoupyndnke n Bewpia Zuvodnv £ytve aviAnmio ot g priopouie
va XPNOTHOIIOI0UHE «ITOAU peydaAa» oUvoAa. Me dAAa Aoyia €Keivo 10 «ing av-
TANYng 1 g okEYPnG pag» tou Cantor UTIOKELTAL 08 KATIOI0UG TIEPLOPIOII0UG

. T'a tov Adyo autd oda ta ouvolda nou Sa xproipornoloupe Sa eival unoou-
VOAd evog Bacikou ouvolou rou Sa npoadilopiletal kat ouvrBwg cupBodidetat
pe Q. Av yua apadetypa 9¢doupe va Soudéwoupe pe apibpoug popoue va
napoupe €2 = R, av doudevoupe pe onueia propovpe va mapoupe g 2 to
OUVOAO TV ONUEI®V TOU EMMIESOU K.0.K.

‘Aoknon 88. Ilowa and ta Mapakdte® oUvoda sival Kevd ;
1. {z€Z | 2x+4=0}
2. {zeR | 22?-3=0}
3. {zeR | 222 +3=0}
4. {xe@| 23:2—4:0}

2.1.6 To Auvapoouvolo evog ouvolou

Av éxoupe éva ouvolo A tote 10 0UVOAO OA®V TV UTTOCUVOAGVY tou A o-
vopdadetat duvapoovvoio tou A. Zta umoouvolda tou A cuykatadéyovial to
A aldd kat 1o kevd ovvoro F. Av yia napadeiypa A = {1,2,3,4} tote 0
duvapoouvolo tou A eivatl 1o oUvolo:

{2, {1},{2}, {3}, {4}, {1,2}, {1, 3}, {1,4},{2,3},{2,4}, {3, 4},
{1,2,3},{1,2,4},{1,3,4},{2,3,4}, 4 }

‘Aoknon 89. Na ypayete 10 duvapoouvodo tou cuvérou {p,q,r}.

‘Aoknon 90. Na ypdyete 6Aa Ta uroouvoda tou ouvodou {a, b, ¢,d} mou dev mepté-
XOuvV 10 ototxeio d.

2.1.7 Ta dwaypdappata Euler-Venn

Yridpyetl évag oAU nmapaotatikog TPOIIog yld va anelkovioUpe ta oUvoAa :
Yxedialoupe 1o Baocikd ouvoro {2 oto omoio doudsvoups KAl ta UMTOCUVOAA
tou ta oxediadoupe cav emineda xwpia. X10 £0OTEPIKO TOUG UITOPOUHE va

Eva 6idonpo napddeiypa eivat 1o akodoubo: Yriapxouv oUvolda 1mou dev £X0Uv oav ototxeio
Tov €aUto T0oUg (Bpeite pepikd). Ag @aviacboupe 10 OUVOAO OA®V T@V CUVOA®V ITOU OV £€X0UV
OTO1XEl TOV £aUTO TOUg Kat ag to roupe S. Tlepiéxet apaye to S tov eauto tou;
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Kepaiawo 2. Xvvoa kai [Idavotnteg 59

ONMPEWOOUNE Ta otolxeia toug. Av yua mapddeiypa 1o Bacikd pag ouvoAo
eivat 1o oUvoAo TtV mpaypatkeov apldpov kat A = {1, 2, \/5} propoupe va
éxoupe 1o £§ng daypappa:

R

Leonhard Euler
Alaypdppata autou tou eiboug omou n kAipaka Sev €xel onpaocia adda é- 1707 - 1783
X€l onpaocia n anotun®or) 1OV oXEoewv nepiexeobat ovopdalovial dtaypauuara
Euler-Venn. T'a mapadetypa ta yvootd pag ouvoda aptdpov pmopouv va
rapaoctabouv ot éva Sidypappa Euler-Venn wg eEng:

} [Toaypartukot }
— Pnrot )
! Axépaiot .

John Venn

1834 - 1923

Ocetikol

ITowTol

—‘ Aptiot }——‘ HSQLTTO( }—

‘Aoknon 91. Na xdavete éva 61dypappa Euler-Venn 6mou va ansikovidoviatl ta ou-

voda A ={1,2,3,4,5}, B=1{2,3,4,7,8}. T = {3,4,7,8}, A = {10,11}.

2.1.8 Awaotpata oo R

Ynidpxouv meputtioelg mou xpetddetal va Souléyoupe OX1 0 OAOKANPO
T0 OUVOAO 1OV TMPAYHATIKGOV aplOp®v dldd oe koppdtia tou. Mepikég ou-
vnO1opéveg mepUTtOOeg eivatl otav evéiapepdpaocte yia apiOpoug petaiu 6uo
OUYKEKPIHEVOV aplOp®v, TTAVe aro éva aptOpo 1 Kate ano éva apdpo. Ta av-
tiotolxa ouvoAa ovopadovral dwaoctiuata. 'Exoupe 8 €i6n Saotnpatov. 'Eote
pe a < B.

e Me («, ) oupBoAiloupe to cUvolo
(0,8) = {z R | a<z<f)
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2.1. Zvvofa

Ovopddetal avoikto siaotnua pe akpa «, .

Xpnowpornolovpe 6U0 TPOITIOUG Yid va ATIEIKOVICOUHE auto 10 didotnpa.
O évag eival va ypayoulle ITo £VIOVO TO0 KOPPATL TIOU AVIIOTOXEL OT0Ug
ap1Bpoug petady tov a Kat S Katl ta onpeia mou avilototouv ota dkpda
va ta adprjooupie AEUKdA

a p

O dAAog eivat va dSnpioupyrjooupe €va opBoywvio mapadindoypappo
TOU ortoiot n pia mAeupd va sivat £xel Akpa ta orpeia Iou avilotot ouv
ota dkpa tou draotpatog. AnAovoupe ot ta akpa dev reptAapBavoviat
oto draotnpa ypdgpoviag pe S1aKEKOPHEVES YPAHES EKETVESG TIG TIAEUPES
10U opBoywviou 1ou sivat k&beteg otov Afova TRV MPAYHATIKOV

p

*
|
|
|
|

Y

Me [«, 3] oupBodidoupe 10 oUvoAO

[a,B8]={zeR | a<x <3}

Ovopddetat Keotd draotnua pe arpa o, 5.

H anekovion tou eival avddoyn He ToU avolktou dtaotrpatog. AmA®g
10pa ya va dndeoocoupe 6t autr 1) @opdad ta dkpa cupreptiapbavoviat
oto Siaotnpua pag tda onPEIVOURE PE VERIoNA.

a p

O 8eUtepog TPOTTIOG ATIEIKOVIONG YiVETAl OIS OTO AVOIKIO HOVO TIOU Ol
KAOETEG YPAPESG €lval OUVEXEIG KAl OX1 H1AKEKOPHEVEG :

a B

Me [«, 3) oupBoAidoupe to ouvodo

[, ) ={xzeR | a<z <[}

Ovopdadetat aptotepa kKAewoto -6efia avolkto Siaotua pe akpa o, (.

o p
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Kepaaawo 2. Zvvofa kair Idavotnteg

® 1] aAA0G:

e Me (o, 3] oupBoAidoupe to oUvoAo
(a,B]={zeR | a<x <[}

Ovopddetal aototepd avolkto - deid KAeoto Siaotua pe akpa a, S.

a p

1 aAAeg:

Y
=

e Me (@, +00) oupBodidoupe to oUvoAo

(a,+0)={xeR | a<z}

a

1 aAAeg:

S

————-e

e Me [, +00) oupBoAiloupe 1o ouvodo

[a,400) ={zeR | a <z}

a
@

1 aAAg:
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62 2.1. Zvvoda

e Me (—o0, ) oupBodidoupe to0 oUVOAO
(mo0,a)={zeR | z<a}

a
)

1 aAAg:

e R

e Me (—o0, ] oupBoAidoupe to ouvodo

(—o0,a] ={zeR | z<a}

| BN

1 aAAeg:

Inpeicoon 1. To i610 10 0UVOAO TGV IMPAYHATIKAOV aplOPaV ypddetatl urid pop-

o1 Staotpatog wg eENG:
R = (00, +00)

Inpeicon 2. 'Eva onpeio mou mpéret va eipacte MPOooeKTIKOi givat To ot ta
—00, +00 dnAwvouv Kateubuvoelg oty eubeia TOV MPAYHATIKGOV aplOpov Kat
bev eival npaypatikoi apiOpoi.

OF

V2 V3
° ®

Inpeicon 3. 'Otav ypagoupe (a, B), [, 8], (o, ] 1 [, B) 9a evvoeitat 6t
a<f.
‘Acknon 92. Tloieg amno Tig MAPAKATE MIPOTACELS eival aAnOeig;

1. 2€(0,4)

2. V2¢€(1,2)

3. 5e(4,1)
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Kepaiawo 2. Xvvoa kai [Idavotnteg 63

4. 3¢(3,11]

To 1610 T0 GUVOAO TOV MPAYHATIK®V AplOP®V YpAdeTat urto popdrn Siaothiatog

og €81g:
R = (—o00,+00)

‘Aoknon 93. Tloieg amnd Tig APAKATE TIPOTACELS eival aAndeig;
1. ze(l,+00) =2+ 1€ (1,+0)
2. ze(l,+00) =>x—1€(1,+00)
3. ze(l,+00) = 2z € (1,+00)
4. ve(l,+00) = § € (1,+00)
‘Aokrnon 94. Na ypayete 20 apiBpoug tou Sactipartog (0, 1).
‘Aornon 95. Na ypdyete 20 apiBpovg tou dactipatog (0, 2).
‘Aoknon 96. Na ypayete 20 apiBpoug tou Sactipatog (—1,0).

‘Aoknorn 97. Tloieg amod Tig eM6UEVEG TPOTACELS etval aAnOeig;

L. [2,4]<[2,4]
2. [2,4]<[2,4)
3. [2,4] € [2,+00)
4. [2,4] € (=00,5)

‘Aoknon 98. T'a now upr wu z sivar (2,6) = (4 - 2,4 + z);
‘Acornon 99. a nowa tpr ou z givan (2,6) =[4 - x,4 + z];
‘Aoknon 100. Na arodeifete 611 1oxVeL = € (2,4) = 22 +3 € (7,11). Na efetdoete
av 10UEL TO avIioTpodo.
‘Aoknon 101. Na arnodeifete 6t1:
1. z€(a,B) < -z €(-5,-a)
2. z¢(a,8) = -x¢(-5,-a)
‘Aoknon 102. Na Bpeite yia moeg Tipég tou x woxvet (a,z) <€ (a,5). T ouvéxela
va anodeifete ot (a —) c (a,pB).

‘Aoknon 103. Na Bpeite 6Aa ta nodarmddola ou /2 mou avhkouv oto didotua
(2,10)

2.1.9 TIpdgeig petady ouvodmv

L& TOAAEG TIEPUTIWOELG KATIOW OUVOAd MPOKUIIOuV pe v Borbeia Ka-
oV AAA@V oUVOA®V 1e éva KaBoplopévo tporo. Eival ot mepumiooeilg onou
eKTeAOUPE Karowa modén ovvodwv. Zia snopeva Ya doupe KATOlEg mPagelg
petady ouvodmv Katl pepikeg 1610tnteg toug. Ot 1810TnTeg TV MPAgemv peta-
&U ouvoAeV apouotdlouv roAAEG opodTTeg HE TG MPALELS TRV MPAYHATIKGOV
apBpwv addd kat TTOAAEG ONPAVIIKEG H1aPOPES.
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64 2.1. Zvvoda

2.1.10 H tourn 6¥o ouvodev

Ag nidpoupe toug apBpoug 18 kat 24. To ouvodo twv dlalpetdv tou 18
etvat to:

A={-1,1,-2,2,-3,3,-6,6,-9,9,-18,18}
£VQ TO OUVAO eV dlatpetwv tou 24 10:
B={-1,1,-2,2,-3,3,-4,4,-6,6,-8,8,-12,12,-24, 24}.

Ot apBpoi rou diapouv kat tov 18 kat tov 24 nAadr o1 koivoi Sraipéteg toug
opidouv éva véo ouvoAo 1ou mepléxel ta Kowva otorxeia tov A, B:

{_17 17 _27 27 _37 37 _67 6}
To ouvoAo autd Agyetat toun v A, B. Tevikd:

e Av A xat B sival 6Uo urtoovoda tou Bacikoy ouvodou §2 Tote 1o GUVOAO
TV KOWOV OTo1Xeiov toug ovopddetal tour tov A, B kat oupBoliletal
pe An B:

AnB={xecQ| z€A xav z€c B} (2.3)

Av ta ouvoda A kat B &ev éxouv kowvd otoixeia dnAadr) ta cuvoda sivatl fEva
TOTE 1] TOHI) TOUG €ival T0 KEVO oUVOAO. Ltd MapdKdAte diaypdppald areiko-
videtal n topn v A kat B ©g 10 0K1aopEVo oUvoAo. Tinv Tpitn mepintoon
OTIoU ta oUVoAa eival &éva Sev onpelvetatl Tinote agou 1) Topr Toug £ival To

KeVO OUVOAO.
Q Q

@® | (4
-

A

‘Acknon 104. Ilowa sival n Topr] T0U GUVOAOU TV ApTiRV HE T0 CUVOAO T®V MEPITIGOV
apOpwv;

‘Aoknon 105. Na cUpmAnpOoETe Ti 100TNTES

A{L,2,4,7n{1,-2,4,-7} =

2. [-1,4]n[0,7] =

3. NnQ-=

4. (-2,4)n[0,+00) =

p—

‘Acoknon 106. Na Bpeite v topn (27 %) n (%, 10)

‘Aoknon 107. Ta mnoteg tipég tou x woxvet {1,3,5} n{z, 11,12} = {z};
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Kepaiawo 2. Xvvoa kai [Idavotnteg 65

2.1.11 H éveoon 6Uo ouvodav

Z10 MapaKAte oxfpa answkovidoviat SUo tepvopeveg eubeieg.

Av 9¢doupe va meptypdyoupe T0 oXNHdad mou dnpioupyouv Kkat ot §uUo eubeieg
padi 9a moupe o0t anaptidetal amno ta onpeia Kat twv o eubelwv dndadr) ano
Ta onpeia mou avrkouv TouAdyxiotov oe pia and tg §Uo eubeieg. Ito oxnpa
auto A.X. 9a cuprnepiAngOei to onueio A yati avrkel oy pia cubeia, 1o
onueio B yati avhkel oty dAAn eubeia. Emiong 9a cuprniepidngBei to onpeio
I' yiati aviketl kat oug 8vo. Asv Sa cuunepAnedei opwg to onueio A ot
bev avnkel oe kapia ano ug 6vo eubeieg. To oUvoAo auto Afyetal Evoon TV
U0 eubelv.

e Av A xat B sivai 600 uniocuvoda tou Bacikou cuvodou () tote 10 GUVOAO
OA®V TOV OTOIXEIOV TOUG KoMV 1) X1 ovopddetal évwon tov A, B kat
oupBoAiletatl pe AU B:

AuB={xe€Q| z€¢A /| zeB} (2.4)

Ita napakdate diaypappata ansikovidetat n éveoorn v A kat B og to okia-
Ol€vo ouvolo.

Q Q

‘Aoknon 108. Bpsite v évaon {-1,4,5} u {4,5,7}

‘Aoknon 109. Na anodeifete 6t AnB=A < Ac B.
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66 2.1. Zvvoda

‘Aoknon 110. Na cuprnAnpoOoETe TIG 100TNTES
1. (2,4)u[3,5] =
2. (_0070) U [Oa +°°) =

2.1.12 H Siagpopda 6U0 cuvolwv
Ag ovopdooupe A 1o oUvolo tewv moAdardaciov tou 7. Eivat
A={..,-63,-56,-49,-42, -35 -28,-21,-14,-7,0,7,14,21,28,35,42,49, 56,63, ...}
Ag ovopacoupe B 10 0UvoAo tov roAdardaciov tou 5. Eivat:
B ={...,-50,-45,-40, -35,-30, -25, -20, - 15,-10, -5,0, 5, 10, 15, 20, 25, 30, 35, 40, 45, 50, ...}

Ta moAAarddoila tou 7 mou Sev eival moAdarddola tou 5 ouykpotouv €va
véo ouvoro. Ilpokuritel av aro 10 A apaipécoupe §nAadr) eiaipécoupe ooa
otoyeia tou eivatl kat ororxeia tou B. IIpoxkeitat yia 1o cUVOAo:

{...,—63,-56,-49,-42,-28 —21,-14,-7,7,14,21,28,42,49, 56,63, ...}
Ovopdadetal, omneg sivat Quolko, dtadopd tou ouvodou A ®g rmPog to ouvoAo
B. Tevika

e Av A xat B sival 6Uo urtoovoda tou Bacikoy ouvodou §2 Téte 1o GUVOAO
v otoixeiov tou A mou Sev avAkouv oto B ovouddetal Siagopd Tou
ouvodou A wg 1pog 1o cuvodo B kat cupBoAiletat pe A — B:

A-B={xeQ| z€¢A xav z¢ B} (2.5)
Yta maparde Saypappata ansikovidetal n Stagpopd v A — B g 1o oKia-

Olévo OUVOAO. ThuElOote 0Tl 010 TETapto oxnua orou ta A kat B eivat ioa
dev gpgavidetal okiaopevn Sadopd 51011 IPOKELTAL Y1d TO KEVO GUVOAO.

Q Q

A=B

‘Aoknon 111. Bpeite g S1adopég
1. {1,2,3} - {1,2}
2. {1,2,3} - {4,5}
3. [5,10] - (6,11)
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Kepaiawo 2. Xvvoa kai [Idavotnteg 67

2.1.13 Zuprninpopa cuvoAou
Ag Sswprjooupie v apdaotacn

1
(x-1)(x-2)(x-3)

OTIOU 0 X €ival IPAypatikog apifpog. O mapovopaotr)g TG IapAaotaocng mpé-
riel va eivat Sidgpopog tou 0 ermopéveg o T Propet va elvat orolosdnote a-
p1O10og rou 6ev pndevidel Tov mapovopaotr). Evkola Bpiokoupie o011 0 iapovo-
paotfg pndevidetatl povo otav o z yivel 1, 2 1) 3 Kat enmopéveg o & PIopet va
eivatl oroloodnIoTe MPAYHATIKOG aptBpog rmou §ev avrKel 0To GUVOAO TRV «a-
nayopeupévow tpev {1,2,3}. Apa x propet va sivat ornowoodrnote apiBpog
g anod 1o {1,2,3} 1) onwg aAdiwg Aépe apBpdg anod 10 CUPMARPOHA TOU
{1,2,3}. Tevika:

e Av A sival éva urtoouvoro Tou Bacikoy ouvoAou ) TOTe T0 OUVOAO TV
otoixeiwv tou €2 mou Sev aviikouv oto A ovopddetal ovunAnpoua tou
ouvéAdou A wg Tipog To ouvodo 2 kat cupBodietat pe A':

Al={xeQ | x¢ A} (2.6)

Zta napakdte daypdappata ansikovidetal to cuprAnpopa tou A og 10 okia-

Ol1€vo oUvolo.
@ A,

‘Aoknon 112. Av 1o Bacik6 oUvoAo £ivatl T0 GUVOAO TV MPAYHATIKOV aplOpcV 1016

£ival 10 CUUIMANPOUA TOU OUVOAOU T®V PHIOV;
‘Aoknon 113. Me Baociké ouvoro 10 R va ypdyete ©g éveon 81a0Tnudiav T0 GUp-
m\fipona wou {7}.

2.1.14  I816u1eg OV NIPASEOV OUVOAGV

Ag napouye 1pia ouvoda A, B kait I'. Ag oxnuaticoups os 8uo daypau-
pata ug wopgg An Brat AnT

Q A Q A
‘ r ‘ r
B B
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68 2.1. Zvvoda

KAl ag OXNHPATIOCOUEHE TV £VOOT] TOUG :

BAémoupe 6Tt 10 0UVOAO 1OV TIPOKUITIEL Sev eivat addo ard to An (Bul).

—

Auto nou @aivetat ano to oxfjpa propet va anodeiyBei wg &ng: Ta kabe
x € £} 1oxvet:

xreAn(BuUTl) <
reA rat zeBul' &
zeA kat (zeB | zel) <
(reA kat ze€B) 1 (z€A gav z€l) <
(xeAnB) f§ (zeAnD) <

re(AnB)Uu(AnT)

210V apaxkAate rmivaka ocuvoyilovial peptkég Paoikég 1610tnteg tov pdiemv
T®V oUVvOA®V. 'OAeg prtopouv va arodetxBouv pe oo avaloyo e EKEIVO TToU

XPNOHOoTIOW)ONKE MAPATIAVE
Avupetabeuky AnB=BnA AuB=BuUA 2.7
[poostapioukyy An(BnT)=(AnB)nl' Au(Bul')=(AuB)ul' (2.8
Oubétepo ooxeio An2=A Aug=A 2.9)
Tauvtobuvapia AnA=A AuAd=A (2.10)
Empepouxny AN(Bul') = (AnB)u(AnT) Au(BnT)=(AuB)n(Aul) (2.11)

Eniong n dagopa prnopel va ekppacbel pe v PorjBsia g topng Kat tou
OUUITAN POPATOG

A-B=AnB' (2.12)

‘Aoknon 114. Na amnodeifete 60eg Meploo6IEPEG ATIO TIG MIPONYOUHEVESG 1810TNTEG

Hropeite.
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2.1.15 Anapibunon kat ITAn6d&p1Buot

KdaBe popd mou petpayie, petpape ta ororxeia evog ouvodou: Tou ouvoAou
TV pabnov piag tééng, twv Seatav piag Seatpikrg apdotaong, tv PiBAiov
pag KA. Auto TTOU KAVOURE 0Tav PETPAE Ta OToiXela evog ouvolou eivat va
avuotoyioupe oe kKGBe oTo1Xel0 TOU CUVOAOU KAl €va PUOIKO ap1Bd Eervov-
Tag amnod to 1 kat aveBaivoviag avd éva. '‘Otav e§aviArjooupe ta otoixeia tou
ouvolou, 6nAadn otav ta PETPrOOUNE OAd, KOITANE TTO10G £ivatl 0 TeAeutaiog
ap1Bpog ToU XP1OHOTIOIOAPE KAl autog SnA®vel 10 TANHo¢ TV OToei®v
TOU OUVOAOU pag. Aéystal Kat TAndapwduog 1ou ouvodou. BéBawa autr) ) Sa-
dikaoia mou Aéyetal Kal anapidunon priopet va 0AokANp®Oel 0tav to ouvoAo
eival ienepacpévo. Aev givatl 6Aa ta ouvolda mernepacpéva: Ta ouvoda tev
MPAYHATIKOV, TOV PNIOV TOV AKEPAIOV, TOV QUOIKROV, TV APTiOV, TOV TEPLT-
1OV, TOV POV dev eivatl menepaopéva. Agyoviatl aneipoovvoja. Aépe 61 10
mAnbog 1oV otoxeiwv Toug ival areipo. O Cantor pedénoe cuotNPATIKA TA
arnepoouvola Kat anedele o1 unapxouv Stadopetika £idn arneipou.

'Exet onpaoia va Supopaote 6t éva nAn0og otorxeiov rou dev yveopioupe
bev elvatl kat avayknv dnepo. Ia napadetypa 1o mANOog T®V MAPAKATD
apOpwv

1,2,3,..,v

eival v rat 0x1 Amepo.
To mAn00g TV oTolXeinV evog nenepacpévou ouvodou A Sa ocupBoliletat
ne N(A). To kevd Sewpeital menepacpévo ouvodo pe mAndapiBpo 0. AnAadn

N(@)=0
[Ipopavwg o MANBap1Bpog KABe menmepacpévou GUVOAOU gival €vag (QUOIKOG
apdpog.
‘Aoknon 115. Na Bpsite 1o mAn00g toV apakdie apduov:
1. 1,2,3,...,2012
2. 11,12,13,...,2012
3. 20,2122 23 2100
‘Aoknon 116. Bpeite 1o N(A) ouig ak6houbeg mepimtoosig:
2
1. A={-3,3,2,6}
2. A=[2,12]nZ
3. A={zeZ | 2?<11}

Av £€xoupe 6U0 nenepacpéva ouvora A, B tdte mpodpavag 10XU0UV Td £TO-

peva:
A=B= N(A)=N(B) (2.13)
AcB= N(A)<N(B) (2.14)
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Ag napoupe dvo &Eva ouvora A.x. ta A ={1,2,3,11} xa1 B = {-2,6,7}. Eivat
N (A) =4 ka1 N (B) = 3. Etvar {1,2,3,11} u{-2,6,7} ={1,-2,2,3,6,7,11}
kat eropévag N (Au B) =7=N (A)+ N (B). IIpopavig autd 10XUEl YEVIKA :
Av ta A xat B 6ev éxouv kowva ototxeia 6nAadr sivat Eéva o mAndap1dpog mg
€veong toug eival 1o abpotopa v empépoug MAnOapibpev. Me dAda Aoyia:

AnB=3=N(AuB)=N(A)+ N (B) (2.15)

Ty nepimeon orou ta A kat B 8ev eival §éva o uroAoyioudg tou mAn-
9apibpou mg éveoong Sédet peyadutepn mpoooxr. Av A = {1,2,6,7} kat
B=1{-2,6,7,8,9} wote AuB ={1,2,6,7}u{-2,6,7,8,9} ={1,-2,2,6,7,8,9}.
E6w N (AuB)=T7Tevo N (A) =4 ka1t N (B)=5. Andadny N (AU B) =T v
N (A)+ N (B) =9. Autyj i) @opd o AndapiBpog g éveong eivat pikpo-
TEPOG Ao 10 dBpoilopa v empépoug mAnbapibpwv yati abpoiloviag toug
mAnOapiBpoug ta Kowva otoixeia twv 6Uo ouvodwv ta urnoloyidoupe Vo @o-
PEG eMOpEVRG TIPEMEL va agpalpebouv anod 1o dBpowopa. Ta kowvd otoiyei-
a eivar 2 apou An B = {1,2,6,7} n {-2,6,7,8,9} = {6,7} xat wpa sivat
N(AuB)=N(A)+ N (B)-N(AnB) . IIpopavig auto 10XVUEl ©OG YEVIKOG

| — —_—— — —
7 4 5 2

Kavovag:

N(AuB)=N(A)+N(B)-N(AnB) (2.16)
1] TII0 CUPHETPIKA :

N(AuB)+N(AnB)=N(A)+ N (B) (2.17)
TéAlog eUkoAa Hlarmot®voupe OTL 10XUEL:

N(A-B)=N(A)-N(AnB) (2.18)

‘Aoknon 117. Av A c B xat N (B) = 11 noiég eivar ot Suvatég tipég tou N (A);
‘Aoxknon 118. Av A c B xat N (A4) = 11 moiég eivat ot Suvatég tipég tou N (B);
‘Aoxrnon 119. Av N (A) =10, N(B)=20xa1 N (An B) =7 Bpeite to N (Au B).
‘Aoknon 120. Av N (A) =10, N (B) =20 xat N (Au B) =27 Bpeite to N (An B).
IMBavotnteg

‘Otav kavoupe Mabnpatika sipaocte ouvnBiopévol oe akpiBeig amavir)-
oelg. Qotooo ta Mabnpatkd 6ev aviipetoniouv povo HPETPIOELS UTIOAOY1-
opoug Kat akpiBeig ouAdoyiopoug. Avupetorni{ouv kat 1o Tuyxaio avartiuo-
oovtag pebOdoug yia va 1o KAvouv TTo Katavontod. Xita sndpeva 9a KAvoupe
pia potn yvepipia pe autég tig pebodoug.

IIpoturo [epapatiko AUKeL0 N.Z. Maupoytdvvng
EuayyeAikng LxoArng Zpupvng Www.nsmavrogiannis.gr
http://lyk-evsch-n-smyrn.att.sch.,




Kepaiawo 2. Xvvoa kai [Idavotnteg 71

2.2.1 H évvola ng mbavotntag

Mua tagn éxet 31 madia, pabnrég - pabrpieg.

e pa yropt) kKAnpovetat éva BiBAio. To BBAio Sa to kepbioet éva arod ta 31
nadid g tagng. Ag rapoupe £va OUYKEKPIIEVO Ttatdi:

Ztnv kabnpuepvr) {wr) o€ pia t€towa nepiotaon Sa Afyape 0t Eéva CUYKEKPIEVO
tadi €xel ubavonta 1 otg 31 6ndadn) 3—11 va repdioet 1o BBAio. Ag rtapoupe
6Uo nabia A.x. ano to 1610 Ypavio:

Ba A¢yape to1e 011 1) rbavotnta va Kepdioet KAoo anod ta o auvtd ratdid
6nAadn n mbavointa va «raswr 10 PiBAlo oto ouykekpipévo Ypavio eivat %
Ag midpoupe ta 6 madid v PV and 1a ta aplotepd rpetev dpaviov:
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72 2.2. IIdavotnieg

H mBavomnta va kepdioel kamoio ano auvtd ta naidia 1o PiBAio eival 3%. Ag

IAPOUHE £va 0101081 TIoTe UTtoouvolo A tou cuvodou € tev atdiov tng tadng.
Av 10 A éxe1 k otoiyeia 8nAadn naidia tote n rubavota va «rask o BiBAio
oto A 8nAabdn va to kepdioetl karolo naidi ou cuykatadéyetat oto A eivai %
pe dAda Aoyia givat ion pe:

N(4)

N(9)
H xAfjpworn nou nieprypdypapie anotedel éva onwg Aépe ota Mabnpauka mei-
paua twyng. Kdbe neipapa tuxng ouvdéetal pe vamnowa anorteféopuara. Linv
TIPOKEINEVT TIEPUTIMOOT ©G ATOTEAEOHIA PItopet va SewpnBel 1o olog pabntng
kepO1oe 10 B1BAio omote ta Suvatda anotedéopata eivat ta aidid rmou PETEXOUV
otnv KAfpworn 6nAadn ta maidid tng tagng. To oUVoAo OA®V TV ATIOTEAECA-
1OV ovopadetal SelypuatKog Xwpog. v MePITOon Pag 0 SEypatikog X0pos
givat to ouvoldo () tev naldov g tagng.

Ag doupe éva dAAo nieipapa tuxng: Tnv piyn Japtov pia gopd. Ta duvata

arotedéopata eivat o1 evbeifeig tou apov ndadr) ot apBpoi 1, 2, 3, 4, 5, 6:

Topa o detypatukog xopog etvat to ovvoro = {1, 2, 3,4, 5, 6}. Ag urobé-
OOUHE TpaA OTl

1. Karmoiog otoixnpatietl g to {apt Sa @pépel KATo1ov amno 1oug apifpoug
1,213

2. Karotog otoixnpatidetl nmwg to {apt 9a @épet aptdpo pikpodtepo tou 4.

3. Karoiog, 1o ekkevipikog, ototxnpatidel mwg to {apt S9a @épet apdpo x
rou kavorotei v wotta (z - 1) (x -2) (z-3) =0.
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Kepaiawo 2. Xvvoa kai [Idavotnteg 73

Kat ot tpeig oroynpatoav to id10 npaypa: INeg auto nou da &eiet 1o {apt
eivat 1, 2 14 3. Andadn 6t 9a spgpaviodei karmoio oroixeio tou ouvodou A =

{1,2,3}.

To ouvoldo autd, répa amnod g AeKTIKEG S1apopég, ouvoyilel tv ouoia TV TPV
otoXnpatev. Arotedel éva evdexopuevo Tou nelpapatog tuxng. To evdexopevo
autd mpayuaronoteitat dtav 1o {apt €xel £vdei§n KAIO10 ano ta otoxeia. v
avtifen nepirmiworn dev paypartonoteitat. H mbavotnta va nipaypatoriowHet

10 evbexodpevo A cupBodidetat pe P(A)Ei] kat etvat onwg ipwv P (A) = % =
3_1
6= 73

‘Aoknon 121. Trto neipapa TUXNg «piwn Japtov pia opd» va Bpseite Tig mbavotnteg
v evbexopévav B kat I

Q j Q j

Mropeite va MPOTEIVETE KATIOW IEPYPAPI] AUTOV TOV EVOEXOPEVRV |

2.2.2 O rAaokog oplopog g mbavotntag

H @szwpia ITiBavotev, évag kab' oAa adlooeBaotog kAAadog twv Mabnpa-
TIKOV, SeKivnoe amo ta tuxepd matyvibia. H mpoordbela tou avBpwriou va
KATavor|oet Kat va tfacevuoet 10 tuxaio §exivaetl amo rmoAu nadid. Yodpyxet 6-
P®S YEVIKT) oUpaVvia Ot 1] ouyxpovr dempia rmbavotntev yevvnOnke to 1654
OIOTE KATO10G d1aonpog naiking g enoxng €0eoe otov 'aAdo pabnpatiko
kat @lAooogo Blaise Pascal éva spotnpa oxetiko pe 10 nwg da £mpene va pot-
paoctouv ta Xprjpata piag naptidag xaproratyviou rou diakonnke. O Pascal

510 P a6 1o apxixé tou probability=mlavémta
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Blaise Pascal

1623 - 1662

Pierre de Fermat

1601 - 1665

74 2.2. IIdavotnieg

aoxoAnOnke pe 10 9é¢pa kat ouyxpoveg avidAdale arowelg aAAnloypadov-
tag pe tov emniong 'dAdo pabnpatko kat vopiko Pierre de Fermat. Apyioe
£€tol va dnpoupyeitat €évag véog kAadog tov Mabnpatikeov rmou apyikd ovopd-
00nke ano tov Pascal deoperpia tng Tuxng. H Sepedinon ng Sewpiag tov
OAVOT TV MPOXMOPNOE e APKETEG SUOKOAIEG KAl 0L AUTH) TV PLakpd mopeia
ouvéBaAav roAdol pabnuatikoi. Lta enopeva S9a aoxoAnboupe pe v klaot-
K1 mpoogyyton g denpiag tev mbavorrtov 6nAadr) onwg avtr dtapopPpadnke
ot10 Sexivnua ng. Aev propel va kaAuyet 6Aa ta nieypdpata twxng adia uovo
gkelva omou ta anoteAéouata toug Yewpovvial woomidava. Me t€tola nelpdapata
9a aoxoAnBoupe ota emopeva.

1. 1o neipapa txng «kAnpeorn evog pabnu) aro pia wagn 31 pabniow
AdBape wg ebopévo ot 1 KANpwor eivat dikain dndadr) ot €xouv pret
otV KAnpwtida 6Aa ta ovopata v pabniev kat 0Tt 01 KANpotl €Xouv
AVAKATEUTEL MOTE va UTIAPXEL EYYUNON g Kavéva rtatdi dev Sa euvonOet
EVaVTL TOV AAAQV.

2. Zto meipapa tuxng «piyn {apov pia gopa» AapBavoupe wg dedopévo
OTl Il KATAOKEUL KAl O TPOMog piyng Tou Japlou eivatl 1€101eg Oote va
eCaopadiletal nwg kavévag apBuog dev suvoeitat.

Avtifeta ag paviacboupe 1o e8¢ nieipapa tuxng: Byaivoupe ard to ortitt pag
KAl KAataypa@oupe 10 TIPAOTO MPOorIio rou Ja doupe. Osmpnuikd propei va
doupe orolodrmote KAT01KO NG I'ng aAdda kamnowa npoowna (A.X. ot yeitoveg)
€xouv peyaldutepn) mbavotnta va epgavicbouv Evavit aAAov.

Ag untoBecoupe 011 £x0oUie €va Teipajpia TUXNG TOU OIT0i0U Ta anoteAéopata
etvat 1a wi,ws, ...,w,. YOBETOUPE MG 0Aa ta evéexopeva wi,ws, ..., w, €ival
wortibava. 'Eotw Q = {wy,ws,...,w,} 0 Belypanikdg XOPOG TOU MEPANATOG
wixng kat A éva oroiobnrote evdexopevo tou ) &nAadr) éva uroouvolo tou
Q. Opidoupe Vv mbavoéta va mpaypatoroindsi to evéexouevo A tov apBpd

P(A) - N (A) TIARBo0g euVOIKGV epirteoemv SnAadr) otoixeiov tou A 2.19)
N () - [TAf100g 6AwV TV nepirttoosav dnAadty otorxeinv tou '
ITpodpavog

E181kda av éva evdexopevo A eivat povoouvodo A.x. A = {w} 1ot ypagoupe
P (w) avti yia P ({w}). Exoupe 6u P (wy) = ﬁ =1 P(w) = ﬁ =1
K.T.A.

‘Acknon 122. Av o dsiypatikog xopog £xet 3u ototkeia mota sival mola eival n
mbavétnta va npaypatoromn et 1o evbexopevo tou A = {wy,ws, w3 }.

‘Aoknon 123. Ané pia tpdrnouvda 52 @UAAev (BA. oxfua) emAéyoups Tuxaia éva

@UAlo.
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Na Bpeite v rmbavotnta to @ulo va eivat:
1. BalAég (J).
2. Ntapa (Q).
3. Koumna (9)

4. Ntdapa xoura.

2.2.3 Mepwka napadetypata.

‘Otav 9édoupe va urtodoyicoupe mbavotnieg Xpeladetal KAmola IIpoooxr)
otV €UPEOT] TOU BEYPATIKOU X®POU.

Mapadewypa 13. Ag unobéooupe 611 ektedoupe 10 €§g neipapa tixng: Pi-
xvoupe duo {apla ouyxpovag. ITowa eivatl apaye n mbavotnta va éABouv 1 kat
2;

Ta {apta 9a epgpavicouv g eErg evdeilelg:
1-1, 1-2 ,..., 1-6, 2-2 ,.., 2-6 ,., 6-6

To mAni0og toug eivat 6+ 5+ 4 +3 + 2+ 1 = 21. davopevikd n rmbavotna rouv
{ntape eivat 2—11 'Ouwg ta {dpta gvar 6vo rat pia £vdeidn mou Kataypadoupe
propet va éxel mpogdBel pe Sapopetikoug tporoug. AX. 1 €vdeldn 2 - 6
propet va 1ipogABet gite av 1o éva {apt (ag to ovopacoupie «Zapt 1») gpépet 2 xkat
10 dAAo (ag to ovopacouye «Zdapt 2») @épet 6 eite av 1o Zdapt 2 @épet 2 Kat 1o
Zapt 1 @épet 6. O Seypatikog XHpog ToU MEPAPaAtog pag rnepthapBavel oAeg
TG Suvarteg evdeifeig Zapt 1-Zapt 2:
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76 2.2. IIdavotnieg

O Setypatikog xmpog €xet 36 otoixeia kat 1o evdéexopevo va éABouv 1 kat 2
anaprti¢etatl anod SUo ororyeia eMOPEVRG 1) MOAVOTNTA MTPAYHATOION0NG TOU
2 _ 1

eglvat 36 = 18"

‘Aoknon 124. 1o mponyoupsvo meipapa tuxng «Piyn &vo {apidvs va Bpeite v

mbavonta ta o fapla va eépouv dbpotopa 7.

‘Aoknon 125. Tto nieipapa tuxng «Piwn 8vo Lapive va Bpeite Ty mbavotnta ta 580
faptla va @épouv abpotopa 8. Ilowo amo 6Aa ta duvata abpoiopata sivat mbavotepo
ano 1a adAa;

Mapadewypa 14. 'Evag gountr|g Bpioketat oe diakorég Kat £xel padi tou:
4 mouxkdapioa

.\,\

o

4 ntavtedovia

\ "f,
15
L §
3 feuydpla nanouvtola
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Mia pépa arogpaoiletl va viubei tuyxaia 6ndadr) va siadédet tuxaia rmoukapico-
navtedovi-anovtola. Ilowa eival n mbavotnta va QopECEL T0 TIPROTO TIAVIEAOVL
10 6eUTEPO TTOUKAL00 KAl TO TPiTo {gUydpt MAroutola ;

Avor. [péret va uroAoyiooupe tov Selypatikd Xwpo tou melpapatog 6mn-
Aabdn) va Bpoupe moosg H1aPOPETIKEG «POPECIEG UITOPOUV va UTtdpgouv. Ag
Eexivrioouie ano 1o 1o nmoukdapoo. Autd propei va cuvduaotel pe 4 rtaviedo-
via ou 1o Kabe éva cuvdudietal pe 3 {euydpila nanovtola:

%2
| ] I
“ Uk

DG PG DG DG

Zuvodikd 12 @opeoiég. To 20 oukapioo pag diver dideg 12 popeoiég.

i ‘_
mn 0 1 0

DG PG DG DG

To 30 moukdpioco aAAeg 12.
33

DG PG DG DG

Kat 12 @opeoiég 1o 40 moukapioo:

i@
| ] I
“ Uk

DG PG DG DG
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78 2.2. IIdavotnieg

Ernopévag o detypatikog pag xopog £xet 4-12 = 48 otoixeia=popeoieg. Emopé-
vag 1 rmbavotnta nou {nrape givat 4_18‘ Yto nmapddetypa pag ag cupBoAicoupe
pe T1, T2, T3, T4 ta moukapioa, pe J1, J2, J3, J4 ta naviedovia kat pe S,
S2, S3 ta manoutola 10Te 0 SEYPATIKOG Pag X®WPOS rou replAapBavel 0Aeg 11
duvatég popeoiég anekovidetal oto apakdtw devdpodiaypauua.

1 n T H

I 2 B U I 2 B U I VJ B U I VJ B )

§15283 S15283 §15283 815283 $18283 816283 §18283 $18283 919283 $18283 S18283 S18283 §18283 $18283 818283 818283

Mapadewypa 15. Ag srtavédboupe oto rapadetypa g tadng pe ta 31 mada
rou eidape oty oedida [71l Eidape ot av kKAnpmooupe éva BiBAio n rmbavo-
mta va 1o Kepdioel KAmolo aro ta dUo maidid evog CUYKEKPIEVOU dpaviou

. 2
glvat 37

Ag untobécouyie topa ot KAnpovoupe 8o BBAia wg e8rg: TpaBaue éva KARpo
kat divoupe oto maidi mou ypdget o kKAnpog 1o éva BiBAio. Katomv and toug
uniodotrtoug 30 kKApoug tpaBape aAdo éva kat 6ivoupe oto ratdi ou ypadet o
KAfjpog 1o Sevtepo PBiBAio. Ilowa eival n mbavotnta ta PBAia va ta rkepdioouv
ta 6o adia tou ouykekpipévou Spaviou ;

Avon. Kat oe autd o0 napdderypa xperadetal KAmoa mpoooyr) otov UIlo-
Aoylopo tou dstypatikou xwpou. Kepbidouv 6Uo pabnieg. ‘Apa mpéret va
urtioAoyiooupe ooa dladopetikda JeUyn UIIopouv va oxnpatiofouv and 1oug
31 pabniég. O mpwtog pabntrg tou {evyoug propel va ermeyet katd 31 tpo-
roug. O Seutepog a ermdeyei aro 30 pabniég apa propet va ereyet Kata
30 tpoéroug. Zuvodikd éxoupe 31 - 30 = 930 emdoyég. 'Opwg autég ev eivat
S1aPOPETIKEG aPoU £XoUpe AOyaplaoel KAt TV MEPItoorn va ermAeyei o pabn-
g A kat petd o B aAAd kat mv mepimeorn va erdeyei o B kat petd o A.
Me dAAa Adyia ta {euyn €xouv umntoAoy1oBel 0Aa 6o PopEg apa ta mpaypatika
930

devyn eivat ta pod: == = 465. Enopéveg n {nrovpevn mbavdénta eivat ﬁ.

‘Aoknon 126. Anoé éva BiBrio 120 oeAibwv emmdéyoupe Tuxaia 6U0 SladopsTikég
oelibeg. Ilowa eivar n mbavotnta va eivat ot 6o tedeutaieg;
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2.2.4 TIpdeig Kat 0XE0eIS PETAEU evOEXOUEVRV.

Ta evbexopeva dev eivat timote dAAo amo ocuUvola Katl NG eival QUOIKO
g€xoupe oyéoeg kat mpaleig evdeyoucvov. H yAdooa tov ouvoAemv pag rpo-
OQEPEL €va TPOTIO va PETAPEPOUPE OV PAbnpatiky yAoood TpoIioug rou
ouvbé-oupe evdexopeva otnv kabopdoupévn) yAwood.

2.2.5 H oxéon nou niepiéxeodat: Av A 16te B

Av yiua ta evdexopeva A, B 1oxvet A € B 16te 6Aa ta anoteAéopata mou
avfikouv oto A avikouv Kail oto B mpdypa mou onuaivel mog otav mpay-
partoroteital to A mpaypatorioteitat 1o B. ®uoikd os pia térola nepirnoon
9a 1oxvet kat N (A) < N (B) ondte datpwviag xat ta §uo pédn pe N ()

Bpiokoupe 6Tt %Eé; < % &ndadn P (A) < P(B). Apa:

|AcB=P(A)<P(B)] (2.21)

1o napddstypa g KARpeong yia 1o éva BiBAio (oeAida [71) 1o evbexopsvo A
rniepiéxetat oto evdéexopevo B

TIOU Oonuaivel 0tt av KAnpwOel kAmolog pabning aro 10 MP®WIo Aro aplote-
pa 9pavio da £xel KAnpwbel évag pabntrg amno 1a pia mpeIa aro aplotepd
Ypavia.

‘Aoknon 127. Na arnodeifete 61t
1. P(AnB)<P(A)xat P(AnB)< P(B)
2. P(AuB)>P(A)xa1 P(AuB) > P(B)

2.2.6 To ocuprAnpeopa: ox1 A

Y10 apadetypa tng oedibag 71l ag ovopdooupe A to evbexopevo va kepbi-
oel 10 B18Aio kArolo ano ta dUo madid 10U MPAOTOU arod 1a apilotepd Jpaviou.
To evbexopevo va unv mpayuatornoinfei 1o A mepidapbdaver 6Aa ta naibia
£KTOG TOU Ypaviou autou kat ival 1o cuprinpopa A’ tou A.

g T i TR
1 |l
¥
i 1 i
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Bivar P (4') = g = SRy = ¥ -~ Ny xe enopévos

P(A)=1-P(A) (2.22)

Ta evdexdpeva A kat A’ Aéyoviar kat avribeta.
‘Acknon 128. Tlow evBexopevo eivai o (A');

‘Acknon 129. Av n mbavéinta va punv npayupatoroindei to A sivat % roa etvat n

mbavotnta va mpaypatornow et ;

2.2.7 Htopn: A xat B

Y10 napadetypa g ogdidag [71] ag ovopdcoupe A 1o evéexodpevo to BiBAio
va 10 KepSioel KATIO10 Ao td ratdid tov U0 MPAT®V aro ta aplotepd Spaviov
Kat B 1o evdexodpevo va 1o kepdioet karoo ratdi and v deutepn oeipd. To
evbexopevo va mpaypatoroinfouv kat ta dvo anéd ta A kat B avuiotoiyel oty
toun toug An B.

2.2.8 Hévaon: A B

Ia ta evdexopeva nou eibape otnv topr] PopovUpe va opicouUpE KAl TO
ouvOeTo evdexdpevo «paypatornoteitatl éva toudayiotov amno ta A kat B» mou
AVToTOo1XEl OtV £VROoT] ToUG.

L
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Ot mBavotnteg mpaypatoroinong wwv 4, B, AnB kat AuB cuvbéovtat petadu
TOUG KAtd TPOTI0 WOTE av SEPOUNE 3 anod autég Propoupe va pdaboupe Kat tnyv
4n. Anoé v oxéon Suapovrag da N () Bpiokoupe
N(AuB) N(A) . N(B) N(AnB)
N(©Q) N2 N N9

KAl ETIOPEVRG

|P(AuB)=P(A)+P(B)-P(AnB)| (2.23)

H napandve oxéon ovopdadetal mpoodeTikdg VOpUog Kal Uropel va ypagel kat
WS

|P(AuB)+P(AnB)=P(A)+P(B)| (2.24)

Av ta svdexopeva A, B £xouv kevr) topn) 6ndadn sivat §Eva 1) omwg adAing
Aépe aouubiaota tote 10XVEL 0 anjog mpoodetikdg vopog dnradn P (Au B) =
P (A) + P(B) pe dAAa Adyia

|AnB=@=P(AuB)=P(A)+P(B)| (2.25)

‘Aoknon 130. Av P (A)=0,7, P(B)=0,6kat P (An B) =0,4ppetteo P (AU B).
‘Aokrnon 131. AvP(A)=0,4, P(B)=0,6 kat P (AU B) =0,4Bpeiteto P (A n B).
‘Aornon 132. T'a ta svbexopeva A, B woyvel P (A) + P(B) = 1,4. Na anodeifete
ot 6ev eivatr acupbBiBaota.

2.2.9 H 6wagopa: A xkaioxt B

H 81agpopd A — B exppdlet 1o oUvOeTo evdexdpevo «mpaypartoroteitat 1o A
adAd ox1 1o Br» Ano v oxéon Suapovrag pe N (2) Bpiokoupe:

|P(A-B)=P(A)-P(AnB)| (2.26)

TéAog 1o evbexopevo (A — B) U (B — A) npaypatornoteitat povo dtav mpaypa-
toroleital akp1Bog éva (6ndadn povo éva) and ta evdexopeva A kar B. Emet-
81 ta A - B kat B — A eivat acupBiBaota woxvet: P ((A-B)u(B-A)) =
P(A-B)+P(B-A)=P(A) - P(AnB)+P(B)- P(AnB) = P(A) +
P(B)-2P(AnB). Zto 1610 oupnépaopa KataAfjyoupe av rpootgoupe ot
(A-B)u(B-A)=(AuB)-(AnB).
‘Aoknon 133. H mbavétta va npaypatornoindsi 1o A sivat i n mbavomta va
npaypatorowBei o B eivat % Kat n rmbavonta va npaypatortoinfouv kat ta duUo
givat %. Na Bpeite v mbavotnta va mpaypatornon et :

1. Movo 1o A.

. Movo 10 B.

2
3. AxpBwg éva aro ta A kat B.
4

. Kavéva anéd ta A xar B.
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82 2.2. IIdavotnieg

2.2.10 'Eva Baowko napddetypia pe rmoAdég Auoeig
Mapadewypa 16. Ta pia tan eival yveoto ot ) rubavotnta évag pabnig va
yvepidet AyyAwka eivar 0, 8, n mbavowta va yvepidet Taddwka eivat 0,6 xat )
mbavotnta va yvepidel kat tig 6Uo yAoooeg eivat 0, 5. Na Bpebet n mbavointa:
1. Na yvepilel touddayiotov pia amo 1ig 6U0 YA©OOoES.
2. Na yvepilet povo AyyAka.
3. Na yvepilel povo F'addika.
4. Na yvepidel akpiBog pia and tig 6Uo yAwooeg.
5. Na pnv yvepidel kapia and 11g 6Uo yAwooes.

Ag ovopdooupe pe A 1o evbexdpevo o Tuxov padntig va yvepilst AyyAikda
kat pe I' 1o evbexodpevo va yvepidet FTadAikd.

A’ Tpémnog Ao ta dedopéva pag eivar P (A) =0,8, P(I') =0,6 kat P (AnT') =
0,5.

o

. To evdexopevo va yvopidel touddayiotov pia amo tg 6Uo yAOooeg
etvatto AUl kat

P(Aul')=P(A)+P(I')-P(ANT)=0,8+0,6-0,5=0,9
2. To evdexopevo va yvepilet povo AyyAikd sivat to A - I' kat
P(A-T)=P(A)-P(AnT)=0,8-0,5=0,3
3. To evdexopevo va yvepidet povo TadAdka eivar to I' — A kat
P(r'-A)=P(I')-P(AnI')=0,6-0,5=0,1
4. To evbexopevo va yvapilel akpiBwog pia aro tig duo yAdwooeg sivat

0 (A-T)u (- A) xat enedn ta evdexopeva A - I')T" - A sivat
aoupBiBaota eivat:

P((A-T)u(l-A)=P(A-T)+P(IT-A)=0,3+0,1=0,4

5. To evbexopevo va yvepidel kapia and 1g 6o yAwoosg sivat to
(AuT) kat

P((Aul'))=1-P(Aul)=1-0,9=0,1
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B’ Tpomog Kdvoupe éva idypappa Venn kat toroBetovpe ta dedopéva. H
KAlpaka dev €xel onpaocia. Ta undAoina otoikeia Bpiokovial pe amAég
npdagelg. H ospd towv npddenv eivat np akddoudn: Ano tg rmubavotnteg
v A ka1 I' agpaipoupe tig rubavotnteg tng topung. Bpiokoupe 0,3 kat
0,1 xat état anaviape ota epotmpata 2 kat 3. IlpooBetoupe g ba-
VOTNTEG NG TOPNS Kal TV 800 dradopwv Kat Bpiokoupie v mbavotnta
g évoong. Eivat 0,9 kat €tot anaviape oto epwtnua 1. IIpooBetoupe
poévo g Tbavotnteg 1wv 6o Sapopodv Kal PPioKOUPE OTL 1] ATAVINOT)
oto gpotpa 4 sivai 0,4. Tédog adatpoujie aro 1o 1 v mbavotnta g
évaong kat Bpiokoviag 0,1 €xoupe amavirjoet oto epotnpa 5.

AUl

(AUT)" 0,1

I Tpomog Zynpati{oupe Tov Mapakdate rmivaka rmbavottov:

ToAkd
Nat | Oyt | Zdvoro
. | Nou 0,5 0,8
A 7\, ) )
YYAMKA o
Xovoro | 0,6 1

'Exoupe tonobetr)ost povo ta 6edopiéva Kat 1o ototxeio ot 0 detypatt-
KOG X®pog £xel bavotnta 1. Ot unodouneg rmbavotnteg urtodoyidoviat
€UKOAa pe mpooBadalpeoelg:

TouAdaxioTov AiKplli\u')g
Mia yA\wooa HId YAWG G
odAika
( oAO
AyyMKd Nau 10,5.10,3)08
Oy 0,1//0,1 | 0,2
>Hvvoho [ 0,6 | 04 |1
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3.1

3.1.1

Tautdmrec, Aviodmreg, EElooelc, AVIoROoEIG

Tautotnteg

Me g tavtomieg €xete aoxoAnBei kat oto I'uvpvaoto. Ilpoxkettatl ya 106-
TTEG TOU 10XUOUV Yyld OAEG TG TIHES TRV «Ypappdteaw (1 petaBAntov) mou
TIEPLEXOUV KAl £X0UV vonpa. YIIapXouV Katl TaUToTIeg ITou dev 10XU0oUYV yia o-
Agg 11§ TIREG aAAd Yia EKElVEG TTOU 1KAVOTTO10UV KATola ouvOnkn. Ovopddoviat
TaUToTNTEG UTO OUVATKN.

Ot wautétes (a = 8)° = a? + 2a8 + 32

Eival yvootég ot tautotnteg

(a+B)*=a*+2ap + p* (3.1)

(a—6)2 =a?-2a8 + 3 (3.2)

H ouvnBiopévn anoddeidn yivertat av ypayoupe (o + )2 =(azxp)(axp) rat
KAVOULE TOUG TTOAAATTAAG1a00UG.

‘Aoknon 134. Na amodsiete g tautdtnteg (3.1), (B:2) xavoviag toug moddaria-
olaopoug

‘Acknon 135. H tautémta (3.]) napactatikd ypagpetat
(O+0)’=0’+200+0?

TIOU onpaivel 0tt n 100tTa o)VeL av otV 9éon tou O ypawoupe tov 1810 apdpod 1)
napdotaocrn kat oty 9éon tou O ypdwoupe éva dddo apibpoé 1 mapaoctaon).

1. Na 9éoete ot 9éon tou O 10 @ kat oty Yéon ou O 10 B Kat va dooste pia
AAAn anodedn g (3.2)

2. Na 9fosete ot 9¢on tou O 10 a Kat oty ¢on tou O 10 B+ Kat va arodeiete
ot

85
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(a+B+7)2 =a?+B%+~4% +2a8 + 2By + 2va (3.3)

‘Aornon 136. Na avartugete 1o (a— 5 — fy)z,
‘Aoknon 137. Ava+ é =3 Bpeite 10 a2 + %

‘Acornorn 138. Na arnodeifete out

o+ 82 +9%—af - By -ra=

(=8 +B-1*+(r-0))|  ©4

[N

‘Aoknon 139. 1. Na anodeiete ou (a + 8)° + (a— ) =2 (a® + 2).
2. Ava? =7 kat 52 = 4 va Bpeite 10
(a+B)*+(a-B)°
‘Aoknon 140. Na arobeigete ot:
(@+B-"+(B+v-a)" +(y+a-B)" =3(a®+ B +7%) ~2(aB + By +7)

‘Aornon 141. Na anobeifete ou

(3.5)
«

2
ax2+,6’a:+'y:a((a:+2£) —%j;w)

‘Acornon 142. Na anodeiete ou

( 21 )2+ -2\
1+1¢2 1+t2)

‘Aoknon 143. Na ypdysete og TeTpdy@va Tig apaotdoslg

1. o +6a83+932
2. 422 - day + y?
‘Aoknon 144. Na ypaysete og ABpoiopa TEIpaymOvev TNV apdotaoct)
2 - 2za+a® +y* - 2yb+ b*

‘Acknon 145. H raviougia tov Evkieidn. Na anobei§ete ott:

o252 25)

‘Aoknon 146. H tavtdmra tov Lagrange. Na anobeifete ot

(a2 + b2) (m2 + y2) = (ax + by)2 + (ay - bx)2
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Kepaiaio 3. Tauvidmieg, Avioomieg, EClodosig, Aviowoeig 87

‘Acknon 147. Karnoiot guoikoi apiBpoi pmopouv va ypapouv oav dBpoiopa tetpa-
yovev §U0 dAdav QUOIKOV Kat Karolot oxt. I'a nmapdadetypa ot 13 kat 25 propouvv
apov 13 = 22+ 32 ka1 25 = 32+42 eve) o1 7 kat 11 e propouv (oxkpdote Tpég). Na a-
nodeigete 06T av 8uo puokoi apBpoi pIopouv va ypapouv cav dBpoiopa Terpayovev
600 PUOIKOV apBPOV TOTE KAl TO YIVOPEVO TOUG PITOPEt.

‘Aoknon 148. Av o? + 32 = 10 kat o = 2 Bpeite ta (o + 5)2 Kat a + 3.

‘Aornon 149. Av S = o+ 3 ka1 P = aff va ekppdoete 10 o + 32 cuvaptiost tov S
kat P 6nAadn eg napaoctaocn twv S kat P.

, ) ) 2 2

‘Acornorn 150. Na unodoyioete tnv apdotaon (2 + \/g) + (2 - \/g)

‘Acknon 151. 1. YroBétoupe ot ot apduoi «, [ eivar pnroi pe 8 # 0. Na
arodeitete 611 0 apOpog o + /2 etvar dppnrog.

2. YroBétoupe ot o1 apiBpoi a, 5,7, 6 eivar prjtoi. Na anobeigete 6t
a+BV2=7y+0V2 < a=yra1f =4

3. Yrobétoupe ot ot apiOpoi «, 8 eivar pnroi. Na amodsiete 611 0 apOpog

(a + B\/§)2 + (a - ﬂ\/i)Q sivatl pnuog.

3.1.2 Ot tautdureg (o + ﬂ)g =a?+3a?8+3ap%+ 63

Eivat yvootég amno to 'upvaocio ot tautotnieg Joseph Louis Lagrange
1736 - 1813
(a+ ﬁ)g =a® +3a?8 +3a8% + 83 (3.6)
(a—ﬂ)?’ =a®-3a?8+3a8% - 33 (8.7

Mrniopouv va arodesixbouv pe Sidpopoug tpoéroug. O 1o «p®TOyovos» givat
va xavoupe toug roAdaractaopovg (a+ ) = (a+B) (a+ B) (a + ) kat
(a-p)* = (a-B)(a-B) (a- ). Eva mo «wikovopkég tpérog eivat va

ypayoupe (a+5)° = (a + ) (a+B)” kat (a - B)* = (a - B) (a - B).

‘Aoknon 152. Na anobeifete avadutikd g tavtomtes (3.6), (3.7). Axépn va aro-
deitete v (B omnpildopevor aneubeiag oy (3.6).

‘Aoknon 153. Na arodeifete 6t (o + )° + (o - B)° = 2a (a2 +3p%)

‘Aoknon 154. Na arodeifete ot o + 33 = (a+ B8)° - 303 (o + B). Me Paon autd
10 anotéAeopa va ekppdoete 1o o + 52 cuvaptoet tov S = o + B kat P = af.

‘Aoknon 155. Na arnodeifete 61t
(a+B+7) =0+ 8% +7° + 3028 + 308 + 3827 + 38+° + 37%a + 3ya? + 608y
‘Aoknon 156. Na arnodeifete 611
(a+B8+7)°=a’+B°+7°+3(a+B) (B+7) (v+0a)

Katomy 8eifte 6t av o +  + 7 = 0 tote 1oxvet o + 83 + 43 = 3a57.
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‘Aornon 157. H ravidmria tov Euler. Na anodeigete 6t:

o+ B2+ 4% - 3aBy = (a+B+7)(a®+ B +7* - af - By - ya) (3.8

Emniong va arnodeiete ot:

o+ 8% +~% - 3apBy =

(a+8+7)((@=-8+(B-1+(y-a)’)| 9

|~

TéAdog va amodeifete otiav a+ B+ =01 a = =7 t6te a® + 82 + 3 = 3aB7.

3.1.3 o?- %= (a-B)(B+a) kal gidot.

H tautoiunta

o? - %= (a-B)(B+a) (3.10)

eival yvootr Kat anoteAel pia ano 11§ anlég MePUTIOOElS ITApayovIonoinong
ou Gev elvatl mpopavr)g OTOG A.X. €KelvVeEG OTIOU 0 KOWOG mapdyoviag eivat
gublakptog. H amodeidn g yivetat etkoda av kavoupe tg npageig oto P
nédog. Ag Soupe topa pia StaPpopetiky anddeiln otnv ornoia SEKVAPE Ao 1o
a’ pédog: OgAoupe va «Bpouper pe Tt addo eivatl 0o 1o a? - 52. To a propet
navia va ypaget og B + KAt AUt 10 «kAT» UIopet va sivat évag 9etkdg
ap1Opog, évag apvntikog 1j akourn Kat 1o pndév. Av to ovopdcoupe h Sa eivai
a =+ h xat o h 8ev 9a eivatr aAdo amod tov apduod h = a — 8. 'Exoupse kat
Aépe Aowov:

of =% = (B+h)' == 5%+ 2Bk hP - % = 26N+ b =

“h(284h), = (a=B)(28+a=P)=(a=B)(B+a)

H mapanave mnipoogyyion Sev eivatr 1000 oUviopr 000 €Kelvi) OTIOU KAVOU-
pe toug moAdardactacpoug oto B pédog aAdd €xel 10 TIAEOVEKTNIA TG Oev
XPEdetatl va yvapiel karoiog oo eivat to B pélog. Ilpooéte ot to h Aet-
Toupynoe oav £va £idog katadutn. Mnnke kat Bynke Kat andog 51eUKOAUve
TOV PETACKNHATIONO TOU TIP®TOU 1EAOUG OTO HeUTEPO.

‘Aoknorn 158. Na ypdwsete @g YIVOPEVO Ti§ TTAPACTACELS
2 2
L (a+B)" - (a-p5)
2. (x+y+z)2—(x+y—z)2

‘Acornon 159. Na armdornojoste Ta KAdopata:

2 2

1. ==Y
Lz
4 4
a -b
2. o

2_p2 p2_c2 2-q? _ 0
a+b b+c cta

‘Aoknon 160. Na armodeifete 61 £

IIpoturo [epapatiko AUKeL0 N.Z. Maupoytdvvng
EuayyeAikng LxoArng Zpupvng Www.nsmavrogiannis.gr
http://lyk-evsch-n-smyrn.att.sch.,




Kepaiaio 3. Tauvidmieg, Avioomieg, EClodosig, Aviowoeig 89

‘Acknon 161. O napovouaoctrg 10U KAAOHATOG 3_2\/5 eivat appnrog ap1bpog. Aoote

pia aredeign. Katomyv va moAdardacidoste apluntr) Kal apovopact] Ue KatdAAn-
Ao ap1Bpo oote va Bpeite Eva 100 KAAopa ToU OMOioU OPKG O TIAPOVOPACTNS va givat
pntog apibuodg. Na kavete 1o 1610 pe ta kKAdopata % Kat ﬁ

MriopoUpie va XprolHOTIO|COUHE THV IIPONYOUHEVT TEXVIKT)] Yld va Bpouiie
tavtétna avddoyn mg a? - 42 = (a - B) (B + a) ya xUBoug. Tpw Seite v
avarugn rmou akodouBel kado Sa frav va doxipdalate povotl oag.

o’ - g° 5 L (B+h)* =% = 57+ 36%h + 3617 + ® - §° =
= 38°h+38h°+h* = h (367 + 3B8h + h?) @B (387 +38(a-B) + (a-B)?) =

:(a—ﬁ)(3ﬁ2+3a6—362+a2—2a6+62)=(a—6)(a2+aﬁ+52)

Enopévag €xoupe

a3—53=(a—5)(a2+aﬂ+52) (3.11)

®UoIKA KAt autr) 1) tautotnta propet va arnodeiydel av ekteAéooupe g ripagetg
oto B’ pfdog. Av topa dfooupe oty orou 3 to - 9a Bpoupe Vv

o+ 8% = (a+B)(a® - aB+B?) (3.12)

‘Aoknon 162. Na ypdyete g yIvOHEVO rapayoviev 1o z° — 1.

a3-p°
aZ-p2-

‘Acornorn 163. Na amlorojoste 1o KAdopa

Ag apie 1opa otnv Stapopd at- 64. MrtopoUpe va Bpoupie éva anotéAdsopa
avaloyo pe v pe 6vo 1poroug: O évag eival va akodoubBricoupe v
TEXVIKI] € TV aviikatdotaon « = 5 + h kat 0 §sUtepog va XP1oIHoTIo)oouE
myv (3.10).

4 4 2 2
at = Bt=(a?) - (8%) = (a® - B8%) (a® + %) = (- B) (a+ B) (a® + %)
H napdaotaon (a - 8) (a+ f) (a2 + 52) eival nj kaAAitepn napayoviornotnpévn
HOop®1) IOV PITOPOULLE VA TIETUXOUNE Yid TV at- 64 ®otoo0 Sa v «xaldacoupe»
yla va doupe 1 akpiBog akodoubei 1o (o — [3). AkoAouBet 1o
(a+B)(a®+B%) =a’® ++a’B +af’ + B
KAl ETIOPEVROG
4 4 3, 2 2, a3
o - =(a—ﬁ)(a +aB+aB +p )
Av gixape v apanave ox£on g dedopévn mpokeévou va v anodei§oupe

9a propovoape va kavouye Tig ripagelg oto B pérog:

(a—=p) (a3 +a?B+ap? +,83) =
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ot +alB +a?B? +ap?
—(){3,8 —042,82 —Oéﬁ?) _54
Kat BAénoupe o1 petd TG Staypadeg auto mou anopévet eivatl 1o a' pédog. Ag
doupe 11 tautdnteg e tv S1apopd TETPAY®OVOV, KUB®V Kal TETapt®v duvape-
@V e pia dAAn patd (unoBétoupe mpoowpva ot ta « Kat S eivatl Stagpopetika
aro to 0):

042—,32=(Oé—ﬁ) (041604'04061)
043—,83=(a—5) (042504-0[1514-0(052)
Oé4—,84=(01—5) (OZ350+OZ251+O£152+O{0,83)

BAémoupe ot gpgavidetat o mapayoviag a — § Kat Petd éva adpotopa yivopé-
VOV TOV @, § Orou o ekBEtng tou a edattovetal o ekBENG tou [ Tekvdet aro
0 xat auvgdvel eve 1o dBpotopa v ekBetwv o KABe yivopevo eival ridvia 1o
1610: 0 ekBéIng mou £xoupie oty dradopd v duvapewmv pelov éva. Mnopoupie
va PaviEWOoUHE Imold UTOopEl va €ival 1 YEVIKY Popdn) 0tav avii yla ekt 2,
3, 4 é&xoupe v:

o =B =(a-B) (" T +a" B+ +aB R B (3.13)

duoka 1 napandve oxéorn xpetadetat anodeldn :

‘Acornon 164. Na anodeigete v tavtomta (B.13).

‘Aoknon 165. Ag unobicoupe 6Tt 0 v eival mepittég. Xpnowpornoteiote étoman v
yla va arnodeifete ot

o’ + Y = (a+B) (o —a" B+ —af P )
‘Aoknon 166. Na arodeifete 611
Lo2¥-1=(z-1)(1+z+2%+..+2" ")

2. 2t —1=(z-1)(1+a+2?+... +2")

3.1.4 Auto 1otopieg ya abpoiopata
3.1.4.1 TIIpoty otopia

H mipogAeuon 10U okakiou dev eival yveotr) Kat Xavetat ota pubika xpovia.
H ermvonon tou €xetl arnodobel oe drapopa pubika npoowena (avapeoa toug o
Ayapépvev kat o Oducogag). Katd pia emkpatovoa skdoyxr) n dnuioupyia
Tou matyvidlou torobeteitat oty apxaia Ivdia nepinou tov 6 awwva p.X. Zu-
vodeuetal kat pe €va 9pudo. Opuleital Aortov ot o Ivdog nyepovag MraAyart
{fnoe ano tov Bpaxpdvo codpo Xiooa va oxedlacel KATOo eviiadEpov mat-
yvidt omou n okéyrn Sa nrav ekeivn ou Sa énatde Tov KUPLo poAo Kat Ox1 1)
wxn. 'Otav o Xicoa napouociace 1o matyvidt o Mriadxdatt evBouoiaotnke Kat
paInoe 1ov Liocoa rmoco xpuoddt fBsAe yia apoBry. O copog Licoa apvrbnke
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va apeldpbet oe xpuoadt adda {noe n apodr) va tou katabAnbei oe oudpt.
Qg £&116: 'Evag KOKKOG y1a TO MP®OTO TEIPAY®VAKL TG OKAKIEPAS, 2 KOKKOL yid
10 HeUtePO, 4 KOKKOL yld 1O TPiTo 8 KOKKOl yid 10 T€tapto K.0.K. O MniaAxatt
10 9empnoe oav pia rmapagevid tou coPoU TtV oroia OIS 0eBACTNKE.

MepikEG PEPES APYOTEPA EPEIVE KATAMANKIOG O0TAV TTANPOPOPnOnKe Ao toug
anoBnKAaploug 10U MG Hev UM PXE APKEIO OTAPl yia va MANPwnbel o copog
Ziooa.

Tt {fnoe o Xicoa; Zninoe:

1 + 2 + 22 + 23 +..+ 263
- —~ - — ——
lo tetpdy@vo 20 TeTpayovo 30 TeTpdy®vo 40 TETPAYOVO 640 tepdynvo

KOKKOUG oltdpt. Mropoupie va urtoAoyicoupe auto 1o abpolopa av Xpnotpo-
[MOjCOUE TV TaUToTTa Sétoviag a =2, f =1, v =64. Ba éxoupe

(2% -1)=(2-1) (2% +2 + .. +2°+ 27 +2+1)

OIIOTE £XOUE:
142422423+, 4208 =200

Tnv enoxn) rou torobeteitat o Ypulog ftav pailov SUokoAo va unoAoyloOet
Xwpig AaBog o apiBpog 204 1. H £CAVTANON TV AOBePAT®V OTaploy mpv
ouprAnpwBei o ap1Buodg frav oiyoupn agou:

204 1 = 18446 744073709 551 615

'Exet Ur[voyloes ot yia va PBpebel 1600 ortapt Ya €mpemne OAn n Kadliep-
ynown emgaveia mg I'ng va orapOet pe pia kadr moikidia otapilov, va pnv
UMAPToUV AMMALIEG KAl va OUYKeVIpeBouv o1 e0obeieg mepirou 1012 stwv!

H tautointa HIopel va pag XP1OolHEUoEL yld va UToAoyiooupe 1o
d6powopa 1+ x + 22 + ... + z¥. Apkel oty tautdtnta va 9éoovpe o =, 3 = 1
Kat 6rou v 1o v + 1 (pnv Sexvdate ot 0 ekBEtng v otnv tautdtnta urodniwmvet
1OV 0110106110 TE YETIKO aKEPA1o). Ba exoupe

(.’L'V+1—1):(SC—].)(SCV-FSCV_l+...+333+.’132+.’L'+1)

"Tpaiavég Toaptoapdxng: ‘Evag pubog Kai pia oUyxpovl) andvinor tou. ZKAKL Kal oirdpt.
IMep1od1ko «Awaotaory, teuxog 1, @ecoaldovikn. 1987
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Av untoB¢ooupe ot x # 1 Sa €xoupe 611 10 ABpotopa nou {ntape sivat

xu+1_1
1+x+x2+x3+...+x”_1+x”=71, z#1 (3.14)
a:‘_

Tinv nepintoon rou eivatl = 1 1o aBpotopa eivat ico pe

1+1+...+1=v+1
—_———
v+1

Yriapxet kat évag aAAog tporog yia va Bpoupe to {ntoupevo abpotopa. To
ovopdadoupe S. Eivat

lvz+a?+a®+. . +2" 1 +2" =8
PuokdA pe 10 va 6wooulEe éva ovopua o €éva pabnpatiké avikeijpevo, €56 oto
aBpotopa pag, de onupaivel ot 1o Pprkrape. 'Opwng e161KA av 1o ovopda givat
£€va oupBolo Bonbdast 0to va 10 XEPIOTOUPE. Av TTOAAAITAACIACOUNE KAl Ta
8U0 péAn g ponyoupevng oxéong eni © 9a Ppoupe

:c(1+x+:c2+:c3+...+:c”_l+x”)=:CS

dnAadn:

v+l +ad vt v+l vV =28

Av mipooéfoupe 1o S éppeoa epgavidetal kat oto a’ péAog:

v+t rd vt vV vV =28

S-1
6nAadn exoupe:
S—1+z""' =28
kat eropgveg £V —1 =25 - S 8ndadn (z-1)S =2 ~1mou yia z # 1 av
Sapgooupe pe x — 1 pag &ivel v oxéon (3.14)
‘Aoknorn 167. Na urodoyioste 10 dBpotopa

1+(=2)+(-2)*+ ...+ (-2)°

3.1.4.2 AcUtepn wotopia

Znv nponyoupevn 1otopia ouvavinoape to abpoopa 1+ x + 2+ + .+

2"t + 27, 'Otav z = 0 10 dBpotopa autd Sev TIAPOUGC1AdeEl KATIO0 evOladEPOV
OmoTe PIopoupe va urobeécoupie ot x # 0 omdte 10 ABpoilopa pag ypadetat:

i
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Yrnidpxetl KAmolog 1porog va neptypdyoupe anda autd to abpoopa: Eivat to
abpotlopa 1wv SUVAPE®V TOU T ATIO z° ¢g 7. Tt 9a ouvéBatve av ot ekBEteg
«RatéBatvavy KAT® Kal yivoviav ouviedeotes; @a sixape 1o abpotlopa:

Ox+1lz+2z+3zx+...+(v-1)z+vx

TIOU UITopel va Teptypadel g 1o dbpoiopa tev roAdarndacieov tou z aro Oz
€wg vz. To aBpolopa auto ypagetat:

z(1+2+3+...+v)

To napandave aBpotopa Sa €xet urtodoylodei av propécoupie va urodoyicoupe
10 aBpoopa 1+2+3+...+v. Ta mv 181K NePInI®on autou Tou abpoiocpatog
otav v = 100 untdpyetl pia oAU yveootr] 10Topia Iou avapEPETal OTov PEYAAO
pabnpatiko Carl Friedrich Gauss. Trnv avuypdagoe onwg v diaBaoca otav
fjpouv pabnng oto M'upvdoio amnod 1o Savpdaocio BiBAio tou Bergaminid:

«Ze nAkia 10 etodv dtav o kaOnyng {ninoe and toug pabniég va a-

9poicouv 6Aoug toug apiBpoug ard 1 wg 1o 100, o I'kaoug Eypaye

apéowg 5050 mave otnv mMAdka Tou Kat 1y napouoiace govaloviag re-

prpava «Na to!». Ot1 cuppabniég Tou napouciacav Votepa arnod MmMoAAn

@PA TG POUT{OUPOPEVES TTAAKEG TOUG, AAAA HOVO autog eixe Bpet tnv

0Ot aravinon. Aopalwg o T'kdoug eixe mapatnproel 6T, AV EVOOEL

toug apBpoug ava feuyn, 100 kat 1, votepa 99 kat 2, petd 98 kat 3

Kat ouvexela oG to 50 kat 51, eixe kaBe @opd éva dbpoopa 101. Ta

{euyn mou oxnpartidovtat pe tov 1010 autov eivatl 50 Kat eMopéveg To

abpotopa toug énperne va etvat 101 x 50, 6nAadr) 5050.»
'Hé1n n mponyoupevy nieptypadr) pag diver pia 18€a yia va fpouvpie 1o abBpoiopa.
Av 10 ovopdooupe S givat

S = 1+ 2+ 3+ vt (v=-2)+ (v-1)+ v
S v+ (v=-1)+ (r-2)+ ..+ 3+ 2+ 1

[IpooBétoviag kata peAn Ppiokoupe:
2S=(1+v)+2+v-1)+B+v-2)+..+(v-2+3)+(v-1+2)+ (v +1)

KdBe pia ano tig v mapevBeoeig tou B péloug eivat ion pe 1+ v apa to B’ pédog

etvat foo pe v (1+v). Apa 25 =v (v +1) xat S = V(V;l). ‘Exoupe Aowtov:
1+2+3+...+V:@ (3.15)
KOl EMOPEVRG :
1x+2x+3x+...+(y—1)x+yxzw

2David Bergamini, Ma6npartikd, Ermotmpovikr) BiBA1061ikr) tou Aaip, AYKEIOE ATIOAAQN-
XPYZOZ TYIIOX 1965
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‘Aoknon 168. Na uroloyioete ta aBpoiopata:

1. 1+2+3+...+1821

2. 1+2+3+...+2012

3. 1822+ ...+ 2012

'Evag aAAog tporiog, 1o YE®HEIPIKOG, yia va UroAoyiooupe 1o dBpotopa
(3.15) sivatl o akdAoubog: BewpoUiie £va TETPAYOVO KAl Xwpi{oupe kabe Agu-
pa ot v ioa péprn. Me autd Tov TPOTIo 1O TEIPAYOVO PAS XWPIoTNKE Og v? Hi-
Kpotepa tetpdywva. Kdatt cav pa peydadn okakiépa, ya va Supnboupe v
pwIn lotopia!

&
Il

[

IMaipvoupe arod v 1n ypapun 1 tetpayovdki, arno v 2n ypapurn 2 epa-
Y®VAKla, aro v 3n ypappn 3 1ETpayovakia K.0.K £0G 0Tou @Odcouie otnv
Tedeutaia v-00tr] YPaPL) aro Vv ornoia naipvoupe v tetpayovakia. [Ipoket-
Tal ydl 10 YPAPHOOKIAOHEVA TETPAY®OVAKLIA TOU OXNHATog (01ou 80 evieAwg
evleIKTIKA 1O TETPdy®vo £xel oxedlaoBei 14 x 14). Ta «dlayoviar terpayovakia
etvatl popavag v (éva oe kaBe ypapprn). Ag ovopdooupe T 10 TIAN00G 00wV
etvat kawe ano ta dayovia. Puoika x eival kat ooa Ppiokovial mave amo ta

dayovia. Zntdpe 1o  + v. AAA x + V + & 1ag KAVOUV 0Ad Td TEIPAYOVAKLA.
2

2_, ,

—V Kal enopévag T = “5+=. ‘Apa auto
2 2 2

ve—v _ vf—v+2v _ vi4r _

7 TV="T2 T3 %

AnAadn x+v+x = V2. Enopévag 2z = v

mou Yyayvoupe dndadr) to x + v eivat ico pe x + v =
v(v+1)

—5 .

‘Aoknon 169. H qupapibar tou mapaxdte oxfuatog éxet 9 oeipég touBla. IMoca
TOUBAQ £XE1 OUVOAIKA ;
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Av petprioate ta T0U6Aa va anavinoete oto 1610 epadtpa av ot oglpeg yivouv 90!

24

Ag Soupe kat éva tpito tpdmo rou otnpidetal oty tavtdmta (x + 1)2 =z
2z + 1. Zwmv tautdnta autr] Uopouye otV 9£€0r T0U & vad aVIKATACTHOOUHE
oroto apBpo dédoupe. Avuikabiotoupe dadoyikd toug apbpoug 1,23, ... v

KAt €XOUHE:

(1+1)? = 12+ 2-1+ 1
2+1)? = 224 2.2+ 1
(3+1)* = 324 2:3+ 1
(v-1+1) = (w=-1)7>%+ 2-(v-1)+ 1
(v+1)* = v+ 2 v+ 1
1) aAAeg:
22 = 12+ 2-1+ 1
32 = 2% 22+ 1
42 = 3%+ 2-3+ 1
2 o= (w-1)7%+ 2-(w-1)+ 1
(v+1)* = v+ 2 v+ 1

nPooBEToUE KATd PEAN Katl BAEmoupe Ot KATd Vv 1poobeor KAT0101 11po-
00etéot 9a daypagpouv H10tt Sa eppavicbouv kat ota SuUo PEAn :

922 - 12+ 2.1+ 1

3 - 27y 2.9+ 1
¥ = Py 2.3+ 1
;}7 ;M+ 2-(y.'—1)+ I

(v+1)* = o 2 v+ 1
Kat 9a &xoupe:

(v+1)%=1242-1+2:2+42-3+ .. +2-(v-1)+2-v+1+1+1+1+.. +1+1

arté ta Suthacta ywépeva pia povada arno kdbe woétnTA

dnAabdn av ovopdcoupe S 1o {nroupevo abpotopa da sivat

(w+1)?’=1+2[1+2+3+..+(v-1D+v]|+v

S
6nAadn
(v+1)?=(v+1)+28
ané mv onota Ppiokoupe 25 = (v + 1)* = (v +1) ka1 25 = (v +1) ((v + 1) - 1)
drAady mét 5 = L)
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‘Acknon 170. Me v Borfs1a tng TAUTOTNTAG
(+1)° =2°+322+32+1
va arnodeifete o1:

v(r+1)(2v+1)

12422432+ .+ (v-1)+12= 6

3.1.5 Avaloyieg

Av yia toug apiduoug «, 3,v,0 pe toug B kat § va eivar didpopot tou
pndevog 1oxuet

a v

B4

10T Adpe 61 o1 apBpoi «, v eival avdidoyor twv [, §. Emiong Aépe ou ot
apBpoi a, 8,7, amotedovv pia avafoyia. Ot apiBpoi a, § Aéyoviat drpot
g avadoyiag eve ot apBuoi 5, v Aéyoviat uéoot. Eivat

a vy «a 0%
—==< = () ==(Bf) = ad=
Kat eropéveg gxoupe ot yia 49 # 0 woxuetl i) woduvapia:
%:%@&5:57 (3.16)

Av ¢£xoupe pia avaloyia pPriopoupe va KAVOUlE KATIOES EVEPYELEG KAl va
npokUYetl rdAtl avadoyia. 'Etotl (mdvia unod v mpolnobeon ot dev £xoupe
PNdevikoUg TAPOVOIAcTEG) 10XVUOUV Ta EMOMIEVA :

1. Av oe pia avadoyia evaAdd§oupe toug péooug mPoKUITeEl avaloyia.
2. Av ot pia avadoyia evaAddgoupie T0Ug AKPOUG TIPOKUITIEL avaloyia.

3. Av og pia avadoyia evaAAdaoupe apOpunTg e mapovopuaoTEg MPOKUITIEL
avaloyia.

4. Av og pia avadoyia poobécoupe 0TOUG MTAPOVOHIACTEG TOUG APIOUNTEG
MPOKUITIEl avaldoyia.

5. Av oe pia avadoyia npooBécoupie otoug aplOUnNIEg TOUG TTAPOVOLAOTES
TMPOKUITIEL avaAoyia.

6. Av oe pia avaloyia adpaipéooupe amo T0UG MAPOVOHIACTES TOUG aplOun-
1€G TIPOKUTTTEL avadoyia.

7. Av oe pila avadoyia apaipgécoupe amo toug aplduntég T0Ug mapovoud-
OT£G TIPOKUITIEL avadoyia.
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Ta napandve oxnpatika arodidoviat pe tig 1008uvaplieg ou 0Aeg amodeikvu-
oVIal EUKOAQ KATAPEUYOVTIAG OTO VIVOHEVO «X1a0Ti»:

a+f _ y+d _ Y _ v
BT 375 © BTy
R A
%Eg IEN aéz’yﬁ < EE% (3.17)
Z d
afB _y8 o B_8 o _a _ o
B 9 a oy B-a 6y

‘Aoknon 171. Zto diaypappa g (3.17) va amobeifete 611 6Aeg o1 100TNTEG £ival
1o08uvayeg pe v wotnta ad = y4 mou BpioKetal oTo KEVIPO.

Emniong pua avadoyia prnopet va enektaBei pe 61a4popoug XEP100UG OTIOG
H€ TO va OXNHATicoupe €va VEO KAAOHd OTIoU &G apldunty) 9étoupe 1o abpot-
opa v U0 MPonyoupévev aplfpnIov Kal @g Itapovopaotr) 1o adpotlopa teov
IPONYOUHEVRV TTapovopactov. To 1610 propouviie va KAvoupe Xprotonolmv-
1ag avti yia abpolopa tmyv dagpopa.

(@)

—_—
(0% Y (0% Y a+y
B 3.18
B 6 B 6 p+0 ( )
(i2)
——t—
a9 a_v_a-9
i 3.19
576 B 5 B0 219
‘Aoknon 172. Na amodeifete 1ig mapandve 106tnteg (i), (i) otnpgdépevor oty 166-
mta
a7
C)

O ouvnBiopévog 1porog arnodeigng twv 1810tV TV avaloyov eivat va
aipvoupe OT1 TO YIVOHIEVO TV PEO®V €1val 100 1€ TO YIVOHEVO TRV AKP®V dnAa-
811 10 YVoto «x1aoti». Ag Soupie éva akopn TPOrto e tov ortoio Ya arodeioupe
g (B.19), (3.19):

Apou % = % HIOPOULE VA OVOLIACOULE % = % = k. Auté onpaiverou £ = k

i)

Kat % = k xat emopévag a = kG kat y = k4. MmopoUpe va ypAyoupe :

a+y kB+kd k(B+0) K
B+6 B+6 B+

a-v kB-ki k(B-6)

= = =k
-6 B-6 p-6

apa

a_ g +7 a-v

39 B+6 B-o
Kat £€to1 éxoupe anodeifet tig (B.18), (3.19).
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+ ' ’
P2TdY hriotot kat av eivat ot
pB+qd

‘Aoknorn 173. Na anobeifete 611 av g = T tote 5= 3=
P, ¢, aprel va pn pndevidoviatl o1 TapovoPaoTES.

‘Aoknon 174. Tpogaveg pe 5 + 0 10xUet % = % < ad—pPv=0. O ap1Bpdg ad — By
oupBoAiletal pe

a p
v 4

Kat ovopdaletat opifovoa g tetpddag «, 5,7,d. Tevikd yua orowadnrote tetpdda
apduov «, 5,7, opidoupe v opidouca g va givat

a B|_ o
v 6 ‘—045 By (3.20)
, 2 3 2 -
1. Bpeite tig 5 7 Kat 5 7 ’
2. Na amobdeigete ot e I
) v || B 6
3. Na amobeigete ot
a yrz | fa 7y | fa
B o+y g By

Mropoupe va €xoupie avaloyieg pe rmeplocotepoug arod 4 apidpouvg. GOa
Aépe ot ot apBpoi ag, ag, ..., ay €lvat avdoyor tov pn pndevikov aplOpov
81, B2, ..., By, av 1oxUel 1 oxgon :

) Qay
51 52 By
H napandave avadoyia pmnopet va ernektabel pe drapopoug tporoug. evika
oxvet:
a1 o oy a1 oo ap A0+ Agag + ...+ A0

BB B B B T B MBitabat. g, 02D

‘Aoknon 175. Na anobeifete v (3.21)

YroaElgH: Na 9éoete &L =22 = =% =
B B2 Bv

‘Aoknon 176. Na yepioste 1o apdpoé 474 os pépn avddoya tov apdpov 2,3,4,5

‘Aoknon 177. Na amodeifete 6riav £ = £ = £ 141
a b c

2 2
22+a® y?+b? 22+ (zry+z) +(atbte)
+ + =
T+a y+b z+cC r+y+z+a+b+ec
’ , oz _ 3 , Tx—4y
Acoxknon 178. Ecw 61 , = 1+ Bpefte to 5
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3.1.6 H évvola tng YE@PETPIKIG TTP0oSou

Ag urtoB£00oupiE 0T Y1a TOUG 11 PNOEVIKOUG aplOpPoug Ay, g, (3, «evy Oty y Oy ]y -
oxvel 1 avaldoyia:

Qg1 _%2 _ 3 Swl %

Qg Q3 Q4 Qy Ayl

Tote 9a 1oxUet KAt 1 aviiotolyn avadoyia rmou MPOKUITIEL AV 01 TIAPOVOLACTEG
yivouv apiBpuntég kat o1 aptdpuntég yivouv mapovopaoteg :

Q2 Qa3 g ay Oyt

Q] Q2 Qg Qy-1 Qy

Av ovopdooupe 6Aa ta naparnave ica kAdopata pe A (ovopadetatr Adyog) Sa

€xoupe o1
22 ) BN Mo Lroo= ) Gl o )
aq a2 a3 Q-1 ay

Kat emopévag :

a9 = 041)\
a3 = 062)\
Qg = a3\
(3.22)
Q= Oy A\

Qi1 = A

Me dAAa Aoyia kaBe apiBpog aro ToUg i, g, A3, ..y Oy y Qi s ... TIPOKUITIEL
and 1ov PONyouUHEVO TOU av Tov IToAAanAaotdooupe pe éva, mavia tov 1610,
1) Onwg aAA1wg Aépe otabepd aplbpod A. Autd oupBOAIKA TEPIYPAPETAL PE TV
oxeon

‘awl =a )\, v=1,2.3,... (3.23)

Mia 6tadoxn apibpov (Agyetat kat akodovdia) aq, g, s, ... TIOU 1KAVOITOIEL
pia oxéon ng popedng ovopadetal YEOUETPIKY TPoodog Kat o apldpog
A Aéyetar Adyo¢ tng mpoodou. Ot apOpoi aq, s, ag,... Aédyovial dpot g
veouetpkrg rpoodou. H oyéon etval pila avadpouikn oxéon Orou o
0pOG (ry1+1 EKPPALETAl Artd TOV IIPONYOULEVO TOU . AV SEPOUHE TOV (] ITOU
elvatl mpwro¢ 6po¢ g PoOdOU PIMOPOUHE VA PPIOKOULE TOUG ETTOPEVOUS OPOUG
arAeg rtoAAarmAactadoviag KAOs opd eri A. Ztov Mapakdat® rivaka gaivoviat
Hepka rmapadeiypata €101V UTIOAOYIoP®V

[on [ A J[as[ag[as]oas] as |

1 2 2 4 8 | 16 | 32

2 1 2 2 2 2 2

1 -2 -2 | 4 -8 | 16 | -32

L T T T[T T [ L

21 2 411 81 116 321

2 |3t 3]-3|l%8] "7
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‘Acknon 179. e pia ye@petpikr) nmpoodo o mpatog 6pog sivat % Kat o Adyog givat

%. Na Bpeite t1oUg 5 MPWTIOUG OPOUG TNG IIPOO6HOU.
‘Aoknon 180. Ze pia yewperpiky) mpdodo o mpeTog 6pog eivat /2 kat o Adyog sivat
g. Na Bpeite 10Ug 5 IIPWTOUG OPOUG TNG ITPOGSOU.

ZuvOrKkn oote akodoubia va eival YEQUETPIKY| TIPO0S0G

Eidape 6t yia va sivat pia akodoubia o, g, (g, ... BN PNdevikov aplOpov
VEDHETPIKI] TIPO0SO0G TIPETEL TO TINATKO KAOe 6pou H1a TOU MPONYOUHEVOU TOU
va givat otaBepodg apdpog dndadn va oxvet

@y _03 _aa_ Oy _Oyn

aq g as Q-1 ay

Me dAAa Adyla av «, 5,7 sivat tpeig omotoibnmote Sraboyikoi 0pot tng (rou
onpatvel ot propet va eivat ot ag, s, a3, Ol g, 3, 4, Ol (3, iy, (5 K.O.K.)
9a mpénet va gpgavidetat n avadoyia:

mou ypdagetatl 1coduvapa kat

8% = ary (3.24)

'Exel erukpatfjoetl va Aépe ot o [ eivar puéon avdioyog tov a,7y. Av £xoupe
Tpe1g aplBpoug autol propouv va ivatl §1adox1Kol 6pot TEPICoOTEP®Y TG Piag
veouerpikov npoodev. Ta napdadstypa ot apBpoi 2,4, 8 eivatr dadooyikoi
opot (20g, 30g, 406) g YEWHETPIKAS rpoddou 1, 2, 4, 8, ... adAa eivatl eriong
dradoykoti (5og, 60g, 70G) OPOL TG YEGHETPIKIG ITPOOSOU %, i, %, 1,24, 8, ...
Y& rAabe mePIMI®On OP®G 10XVEL 42 = 2. 8. 'Otav Aépe 6ul 1pelg apdpoi sivat
81adoyikol Opo1 YEMUEIPIKEG TIP0OSOU £VVOOUHE OTL UTIAPXEL Pia YEDUETIPIKT
1p0o0d0g (oTNV IIPAYPATIKOTTA UTTAPXOUV ATIEPES) TG oTtoiag o1 aptdpol autol
etvat dadoyikoil opot. Autd 9a oupBaivel av kat povo av 10xUeL 11 OUVONKD

3.29.

‘Aoknon 181. Na anodeifete 6t o1 apiBpoi 2, 2—+/2, 3-2v/2 eivat S1adoyikoi 6pot
VEDUETIPIKNG TTPOOSoU.

‘Aornon 182. Na amnodeiyBei pe xyz # 0 o1 ap®poi 22y, zyz, yz?2 eivar Sradoykoi
0pPO1 YE@HETPIKNG TIPOOSoU.

Y1ioAoy10110G T0U V-00T0U OpOU YEDUETPIKNG TIP00S0OU

H avadpopikt) oxéon ayp+1 = QA P1ag YEQUETPIKIG Ipoodou pag Sivet v
duvatointa va urnoloyiloupe £va Opo g npoodou av yvepi{oupe tov mpon-
youpevo tou. Ia va pdboupie 1ov mponyoupevo opo xpetadetal va paboupie
TOV IIPO-TIPONYOUHEVO K.0.K. Agv gival 0pwg SUOK0AO0 va Bpoupe éva TUIIO TIOU
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Kepaiaio 3. Tauvidmieg, Avioomieg, EClodosig, Aviowoeig 101

pag divel éva omolodrmote 6po Xwpig va xpetddetatl va pdaboupe 1oug mpon-
YOUHévoug tou. Ag avaypdwoupe ard tig OXE0EIS eKelveg TOU €XOUV
OT0 TIPAOTO PEAOG TOUG OPOUG (¥, (¥3, (g, ..., (0, Eival v —1 1o mAr|0og (ipooedte
ot Eekvouv and 2 Kat KataAnyouv os v):

a9 = al)\

ag = ag)\

g = 063)\
Oy = Oy A\

Tig moAAamAaotddoupe Katd PEAN Kat €XOUNE:

Q0304...00) = QL] QRO ..Oly_ ] AN A
——

v-1

®a eppavicBouv tooa A 00eg KAl 01 100TTeg 1oU roAAardactdoape yiauto
éxoupe Badet v évbeldn v — 1. BAéroupe topa 611 KATIO101 OPOL UTIAPXOUV
Kal ota 6U0 PEAN Kal eEMOPéveRg PImopouv va ardoroinfouv: Ilpokettat yua
TOUG g, V3, QU ..., (1. META TV amdormoinon Sa €Xoupe v 100TNTa (yq] =
a1 AA... A Tou pag divet v

—_—

v-1

a, =g\t (3.25)

‘Aoknon 183. Mia yeouetpikn mpdodog éxet ay = % Kat A = 2. Bpeite 10 a9
‘Aoknon 184. Na anobeifete 611 0t pia yeouetpiky) mpoéodo aq, ag, A3, ... UE AGYO A

[ gy, — m-n
loxvet 3= A

3.1.9 H évvoila tng ap®punuikng rnpoodou

Eibape (ogdida ot pua akodouBia ag, as.. pn Pndevikwv apdpwov Sa
eival ye@perpikn npoodog av:
Qo 3 _ Q4 _ Oy Qpyl

Q] Q2 Q3 Qy-1 Qy

TV mapardve 100tnta anatteital kanowa nnAika apiOupov éndadr artote-
Aéopata Guapéoewv va eivat ioa. 'Exoupe ds1 ot n Swaipeon eivat yua tov
noAAamAactacpo ot eivat 1 apaipeon ya v rpoobeon. Av anatttjooupie oxt
1a mtnAlka 1oV apdpov ag, a1, a3, 0,0, A3,...,0, Qy—1, Qpil, Gy VA gival ioa
aifa ot Stapopeg toug Ya €xoupe v oxEoN

Qg —0] =03 — Qg =04 —QA3 =... =0y —Oy_1 =041 — Oy = ...

Mia axkoAoubia apBpev ap, ag.. (6ev yperaletal va unoBecoupe ot gival
pn pndevikol agou 1Opa dev £XOUPE TIAPOVOHACTEG) TIOU £XEL TNV MTAPATIAVR
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102 3.1. Tavromreg

1616tnta Agyetal apduntky mpoodog. Av OVOIACOUE W T1§ 10eg S1apopEg ToTe
0 ap1Buog w Aéyetal dradopd g IPoodou. Ao TI§ 100TNTEG

Qg -0 =W, Q3—-Q2=W, Q4-Q3=WwW, .. O=Qy-1=W, Qpsy1 —0Qy =W,

otV nepimwon pag Sa exoupe

a9 = a1 +w
a3 =09 +Ww
a4 =a3+w

=y 1 +Ww
Oyl =0y +Ww

Iy neplmeorn g aplOpntikng mpoodou KAabs 6pog MPOKUIIIEL ATIO TOV
TIPONYOUHEVO TOU P& TV Ipocbeon g diadopdg tng rnpoodou. LZupBoAika :

(o= +w, v=1,2,..| (3.26)

Ztov mivaka mou akodouBei gaivoviair pepikda mapadeiypata aplOpnukov
poodwv o1ou o1 0pot urodoyidoviatl pe v Pornbeia 10U IIPHOTOU OPOU Kat

g Sradopdg:

(o1 [ w [oz[as[as]oas]as ]
12|35 |7]|9
2| 1| 3|4|5]|6

a1

1

~
| | —
MIH[\DI\] © ~N —

1| 2-1]-3]-
1 3 5

‘Acknon 185. Ze pia ap®unukn nmpdodo o mpwtog 6pog eivat —3 kat n Stagpopd 2.
Bpeite toug b mpodoug 6poug g rpooddou.

1

‘Acknon 186. It pia ap®unukn mpoodo o TpOTog 6pog sivat 3 Kain dagpopd %

Bpeite toug 5 mpodoug 6poug g rpooddou.

3.1.10  XuvBnkn wote akoAoubia va eival apBpnukn mpoodog

Av pia akodoubia a1, as.. sival aplOpnukr) poodog kat a;, 5, 7y eivat tpeig
ortoto181ote S1aboyikoi dpot g tote Sa 1oxvel J — o = v — B KAl EMOUEVRG

02

H oxéon autn eival kat n ikavr KAt avaykaia ouvOnKn oote tpelg aplbpol va
gival 81adoyikoi opot apOpnukrg rpoodou. O apBudg B ovopdadetatl apOun-
TIKOG PE0OG TV aplOpov o, 7.

‘Aoknon 187. Na anobeifete 611 o1 apidpoi %, %, % eivat radoyikoi opot apOpunt-
K1) TIpoddou.

‘Aoknorn 188. Na anodeifete 611 o1 apibpoi «, ﬁ%, —a+ B+ elvar eivat Sraboyikot

0po1 aplOPNTIKLG IIPoddou.
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Kepaiaio 3. Tauvidmieg, Avioomieg, EClodosig, Aviowoeig 103

3.1.11  YmoAoyilopog ToU V-00T0U 0pOoU aplBunTKng rnpoodou

Mrmopoupe va Bpoupe €va turo nou va pag divel arr’ eubeiag tov v-00to
0po piag apOpNUKLNg IIPoddou. Ao TG 100TNTES

a9 =0 +Ww
a3 =g +w
oy =a3+w

Qy =0y 1 +w
ipoobEtoviag Katd pEAn Bpiokoupe:
agtastag+..ta,=aptastaz+.. a1+ (v-1w

oV petd 11§ Saypapég 0omv IPoobeTémv UrtapXouv Kat ota §Uo PEAn pag
Otvet:

ay,=a1+(v-1w (3.28)

‘Aoknon 189. Mia apiOunuikr nipdodog éxet ap = —3 kat w = 2. Bpeite 10 aqo.

‘Aoknon 190. Na anobeifete 611 og pia apOunuKY P6060 A1, (2, (3, ... PE Blapopd
W 1OXVEL Oty — = (M — M) w.

3.1.12 'ABpolopa v mPRI®V 0pKV IIPoodou

®a uroAoyicoupe 1o dBpoopa S = a1 + g + ... + Ay TOV V TIPOTOV OPRV
Plag YE@UEIPIKAG 1] aplOpPnTKAG IIpoddou.

H npdodog civat yeopetpikry. Tote 1o dBpoiopa pag oupgpeva e tnv
ypadetat:
S = a1 + 041)\ + ...+ Oél)\y_l

dnAadn
S = a1(1 + A+ ... +)\”‘1)

[ —
v

Taopa 1o abpowopa 1 + A + ... + AL ovpgeva pe my B.14) g oedibag
(ot 9¢on tou = éxoupe A kat oy 9fon tou v Exoupe topa v — 1)
elvat

T+ A+ .+ X7 = )\V_l,
A-1
eve oty e181Kn mepimwon orou ivat A = 1 to abpotopa eivat 16oo oot
o1 pooBetéot tou 8nAadn v. Emopévag yia to abpoopa S tev v mpetev
0PV Niag YEOHIETPIKIG TTPOOS0U 10X UEL

av A#1

AV-1
3= av A#1
S = A-1 (3.29)
Vo av A=1
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104 3.1. Tavromreg

H np60odog civar apiOpntiky. To dOpoiopa S cupgeva pe v (3.28) ypa-
etat:

S=a1+ (a1 +w)+ (1 +2w)+...+ (1 + (v -1)w)
omndte

S=a1+ar1+..ta+(w+2w+...+ (v-1Dw) =var+(1+2+ ...+ (v-1))w

v

To &Bpowopa 1 +2 +... + (¥ — 1) omv napandve oxéon UMOPoUHE va 1o
Bpoupe ano tnyv oxéon g oeAibag @3] av ot 9éon tou v 9éooupe
tov-1. Etvar1+2+ ...+ (v-1)= (”_1)(;_“1) = (”_21)”

ETIOPEVOG

(V—l)l/w: rag+v(r-1)w) _ 2o+ (v-1w)v
2 2 2

S=vay+

‘Apa yia 10 abpotopa S v Y PRtV 0pev piag aptOpntikhg mposddou
oxvet:

_ Lo +(r-1w)v
2

S (3.30)

‘Acknon 191. Mia yeopetpiky) nipoodog £xel pwto 6po —1 kat Aéyo 2. Bpeite 10
abpoopa v 9 MPOIOV Op®V ING.

‘Aoknon 192. Na Bpeite 10 dBpotopa tev 20 POtV 6peV piag aptOunuKng mMeos-
6ou mou £xel PKTo Opo 2 Kat Stapopd 4.
‘Aoknon 193. Na Bpeite 1o dBpoopa 2+ 4 +6 + ... + 80

‘Acknon 194. Na Bpeite 1o a6poopa 3- (-2) +3-(=2)> +3-(=2)* + ...+ 3- (-2)"°.

‘Aoknon 195. Na anobeifete 611 10 dOpoopa S = a1 + Qs + ... + Q, TOV UV TIPAOTAV
o0pwVv piag apOpnukng mpoodou eivat

(1 +ay)v
2

S = (3.31)

YnoaeigH: Mropeite va ownpixBeite oty (3.30) ouvbudloviag v pe v (3.28). E-
riong propette va pipnBeite v npot anodeidn mg otV oeAida B3] apou
IIPONYOUNEVRG arodei§ete Ot yia KABe k 10XUeL i + Qg1 = Q1 +

‘Acornon 196. Na anobeifete 61 10 dOpoopa S = a1 + @2 + ... + Q) TOV UV TIPWOTOV
0p®V Piag YEWHETPIKIG ITPoodou eivat

ay A — o
S=—" (3.32)
A-1
YroaeieH : Suvbudorte g (3.29),
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Aviootnteg

Zinv evomnta autr] 9a acxoAnBoupe pe aviootnieg. 'Onwg Kal otig tau-
TOTNTEG UTIAPXOUV AVICOTNTEG TIOU 10XUOUV Yid OAEG TIS TIHEG TV YPAPRHATOV
(=petaBAntov) IOU MEPIEXOUV KAl Yld TIG OTOiEG £XOUV vOnpa Kdl aviootn-
1eg TIOU UTIO TPoUTtoBEoelg (aviootnteg umo ouvbnkeg). 'Exoupe pdabet ot av
é¢xoupe pia avicdtna a < 8 tote Propouvpe

e Na nipooBétoupe kat ota U0 PéAN g tov 1810 ap1Bpod Kat va maipvoupie
aviootnta Iou 1oXUel aAdd kat va Siaypadoupe amnod ta peAn g tov 1610
npooBetéo 6nAadn:

‘a<6©a+’y<ﬁ+’y‘ (3.33)

Na noAAarmAaociadoupe kat ta duo péAn g pe tov 1610 Seukd apOpo kat va
aipvoupe aviodtnta mou 1oXUel aAdd kat va Siaypdpoupe amnod ta péAn piag
aviootntag tov 1610 detko napayovia:

‘Av ~ > 0 tote woyvel a < f <= ay < ﬁfy‘ (3.34)

O1 600 autég 1610TEg PaAG EMIPEIOUV va KAVOURE éva £idog mpdiemv pe
aviootnteg.
[MpooOeon Avicotrtav

Mrmiopoupe va nipooBEtoupe Katd PEAN aviootnteg Kat va gipaote BeBatot
OTl 1 aviootnta rnou da mpoxkuyet da eival aAndng: Ipdypat vnobEtoupe o1

a<fB (*)
Kat
< (*%)
Téte pooBétoviag kat ota §Uo péAn g (*) tov apdpod v £xoupe
a+y< B+
£V TpoobEtoviag kat ota 8Uo pédn mg (**) tov apdpd B éxoupe:

Yy+pB<d+p

Topa apou a+v < S+ kat S+ < + [ n petabatikiy 1810tnta pag ermrpenet
va ouprepdvoupe ot a + v < 5+ . AnAadr) anodeifape ott:

a<p
v <8

}:>a+'y<ﬁ+(5 (3.35)

‘Aoknon 197. Na arodeifete 6ttav p<g+1,r<s—-1twiep+r<q+s.
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106 3.2. Auwoomieg

‘Aoknon 198. Na arnobeifete Suavz >y wWie x +7 >y + 3.
‘Acknon 199. Na anodeifete 6t1 av = > y kat z # 0 W0te  + 22 > y.

H (3.35) propet va yevikeuBel kat yia reptocotepeg arod 6Uo aviootnteg:

a1 < By

<
@z < B S +agt ... tay <P+ Bat ..t By (3.36)

aV</3V

‘Aoknorn 200. Na ypayete pia anédsign ya v (3:36).

Erniong pmopoupe va mpooBEtoupie KATd PeAn] KAl AVICOTTEG TIOU UITOPEt
va pnv eivat yvnoteg aviootnteg dndadr) avti tng oxeong «<>» va 1oXUeL 1] «» (Ag-
yovial Kat Tautoavioomnieg 1 aviootaviotnieg). Xapakinplotko rapadsiypa
etvat n avicotnta a? > 0. Toxver yia kabe o aAdd yia o # 0 woyvel oav yviiow
avieotna o > 0 evod yua a = 0 woxuetl oav wootnta.

[Ipaypatt untobetoupe autr) ) @opd Ot

as< B (#)

Kat

V<0 (#4#)
H (#) onpaivel 6t @ = f 1 out a < B. Tdte npooBétoviag kat ota dUo péAn
oV 7 éxoupe 9a éxoupe a+y < S+ 1 a+y = F+7. Ze rABe mepimwon
€Xoupe OtL:

a+y<B+y
‘Opota eve npoobetoviag kat ota §Uo pédn g (##) tov apbpod [ éxoupe:

Y+B8<o+p5

Apa a+y < B+ rat B+ <+ [ rat emopéveg aro v petabatiky) 1610t ta
éxoupe 6t v + vy < B+ 4. Anhadn anodeifape ot:

a<p

v<d }:>a+’y£ﬂ+5 (3.37)

Lnpewote og av £éote kat pia ano ug avieowuteg (#), (##), etval yviowa
10Te 1 petaBatiky 1610tta pag odnyet o yvriola aviootnta pe dAda Aoyla av
pia and ug vrobosig ng3.37 sivat yviioia aviodtnta tote Kat 1o CUpIEpaoua
etvat yvrjola avicotnta. Avtiotoiya pe v £XOUE TNV

ar <5

ag < By
=S>ar+tagt..+ta, <P1+Pr+...+ 0, (3.38)

ay < By
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Kepaiaio 3. Tauvidmieg, Avioomieg, EClodosig, Aviowoeig 107

orou Kat 6w 1oxvel 1 161a mapat)pnon yia tmy mepintoon mnou Kanowa a-
o 11§ IpootiBépeveg aviootnteg eivatl yvrjola: Oa eival Kat r avicotnia tou
OUNTEPACATOS YV Oold.

, , , 1 1 1

Aoxknon 201. Na anodeifete Suav e < 5, y<3, 2<gwWrer+y+z<L
‘Aornon 202. Na amodeifete 61 av ta z,y,z avxkouv oto (a, ) tdte 10

T+y+z
3

emiong avriket oto (a, ).

‘Aornon 203. Na anodeigete 6t av z € (o, §) xary € (o, §) 61 %a: + %y e(a,B).

‘Aoknorn 204. Aoxdote va anodeifete v ak6Aoudn yevikeuon tng ponyoupevng
Aoknong:

Avze (a,f8), ye(a,8) xar ke (0,1) wote kxz + (1 -k)y € (o, ).

3.2.2 ABpoiopata pn apvnukov aplbpov
Av ot apiBpoti aq, a9, ..., q, givat pn apvnukoi dndadr) woxvouv ot aq > 0,
az >0, ..., ap > 0 1dte IPOCHETOVTIAG AUTEG TIS AVIOOTNTEG £XOUTIE OTL KAt

a1 +ag+...+a, >0

To ouurnépaciia auto IPOKUITIEL KAl A0 TV av rapoupe ta 51, Bo, ..., By
va givat 6Aa pndév.

Mrtopoupie va arnodei§oupie 1o Iponyouevo oCUPIEpaca av otnpixboupe
otnv &§g napatfpnorn : Av £€xoupe €va orolodrrote aplBpod Kat tou rpocbe-
ooupeE €va pur apvnuiko apibpo Sa mmapoupe éva aptdpo nou Sa eivat peyaluv-
1ePOG 1] 100G ATTO TOV APXIKO. e GUPBOAKY yAowooa: Av givat m > 0 xat o ¢
etvatl onoloodnmote apOpog tote t < ¢+ m. Epappdloupe avt) v dotta
Slaboyka:

1. Eivar 0 < .
2. TIpooHetoupe otov (v TOV [r) apvnTiko apldpo as. Oa givat ag < o + o

3. IlpooHetoupie otov (g + (g TOV P APVITIKO aplBpo ag. Oa sivat o + g <
a1+ oo + a3

4. Tuveyxiloupe pe auto tov TPOIo £0g 0tou e§aviAnbouv ot apiOpoi pag.
Ao v petaBatiky) 1610tTa £X0UpE OTL:
O<oi<aj+ag<ai+ag+ag3<...<ar+ag+az+...+ay, (3.39)

Ao Vv tedeutaia oxEon CUPTMEPAIVOURE TMAAL 0Tl & + Qg + ... + ay, > 0.
duokda 9a propovoapie va SEKVHOOUHE arod éva dAdo ap®pod avil tou ag A.X.

oV Q9.
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108 3.2. Auwoomieg

Tt 9a ouvéBarve av oy (3.39) eixape ag + ag + a3 + ... + o, = 0; Ba ioyue
0 < a3 £0. Iou onuaivel 6t o = 0. ITapdpola Ppiokoupe o6t as = 0 K.0.K.
TeAkd 6Aa ot apiBpot eivat undév. 'Etotl €xoupe:

120, 220, ...,a, 20=> a1 +ag+ag+...+a, >0 (%)

. . . (3.40)
Kati 1 (*) woxvel cav woomta pévo av o =g = ...,=q, =0

Mapadewypa 17. Na arodeiybdei o1t av

ad+ai+..+ar>0
AnoaeigH: Ilpaypatt agpou kdabe terpdy®vo mpaypatikou apibpou sivat
B apvntikog aptfpog 1ote 1o ABpo1ojia 00OVONIIOTE TETPAYOVOV TTPAYHATIKOV
apBpwv ivatl pn apvnukog aptdpog.

Mapadewypa 18. Na arodeybei ot av a% +a% + ...+a3 = 0 t61e 6Ao1 o1 ap1Bpot

ag, g, ..., Oy €ival pndev.

AnoaEisH: [Tpoxkurttel amnd Ty A@ou éva dbpolopa un apvnukmy
apBpev (6ndadr v tetpayovev) eival pndév oda ta terpaymva sivat pndev
Kl eEMOPEVRGS Kat ot aptBpol eivatl pndév.

‘Aoknon 205. Na Bpeite Toug apiBpoug z, ¥y av eival yvooto 6t (z — 4)2 +(2- y)2 =
0.

‘Acoknon 206. T'a toug apBuoug =, i eival yveoto 6t 2 — 8z + y? — 4y +20 = 0. Na
Bpeite to x + y

‘Aornon 207. Ztug setdosig Mabnuatukev Texvodoyikng Katevbuvon I Aukeiou
tou 2000 o1 pabntég empere va Bpouv 8Uo apBpoug «, [ ano v 100t)Ta a’+ 3%+
2a0+ 1 = 0. Bpette toug.

‘Acrnon 208. Na anodeifete 6t av a + 42 + 43 = 3a8y to1e 9a eivar v+ B+ =0
na=p5=17.
Mapadewypa 19. Na arodeiybei 61

1. 2 +af+6%2>0

2. a’-aB+6%20

ANOAEIEH: [a v mpon avigdmia: Béloupe va anodeioupe ot o a’ +

af + (2 gival pn apvnukog. 'Exoupe BéBata 6o mpoobetéoug (toug a? kat
52]1'[01) elval 1eIpaymva Katl enopeveg 1o abpolopa toug eival Jn apvntikog
adAd untdpyet Kkat o rpocdetéong af Tou oroiou dev EEpoupe 10 TIPOONIO0 APOU
Sev Tépoupe ta af. Mriopoupe opwg va Siakpivoupe 6U0 MEPUTIOOEIS

e H eUkoin nepintwon sival otav éxoupe af > 0. Tdote o ap1Opog pag sivai
abpolopa TPV P apvnTiiK®V MPOocHETEMV KAl EMOPEVOS U1 APVITIKOG.
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e H xanwg mo vuokoin mepintwon sival 6tav af < 0. Zv mepintoon
auTt) PIoPoUlE vd YPAWOUE:

o?+af+ =

raf+82+ af-af = (a2+2a6+62)+(—a6) =
——
nipocBagpatpovpe

(a-B)+(-aB)
>0 +

ortoTe MAAL TIETUXAivoUupe va ypayoupe tov apibpo pag oav dbpotopa
B ApVNTIKGOV IIPOCOETERDV.

A@ou éxoupe eEaviAnoel TG MEPUTIVOELLS ] TIPWOTH aviootnta éxel arodeiyHei.
"Evag aAAog tporog yia va artodeifoupie tyv rpwtrn avicdtnta eivat va ypdyou-
pe:

o2 +af+ 2=

% -2 (a2+aﬁ+ﬁ2) =
~——
roAAariha-
olagoupe kat
Siatpovpe pe 2
1 2 2
5(204 +2af8+25%) =

(a2+2a6+52+a2+62):

N | =

%((a+ﬁ)2 +a? +62)

H tedeutaia apdotaon givat éva abpotopa pr apvnukov aptbpov o (a + 5 )2+
a? + % moAdaraciacpévo pe v detkd aplopod % Enopéveg eival pn ap-
vnuky. Ia mu devtepn avwoomta: Mmopoupe va éxoupe 8Uo arodei§elg
apopoleg pe g npotg. Erong propoupe va éxoupe pia tpitn anddeln
mou otnpidetal otV MNPt avicotnIa.

‘Aoknon 209. Na amnodeifete v Sevtepn avioétnta tou napadetypatog (I9)

3.2.3 TloAAamAaolaocpog avicot IOV

Eibape ot propoupe va noAdardacialoupe kat ta §Uo péAn piag avico-
mtag pe éva deukd apBpo kat va datnpeitat 1 eopd g avicotntag. Oa
a&lororjooupe autr) ty 1816tnta yia va roAdardactaloupe Katd péAn avioo-
teg. Movo nou oe avtiBeorn) pe v pooHeor avioot oV, OIToU PNIopoucalie
va ripocBEtoupie eAsUBepa aviootnteg TWPA £XOUNE €va Teploplopo: Ta péAn
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110 3.2. Auwoomieg

TOV AVIoOTTOV MPEMEL va eival detkol aptdBpoi. Ag urtobBéooupie Aotrov ot
€XOUE TIG AVIOOTNTEG:

a<B (%)
Kat

Y <6 ()
OTI0U 01 @, 3,7, d €ival 6Aot toug detikoi apBpoil. Tote moAdardaciadoviag Kat
ta 6Uo pédn mg (*) tov Jetkd apBpod v €xoupe

ay < By

rnioAAardaoiadovrag kat ta 8Uo péAn g (**) tov Setkd apdpo B éxoupe:

YB<6p

Topa apou ay < B kat By < 05 pe v Porbsia tng pertabatikng 1616t tag
ouurepaivoupe 6t ay < B9. 'Etot arobeifape ot:

O<a<p

0<y<o }:>O<oz’y<,3(5 (3.41)

‘Aoknon 210. Na amobeifete 611 av yia Toug 9etikoug aplOpols T, y 1oXUeL T < %
Kat y < % tote 7Y < 2.

‘Aoknon 211. Na arodsifete 611 10 ywdouevo 6U0 onolevdrmote apldpuav tou da-
otpatog (0, 1) eivat évag ap1Bndg nou eniong avrket oto (0, 1).
Mrmopoupe va 1oxuploboupe 1o 1610 yia to dadpoioua;

‘Aoknon 212. Ta toug apdpous o, [ woxvel 0 < a <4 -3 ka1 0< f <4++/3. Na
artodeiete o aff < 13.

Aopadmg 1 1810tnta (3.41) propel va yevikeuBel katl yla meplocdtepoug
ano duo apBpoug:

0<O¢1<,31

0< @2 < '82 =0<ajas...ap < 5152...ﬁy (3.42)

0<ay<pB,

‘Aoknon 213. T'a toug Setikoug apBpoug x, ¥y, T, a, 3,7y 10xVel T < % y < % z < %

Na arobeifete ot zyz < 1.

‘Acknon 214. Tpeig deukoi apiBpoi sivar Siddopot tou 1 addd 1o yrvdpevo toug
eivat 1. Agou Bpeite pepikég 1p1adeg t€towv apBpwv va arnodeiete yevika ot évag
touAaytotov 9a eival peyadutepog tou 1 kat évag touddayiotov da eivatl PkpoTteEPOg ToU
1.
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Av tpa 6dot ot apOpoi ag, ag, ...,q, €ival petagu toug 1001 ag rouvpe oot
pe a>0xatot B, B, ....0, 0ot pe B> 0 tote ) (B.42) éxe1 wg ouvénela tv:

(3.43)

‘Av 0 < a < fxratv sivat 9eukdg axépatog tote 0 < o < B

‘Aoknorn 215. Yridpyet KAmo1og AGyog rmou otnv dev «ermrpénouper otov v va
etval apvnukog aképalog 1) pndév;

, , , 2011 g

‘Aoknon 216. Na arodeifete ou (V2+1)" < g;%

‘Aornon 217. Na arodeiete dtav eivar 0 < p < g wote L+p+p? +p3 < 1+q+¢*+¢°.

H 16101tta npoUnoOETEL OT1 01 aP1BP0l MTOU PETEXOUV OTNV Aviootntd
etvatl Yetkol. Qotd600 OV MEPIMI®OT OTOU 0 €KOETNG £lval TEOITTOC PUOIKOG
n 1816tnta maAt wyvel. Ag urnobBécoupe ot o < B Kat 6t 0 v givat mepitrog.
®a 6eifoupe ot ¥ < (Y. Ag KATAypAWOUE TIG TEPITIOOELS ITOU £XOUNE
va avipEtRIiooupe. Eépoupe OTL otov Afova TV MPaypatikov to o givat
aplotepd tou B:

o B

Ag 6oupe topa tg duvatég 9éoeig v a, B oe oxéon pe 1o pndév.

0 «a S

1. |10<ax< ° ° *

!

LV MEPInMI®on auty) T0 CUNIEPAoHA pag 1oxvetl aro v (3.43).

=0 ﬁ

a=0<

N
!
[ XS

TV nepinwon auvty) o o eivat pndév kat o o eivatl 9eukog.

1% 0 S

a<0< . . °

w
!

Ty mepimwon avty) o ¥ eivat apvnukog (Supnbeite 6t o v eivar me-
ptttdg) kat o Y eival 9etkdg dpa mdAl 1o cupnépacpa 1oXUEL.

a =0
: : .
Eb¢ 10 oupriépaopa oxvet 810t o @ eivat apvnukog eveo o Y eivat
unbev.
a S 0

Ebd0 kat o1 6Uo apiBpot ivat apvnukoi. Mriopouoajie va gadpavicoupe
pia avicotnta Kat pe ta 8o péAn Setika av noAdarnAaciacoupe emi —1.
Aou givat a < 8 < 0 9a eivar ka1 0 < - < —a. Topa pnopoupe va
ePaPPOCOUNE TNV kat va éxoupe (—3)” < (-a)”. Méver axopn
Alyn doudela: ‘Exoupe tote 6t (-1)7 Y < (=1) ¥ 6ndadry Eavadupn-
Seite 611 0 v givat meptttog) — 57 < —a¥. TloAAdarmdaocialoviag mdAt emi —1
éxoupe ou ¥ < BY.
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112 3.2. Auwoomieg

Arnodeifape Aoutdv ot

(3.44)

‘Av a < fxratv eivat 9etikog meprrrdg ote 0 < o < B

‘Aoknorn 218. Na cuykpivete Toug ap1Opoug (1 - \/3)3, (2 - \/5)3

‘Aoknon 219. Na amnobeifete 61 yia kabe paypatikd aplOpo T 1oxvet

3

22+’ + 27

<z+l+(@+1)>+(@+1)"

'Oneg KAl Pe TV Ipoobeon €101 KAt € TOV ITOAAATIAAC1A0110 PIIOPOUHE va
roAAarAactadoupe Katd PEAn aviootnteg YKoV aplOp®v ITou ouvdéovtal pe
10 <. To avddoyo g (B.41) sivar

O<a<p
0<vy<d

} =>0<ay<pé (3.45)

Av pia touAddyxiotov aro TG aviootnieg €ival yvrowa T0Te 1] aviootia rou
TPOKUITTEL eivatl yvrjola. Avadoya nipocappodovratl kat ot (3.42), (3.43), (3.44).

‘Acornorn 220. Na anodeifete dn av z € [2,5] xat y € [3, 4] tote xy € [6,20].

‘Aoknon 221. 'Eva opBoyovio okonedo £xet Siaotdaoslg 20m x 15m. Karmolog pe-
1pdet 11§ H1a0TAoelg Pe peTpotavia Katl 10 oPpadpia otnv PEIPNOor T0U KUPaivetal oto
+5cm. Metadu nowwv opiev propet va Bpioketat to epBadov rou Sa petpnoet;

3.2.4 Mia xprjomun coduvapia

Ag uroBeooupe ot 0 < o < 3. Téte EEpoupe g yia KABe 9etkd areépalo
v ioxuel of < 5Y. Av topa §Epoupe amlmg ot ot «, B gival dstikoi apiBpoi kat
-TIEG Y1a Tov IeTKO akEpato v woxvel ¢ < Y pumopoupe va cuyKkpivoupe Toug
«, B; Av Byaivel karolo cupriépacpa Aoyikda 9a mpénet va sival nog a < 4
OU®G auto eival kat rou 9éAet anodedn. Ag ypdwoupe 0Aeg T1g Suvatég mept-
mooelg ypagoviag autr) rou dédoupe va arodeifoupe tedeutaia. Ot Suvateg
TIEPUTIOOELS Eivat

e =0
e a>f

e a<f

TV mepimmoon onou « = [ 10te 9a £xouue kat of = Y mou épyetal os av-
1i6eon pe v undbeon pag o ¢ < BY. ‘Apa 1 MEPIMTOON AUT MPEMEL va
anopp1pOet.

v nepintowon orou a > B apou ot «, B sival dsukoi apibpoi kat o v &i-
vat detko axépatog 9a €xoupe ot ¢ > [Y mpdypa mou Kat autd £pxetal o
avtibeorn) pe v unobeon pag. Apa Kat n HeUtepr) MePIMI®OOT MIPETIEL VA ATIOP-

p1pOet.
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Aropével 1ovo 1) Tpitn mepintoon 1 oroia eAAsipet «avurddov» oxvetl. Emo-
péveg arodeiape o n (B8.43) propet va evioxubei kat va yivel i1coduvapia

Av a>0,8>0xkato v sivat 9etikog aképalog tote W0XUeL 1 1W0oduvapia:

a<f<ea’<pg” (3.46)

‘Aoknon 222. H anédeidn nou mponynbnke tng eival ouykaAuppévn ara-
yoyr oto droro. Na Satunidoete radt v andden oote n epappoyr] g peboddou
NG AMAY®YIS OTO ATOITO VA YIVEL QAvepPD).

‘Aoknon 223. Na piundeite tv anédeidn g (3.46) yia va anobeilete nv emoépevn
1ooobuvapia (6ev avagpépetal kat avayknv o deukoug «, [3):

Av o v eival 9e1kOg IEPITTOg TOTE 10XUEL 1] 1006uvapia:

a<fea’ <f” (3.47)

‘Acknon 224. Na arnodeifete 611 yia ke {eUyog Setkmv apdumv a, 8 1oxUet
a<fB=>l+a+a’<1+8+ 5>
l+a+a’?<1+8+82=>a<p

‘Acornon 225. Na arnodeigete 61t

Av o v gival 9etikOg akEPAlog TOTe 10XVUEL 1] 1ooduvapia:

0=B<al=p (3.48)

‘Aoknon 226. Na arnodeifete 61:

Ava>0,0>0 kato v sival 9etkog mepttrog tote 10XVeL 1) 1ooduvapia:
a=p<a’=p"

(3.49)

3.2.5 Zuykpioeig

Av 1 ouykptlon SUo Setkov aplBuev pag eaivetatr SUOKOAN evdexetatl 1)
OUYKP101 KATIO1®V SUVAPE®V TOUG va £lval EUKOAOTEPT KAl A0 TV GUYKP10T
1OV dUuvAapEe®V va PIOPECOUE va TIETUXOUE TNV ApX1KY OUYKplon. Ag Soupe
G PITopel va yivel autd pe pepika napadeiypata.

Mapadewypa 20. Na ouykpiBouv ot apibpoi V5 + /8 ka1 V6 + V7.

Avor). Aev EEpoupie 10106 aro toug §Uo ap1Bpoug sivat o peyaAutepog 1 av
etvat ioot. Eexkwvape pe pia «urobeon epyaoiagr A.x ot eivat V548 < V6+T
Kat ouveyiloupe pe 10oduvapeg potaoelg. Eivat

VB4 VBV VT e (VB+VB) < (VB4 )

p1
p2
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Av 1 p2 eivat aAndng Sa eivat kat n py. Av eivat Peudrg Kat 1oxVUEL 1 AvicotnTa
pe avtiotpodrn @opd T0Te KAl 1] Py €ivatl Peudr|g Katl 10XUEL 1] Aviootntd HE TV
avtiotpodn @opd. Av t€Aog 1 po eival Yeudr|g Kat 10XUEL oav 100TTA TOTE KAl
n p1 €ivatl Pyeudrg Kat 1oXUeL oav 100TNTd. Avantuoooviag BPioKoUpE :

(¢5+¢§)2<(¢6+ﬁ)2©13+4\/3\/§<13+2¢6ﬁ

p3

p2

Ot 181eg mapatnpr|oelg MOU KAVARE Y1a TIG P1 KAl P2 10XUOUV yid TS P KAl P3.
Meta ug Saypadég tou 13 €xoupe:

13 +4V5V2 < 13 + 2V6V7 < 452 < 2//6V7

p3 P4

arorowwvtag 1o 2 (6nAadr) rmoAdardaociadoviag pe % gxoupe

4VB5V2 < 2V6VT < 252 < VBT

pa Y43

Yywvoviag raAt oto 1eTpayevo PpioKoupeE:

2W5va < VBVT & (2V5v2) < (VBVT)

ps

D6
KAl KAvovtag TiG IPAgetg £Xoupe:

(2%5\/5)2 < (Jéf?)Q o 40 < 42

pr

Ppe

BAéroupe ot n py eivat aAnbng emopéveg n uvnobeon pag pr eivat aAndrg.
Zupniepaivoupe ot eivat \/5 + \/g < \/6 + \/7 .

HMapadewypa 21. Iug edetdoeig Mabnpauxkev Fevikng [Madeiag I Aukeiou 1o
23 a1
2003 o1 padnrég Empere va oUykpivouv toug apldpoug 53 Kat 83 . Bpeite

To10 €ivat T0 AmoTéAEo|A TG OUYKPLOTG.

8

Avor. Epyalopevot oreg rptv €xoupie 5

2 2
{2 oLF < (2] (4
8 5 8
238 41
H<F o 2.8 <52 < 23.-82 <4152 « 1472 < 1025. BAéroupe 61 n
tedeutaia oxéon eival weudrg aviootnta. loyuvetl 6e n avicdtnta 1472 > 1025.
Emnopévag kat 1 apXky aviootnta sivat yeudrg Kat 10XVEL 1] Avicotnta HE TV

avtiotpon @opa dndadr): ~+=
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Mapadewypa 22. Xug eietdoeig Mabnuaukeov Katevbuvong I Aukeiou 1o
2010 oe karowa Avon evog 9éuatog o1 pabniég émperne va arodeifouv ot
yla 6Aoug Toug mpaypatikoug apdpoug x woxvet  + V2 +9 > 0. Na 600si
pia anodedn.

Adon. Eivat 2z + V22 +9>0 < V22 +9 > —z. H 16¢a etval va vpodooupe
OT0 TeTPAywvo aAAd ) 18¢a autn dev ropei va epappoodet yiati dev EEpoupe av
Kat ta 600 péAn sivat Sstikda : Eépoupie povo yia 1o ripwto. I'a 1o & undpyxouv
TPEIS TEPUTIOOEIS

e £ =0. Téote n V22 +9> —x yivetat V02 + 9 > 0 rou 1o0xUeL.

e x >0. Téte 10 B’ pédog g Va2 +9 > —x eivat apvnukoé kat 1o a’ pélog
etvat 9etiko orote 1 aviootnta aAnOesvet.

e r < 0. Téte kat ta 8V0 pédn g V2 +9 > -z eivar Setkd kat £tot
2
éxoupe V22 +9 > —z = Va2+9 > (-z)? @ 22+9>22 = 9>0H

tedeutaia aviootnta eivat aAnbng dpa Kat n npI.

3.2.6 H «avtiBetnp kat n «aviiotpodpr» avicotntag

Av €xouyie 800 avicoug apBpoug o < [ tote moAdardaoiadoviag eri —1 Sa
gxoupe —a > —f. PuokA aro v avicota —« > — UIMoPOUHE va «ErmaveéA-
Souper otnv a < B moAdarndacialoviag emi —1. 'Exoupe Aowrov ot:

la<f<-a>-p] (3.50)

H [3.50] erubéxetatl kat pia ardr) yeopetpikn egnynorn) : Maipvoviag toug avti-
Setoug ap1Bpev naipvoupe otV oucia Ta CUPPEIPIKA ToUug ©¢ rpog to 0 kat
ETTIOPEV®G 1] «OEPA» AVTIOTPEPETAL:

B - 0 a B

O avtiBetog oxetidetat pe v npoodeor. To avtiotoixo Tou aviBétou yia
Tov rmoAAarAactacpo ivat to aviiotpogo. TiBetatl Aowov 1o gpotpa: Av yla
8U0 1 undevikoug ap1Bpoug yvepiloupe 6t a < 5 TOTE T PIIopoulE va TIoUpE
yla v oUyKp1lon eV é, %; Ag tapoupe pepika eUyn apldpov:

e 2 < 3. Ebw yla toug avtiotpopoug 1oxUel % > %

e -2 < 3. Eb0 yla toug avtiotpodoug 1o} Vel _% < %

e —3<-2. Ebc 10xUsl %3 > }2

Zinv deutepn mepirntoorn Ornou ot apidBpol eivatl E1epOONIOL TO ATTOTEAECA TO
niepipévape: APou o évag apiBpog eival 9etikog Kat o addog eival apvntikog
Kal 0 avtiotpodog evog apibpou eivatl opdonpog Pe tov apXiko 9a 1oXUEL o-
T1 0 avtioTrpodog Tou apvnTikou Ja eival PIKPOTEPOG ATIO TOV AVTIOTPOPO TOU
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Yetikou. Tia v nepimtwon omou ot apBpol eival opoonot @aivetat ot av-
TioTPOdO1 Va 1KavoIrolouv aviootnta Pe aviiotpodpn @opd adAd @uolKAa auto
9éAel andden. Ag Satuniwooupe autod rou Edoupe va anodeioupe:
. S
® Av a, f opdonpot pe a < 8 tote = > 3

Ag 6oUpe pia anddedn nou ekvdel ard 1o anodeiktéo dndadr) auto mou
9¢Aloupe va qnoﬁa@oupa:é > % = é - % >0 < Ba;ﬁa > 0. H teAdeutaia oxéon
aAnBevetl agou [ — a > 0, af > 0 eropévag aAnBevst Katl n apxiky.

Mua ddAn, Ox1 moAU Slagopetiky] arddeiln fekivael amo v unobson pag
a < fB. Agpou af > 0 9a woxvst kat O% <35 orndte % < é KAl EMOUEVRG é > %
‘Apa 1oxUEL:

, , , 1.1
Av «, [ opdonpot 1ote 1oxvel a < < — > — (3.51)
«

sy

‘Acknon 227. v (3.5]I) anodeifape pévo v katevbuvon =. H kateubuvon <

ylati 1oxve;

‘Aoknon 228. Na anobeifete 611 av yia toug 9stikoug apdpovg «, 8 woxvet a <

. . 1 2 1
TOTE 1oXUEL o > a+B > R

‘Aoknon 229. Ozwpovne ta avoiktd dtactuata A = (—o0,-1), B = (-1,0), C =
(0,1) xa1 D = (1,+00). Av o apiBpdg x avrket (4 mepumtooelg) ota Saotipata
A, B,C, D ot oo 81dotpa aviret o aptfpog %;

‘Aoknon 230. Yrnobitoupe 6Tt yia toug 9etikoug aptbuoug p, ¢, 7 10XVl p < g <

D =

1. Na arodeigete 6t p < 1.
2. Na arobeigete 61 p < g < %
[610t1teg TRV TETPAYOVIKGOV p1ov
v evomnta auvty Sa 6oUpe MG OUVOEETAl 1 TETPAY®VIKI] pida pe TG
npddelg. Ag egetdooupe v pddn g npoobeong. Ag Soupe tov akoAoubo
mivaka

a+B | Vo | VB | Va+B | Ja+ /B

g
4 | 9| 13 | 2
9

3 V13 5
16 25 | 4 | 3 5 7
0 |16 16 | 0 | 4 4 4
144 | 25| 169 | 12 | 5 13 17

BAéroupe 6t ot apdpoi /a + /B kat \/a +  tvat icot pévo oe pia 161Ky
MePim®on £Keivn Omou o évag amd toug 6uo apiBpoug «, B sival pndév.
Ernopévag 8ev 1oyt kavovag mou va Aéet ot v/a + 3 = \/a + /B. MdAota
propoupe va anodeioupie ot 11 povadikr nepinworn Ornou 1oxvel 1 100t ta
Va+ B =/a++/B etvat étav kamnotog ané toug a, S etvat pndév:
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‘Aoknon 231. Na amodeifete 611 yia Toug pn apvnukoug apldpoug a, 5 1oxUel
\/04+6:\/a+\/§©a:0 n B=0
‘Aoknon 232. Ta rota {euyn aplBpov a, 3 woxvel iy w06tta /o - 8 = Ja —/B;

®a efetdooupe twpa v Pddn tou nmoAdardaciacpou. Ag doupe tov ri-
vaka:

Bl aB | Va| VB | VaB | VaVB

40 9| 36| 2| 3 6 6
16| 9|144| 4| 3| 12 12
16| o| o 4 0 0
25100 2| 5| 10 10

BA¢noupe ot undpyel pia oupgwvia otoug aplBpoug tov dUo tedeutaiov otn-
Acv mpdypa mou arotedel £vdeln ot evdéxetal va 1oxvel ) wotnta /o =
Vay/B. Mropoupe va ehéyEoupe v 10XV TG 100TNTAG AUTAG HE TOV TPOTIO

rou pabape onv [3.2.5)
VaB =van/8 <

(V) - (V)

() ()

\/@2:\/52\/52‘:»
af =af

AgoU 1 tedeutaia wootta aAnBevel aAnbevel Kat n w0odUvapn g aApPXKY
100t ta. Arnodeifape Adortov 6t yia Kabe (guyog pun apvnukov aplopev o, 5

oxuvet:
VB =a/B (3.52)

H 1810tnta (3.52) propet va enexktadel kat yla yivopeva reploocotépav tov 6uo
apBpov. A.Y.:

Vapy=va (B - Va/Br = a/ByvA

Ag 6oUpE TOpa TNV OUPTEPIPOPA TRV TETPAYOVIKAOV P1{dV ota nnAika:

al| p
9
16| 9
16
25

N| O N E

=
| O [eol wlw§|@\
| O [eelk e §|§

R o ©|5| o | wle
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118 3.2. Auwoomieg

Ao v oUPIMIEOoT TV 6U0 Tedeutaiov oAV @aitvetal 0t eviExeTatl va 1oy UL
\/% = % MrtopoUpe va EMKUPOOOUE TNV MAPATPNon autr Ke pia arod-
6e1&n napopola pe exkeivn g (3.52):

:JBQ
a2
BB

Amo v 10XU ¢ tedeutaiag 100TNTag oUVAYOUHE TNV 10XU TG apXIKHG Kat
eMOpEVRG £xoupe arodeiel ot yia kabe Leuyog apbuav «, f pe a > 0 kat
B > 0 1oxvet

a_va (3.53)
B VB
H anédei€n nou 6aocape oy (3.53) propsi va ouviopsubei av otnpixboupe
oy (3.52):

(67
_B:a:

B

e
—0B=ya =
g \/_arlé

B-va=
(6%

B
\/gf
-5

YrievOupidoupe 6Tt 1 TeTpayviky) pida /o evég pn apvnukou apidpou a sivat
0 PovVadikog Pn apvnTikog apldog mou UYPOUEVOS OTO TETPAY®VO pag Sivel
tov apdpé «. Autd onpaitvel puokd ot /o~ = a. Tlpokertat yia pia 1616-
TNTA TIOU TNV £XOULE XPI OO0 0l TTOAAEG (POPES. Ag UTToBEooUIE TMPA OTL
pag evblageépetl va Bpoupe TV TEIPAY®OVIKI pida tou pn apvnukou apifpou
a? 6nAabn va Ppoupe tov Va2 Availntoupe éva purn apvnuko apldpo rmou
UPoupevog oto TeTpdywvo da pag dwoet tov a?. Autog 9a eivat o a av givat
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a > 0. Av opweg a < 0 tote 0 ap1Bpog rou {ntape sivatl o Yeukog apBpog —«
(rtou £ ioou kadd Hivet (—oz)2 = o) xat o1 0 a. Zuvoyidovtag €xoupe:

og202>\/52:oz
— a a>0 (3.54)
a_{—a a<0

‘Aoknon 233.
Na eraAnBevoete TG 100TNTEG
1. V22.34.58=2.32.5¢
2. V311.519.114 =3°.5°.11%/15
3. V3573117 =32.7-113/231
‘Aoknon 234.

Ot apBpoi «, 8,y eivat 9eukoi. Na ardonorjoete 11§ apactdoeig:

1. A:\/O[264 3. T'= ,0[2 ﬂ4 ')/

2. B=\/a832+* 4. A=+/aPB77

3

‘Aoknon 235. Ot apiBpoi a, §,7 etval Seuikoi. Na ardomnoir)oete 11§ TapacTAsElS:

— _at _ af’\/ﬁ—‘l
1. A 710 3. I'= NG

_ a3ﬁ2 _ 4a4
2.B—\/ 8 4.A—\/W
‘Aoknon 236. Na arnobeiete ot V2 - /3 = %\/i\/g - % 2

‘Aoxrnon 237. Na arodeifete dttav ity = a++/B, t2 = a — /B w0t :

1. t; +ty = 2a 3. 2 +12=2a2+28
2. tita=a?-f 4. 3 +13 =2a% +6ap

‘Aoknorn 238. Na armoroioete Tig MapaocTdoelg

1. /32 4. —\/(-3)°
2 2
2. \/(-3) 5. 1/(3-V3)
2
3. —V/32 6. \/(1-V3)
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ESionoeig

Zuxvd oe pia 1w06tmta avadniovpe yla mMoleg TIHEG KATIOI®V «YPAPHPATOV?
(petaBAntev) aAnBevel. Aépe tote o1l €xoupe pia efiowon. Ot TIEG TIOU TV
enaAnBevouv Agyovial kal Avoeig g 1) pifeg tns. H drapopd piag tavtotntag
aro pia e€ioworn sivat duobiaxpin. Mia e§ioworn propei va eivatl tauvtotta
aAdd kat pia tavtdtna priopei va 9ewpnbei oav egiowon. Ag mapoupe v
ootnta

(z+1)* =22 +2z+1

Autn eivatl aAnBrg yua kabe tir) tou T KAl €EMOPEVRG £ivatl pia tauvtotnta.
Ao v dAAn pepld n i6a womta propet va 9eswpnbel wg efiowon orou
evdlapepopacte va paboupe yia 1oteg TipéG tou & aAnBeuvetl. Tedika aAnBevet
yla KaBe mpaypatiko aplfpo  Kat EMOPEVRG KAOs paypatikog apibpog pro-
pet va dewpnbei wg Avon tng. Av «relpdfouper Alyo v mponyoupevn oX£oT)
KAvoviag 1o 2 tou 8eutépou péAoug 3 £Xoulie Vv 100 Ta

(x+1)*=2?+3z+1

BAfroupe eUKOAA OTL £XOULE H1a 100TNTA TTOU gival aAndng povo yua x = 0. Av
doupe v oxéon aut) oav §iowor tote auty) £xet Avor to (. Av «aielpa§ouper
NV apXKy oxéon ardimg addaloviag 1o 1 tou deutépou pédoug ot 2 Sa eixape
v

(x+1) =22 +25+2

1 omoia podpaveg dev eraAnBevetal yia kaveva x. Aépe ot eivat advvarm.

Mia e§lowon propet va éxet éva ayveoto oneg n « — 3 = 0 6o ayvwotoug
onwg n x — Yy = 4 ) Kat neploodtepoug ayvootoug. v x — 3 = 0 Avor eivat o
x = 3 Rat kavévag dAdog. Zinv = — y = 4 éxoupe moAdég Avoelg: =4, y =0
v x =5, ¥y = 1 K.0.k. MnopoUe va roupe ot ot apibpoi 4 kat 0 eivat Avoeig
NG EVVOMVTAG OTL AV avilkataotr)ooupe 10 = pe 4 kat 1o y pe 0 tdte 1 e§iowon
eraAnBevetat. Aev emaAnBevstal OP®S AV AVIIKATACTAOOUNE T0 ¥ Ye 4 Kat to
x pe 0 6101 0dnyoupeba oy weudr) oxéon 0 — 4 = 4. To 1t avukabiotatal pe
T €xel onpaocia. 'a tov Adyo autd cupdpavoupe va divoupe pia oglpd otoug
ayveotoug g egionong:

log ayvwotog, 206 Ayvaotog, K.OK.

KAl OUP(POVOUHE 01 apiBpoi mou avagépoupe ot ertaAndsvouv v egiowon va
AVTIOTO1X0UV OTOUG AYVMOOTOUG HE aUTr) TV Oelpd. ZUPBOAKA auTto to metuyai-
voupe ypadoviag ToUG ayvaeotoug oav diatetaypéva {euyn 1pladeg, K.0.K KAl
ToUg ap1Opoug rou ertaAnBevouv pe Tapo}1010 TPOIIOo.

'Etot oty §iowon x — y = 4 éxoupe ayvootoug (z,y) xkat Avoeig ta Sate-
taypéva gevyn (z,y), (5,1), (11,7), (-11,-15) k.T.A.

Ty e&lowon -2y +2z = 7 pavialdpaote ToUug ayvootoug oav Statetaypéveg
tpuadeg (z, y, z). Ottprada (1, 1,8) eivat Avon g e§iowong yuatiyaax = 1,y =
1,z = 8 n e&iowon emaAnBevetat eve 1 tp1ada (1,8, 1) dev eival Avon g yati
va z =1,y =8,z =1 n efiowon dev enaAnBevetat.
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‘Aoknon 239. Eivai o apiBpog x = 3 Avon g e&lowong 3z = 9; Tng % =9; Tng
2T = 9; Tng 2® = 27; Tng 2 = 2T;

‘Acornon 240. H tpwada (2,3,6) sivar Avon tng ediowong = +y + z = 11. Bpeite
HEPIKEG AKOUD TPLABEG TIOU va gival AUoEG.

H efiowon az + 8 =0

H e§iowon ax + 5 = 0 ovopddetar kat eficwon mpwtou Baduov (1) mpwto6ds-
wa) pe éva ayvworo. To yiati pe éva ayveoto givat pavepo. TlpotoBadpia 610t
10 d' p€Aog givatl éva MOAUGOVUHO TO TIOAU £mg rpwtou Pabpou. H emiduon ng
£€1000NG AUTAG eival yveotr] arnd 1o I'upvdaoto Kat av £X0UHE OUYKEKPTIEVOUG
ap1Bpoug sivat oAU amin :

Mapadewypa 23. Na Aubei ) §lowon: 2x +8 =0.

Avon: 2x+8:0©2x:—8©/2;—‘”:_78©x:_78@»:)::—4

Mapadewypa 24. Na Aubei ) e§lowon: Ox +8 =0.
Avon: Oz +8 = 0 < Or = —-8. BAénoupe nwg orowo apiBpo kat av

avukataotfjooupe otnv 9¢on tou x 9a napoupe 0 = —8. Enopévag n e§iowon
bev €xe1 Auon kat eival aduvarn.

Hapadewypa 25. Na Aubsi ) ediowon: 4 (z +5) = 2.

Avon: Eb0 xpewalovial pepikoi erurdéov xepopoi: 4(z+5) = 2 <

dz+20=2<4r=2-20=4dr=-8= 2= < z=-

] e}

Hapadetypa 26. Na Aubsi ) e€iowon: 4 (z +5) = 4z + 20.

Avon: 4 (x+5) =4x+20 < 42+20 = 40+20 < 4r-42 = 20-20 < 0x = 0.
BAénoupe ot 1 tedeutaia egiowon Ox = 0 (semopéveg Kat n apXikn) £xet Avon
ortolovdrote ap1Bo apou KABs ap1Opog otnv Y€on Tou v ertaAnOsvet. Aé-
e ot 1) e§iowor) eival TautomTa. ZUuXva XProtponoleital Kat évag aAaiotepog
aAAd oy akpiBng opog: H e€iowor) eivat adpiom.

Tevikd 1 egiowon ax + 6 = 0 ypagetat ax = - rat

e 'Exetl pia povadikn Avon x = —g av etvat « = 0.
e Aev £xel kappia Avon nAabr eivar aduvatn av a =0, 8 # 0.

e 'Exet kdBe ap®pd cav Avorn 8ndabdn eival tautdtmta av o = 5 = 0.

‘Aoknon 241. Na AUoete Tig TApaKAt® £§1000e1g (AyveoTog stvat o x):
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122 3.3. Ewowoeig

1. 22+8=0 4. Lz+t=0, (%0
2. 3r-8=13 5. (a+ )z -a=0, (a+-1)
3. ar+t=0, (a+0) 6. —ar+4=1, (a+0)

‘Acoknon 242. Na AUoete 11§ TAPAKATE e§1000E1G:

1. 6(z+3)-5x=26 4. 60x+1=3(3+4x)
2. 6(x+3)-5r=26+x 5. (6-2)(x+4)=8-z?
3. 4(4+22) =60 -3z 6. (z-3)°-5(10+z)=22-38

‘Aoknorn 243. Na AUoETE Tig TAPAKAT® E§1000E1G

1. 3x+100:§+§—4
2 S5z—11  z-1 _ 1llz-1
: 4 10 — 12

3 4 7 27

tox+2 + T3 (z+2)(x+3)

30 15 S5+4x _
4. T+5 3 z+5 =0

5. 3(z-1)(z-2)-(z-3)(z-4) =2z +7)(x+4)
6. 2z -2 =1(162-3)

3.3.2 E&iowoeig rou avayoviat oty edlowon az + 6 =0

Znv doknon OUVAVINOATE KAMOEG £C1000EIS TIOU HE Alyeg TPASELS
KatéAnyav oe e¢lowon g popeng ax+ 5 = 0 Katl emMopévag Propouoav eUKoAa
va AuBouv. Ag doupe PEPIKEG AKOMI TIEPUTIAOELG :

Mapadewypa 27. Na Aubei ) e§iowon :

r x+1
—+ =8
3 4

Avor. AxolouBoupe pia teEXVIKY mou eival yveotr arod to Tupvaocto:
[ToAAarAaotadouiie Pe T0 EAAX10TO KOO TIOAAAITAGC10 T®V TIAPOVOHACTOV KAl
€101 TeTUYaivoupe va yivel analoidr] 1@V IapovoPacToVv. % + %1 =8 <

12(%4—%):12'8@4.%4-3(564-1):96©4.’E+3.’E+3=96<:>CC=%

Mapadewypa 28. Na Aubei ) e§iowon :
2 3

r+1 4

Avorn. Ebdwm éxoupe éva mapovopaotr] mou dev {Epoupe T eivai: tov
z + 1. Eme1dr) 6 pnopet va eival évag mapovopaoctig pndév apou Siaipeon
61a tou pndevog He pmopet va yiver 9a mpénet va unobeooupe amo v apyxy
o x+1 # 0 6nAadn 6t z # —1. TIpoxwpoUpe NV €rmiAuon HE AUTH TNV
poUnobeon 1) 0TS aAAiig AEPe e auto Tov eptopoud. a va €xouv vonpa
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avta ou Sa ypayoupe otnyv ouvexela npenel © # —1. 'Exoupe: % = % <
2-4=3(zx+1)=8=3x+3 = zx= % Katl n Avon rou Bprkape sivatl Hekr)

agou eivat 1agpopn tou —1.
Mapadewypa 29. Na Aubei 1) e§iowon:

3 N 6+x 5
z+2 (z+2)(z+1) z+1

Avorn. Ebw mpénet va urobécoupie o1l 01 TIAPOvVORaoteg pag - + 2, + 1
givat dragpopetikol ard 1o undév 6ndadn out z # —2,-1. Amno kel Kat nEpa
HIopoUPE va KAVOURE arnalolpr] rapovopaoct®v noAdarniaoiadoviag Kat ta
8Uo péAn g etiowong pag pe o (z +2) (z + 1). Exoupe:

3 6+x 5
+ = <
z+2 (z+2)(x+1) zx+1

3 N 6+
x+2 (z+2)(z+1)

(x+2)(x+1)( ):(x+2)(x+1)%©

3(x+1)+6+x=5(r+2) e .. oxr=-1

H upr) nou Bprkape e propet va yiver dekiry dndadn npénet va aroppipOet
61611 aviBaivel otov apX1Ko Teploplopd mou déoape. Bprkape pia tpr v
oroia &e priopoupe va dexBouie Kat enopévag 1 e6iocworn pag sivat aduvar.

Mapadewypa 30. Na Aubei 1) e§iowon:
(4-3(z-2)) (V2z-1) (z-1) =0

Auon. E60 £xoupe éva yivopevo 100 pe 1o pndév kat enopévag mpérnet va
£getdooupe TIOTE 01 MAPAYOVIEG TOU £ival Pndev:

(4-3(z-2)) (V22 -1)(z-1) =0 =

4-3(x-2)=0
1
V2zr-1=0 =
I'] AUvoupE TG EMUPEPOUG EG100OELS
z-1=0

10 1, .

xr=— €r=— xTr =
3 V2 !

MrniopoUpe va analAayoupe aro Tov appnio mapovopaot) Kdl va Iapouotd-

OOUJE T1G AUOEIS WG T = 1—3?, T = g z=1.

‘Acknon 244. Na Auoete 1§ 51000816 :
1. (22-6)(x+3)(5xz-6)=0
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124 3.3. Ewowoeig

2. (3-22)(4x-20)(x+2)(4+22)=0

‘Aoknon 245. Na AvUoete Ti§ TAPAKAT® 10001 APOU avaAUoETe O YIVOHIEVO Tia-
PAYOVI®OV TO TIPAOTO 11€A0G TOUG:

1. 22-4=0
2. 422-9=0

3. 22 -2x+x-2=0

3.3.3 Ilept mapapérpav

Hapadewypa 31. Ag urnobiéooupe Ot éva Kvnto Kiveital oe éva afova pe

apX1Kn taxuinta vy = ngZ Kat erutdyuven a = SQQ% Metd and nooo Xpovo 1
Tayutnta tou 9a yiver v = %’Z; [Towa Sa sivat n anavinon av n emraxuvon

etvat a = 22%; Av sivar a = 22 ;
sec sec

Avor. 'Exoupe va anavirjoouye oe 1pia epwtfjuata. Mia Adoyikr eivat va
AIAVINOOUE O KABE epOTNUIA XOP10TA :

‘Otav a = 326% Avukabiotoupe oy yveotr) e§iowon v = vy + at Kat £Koupe
010 KatdAAnAo cuotnua povadev 6 =3+ 2t < 2t =3 <t = % dnAadr
t =3 sec
2

‘Otav a = 316% AvuxkabBiotoupe otov 1610 tUro kat éxoupe 6=3+1-t <t =3

dnAadr) t = Isec

‘Otav a = si% AvuxkaBiotoupe otov 1610 tumo kat €xoupe 6 = 3 + 5t < bt =

3« t=36ndadn t = 2 sec

Mia dAAn doyikr eivat va mpoog§oupe 6t 0Aa ta 6ebopéva pag eival kabe
Popd otabepd eKTOG aro €va mou addader: Tnv emtaxuvon. Ag Kpatrooupe
Aowtdv 10 ypappa a yia va SnAooetl Ty emraxuvon Kat avilkabiotoupe otov
TUTIO OAd ta urnddoina yvootd. Oa exoupe:

3
6=3+at<=at=3<=t=—
a

Edw o anartovpievog xpovog eivatl eKePPacIEVOG CUVAPTIOEL TOU 11ETaBaAAo-

pevou debopévou a. Mriopoupe T@pa EUKOAA VA AVIIKATACTI|OOULE OTNV OXEOT)
_3 , ' : , :

t = 2 TG TG B1aPOPETIKEG TIHEG TOU @ KAL VA £XOUHRE TG TIHEG TOU XPOVOU

ToU pag sviiapEpouv.

210 mponyoupevo rapddetypa sixape va Avcoupe v egiowon 6 = 3 + at
pe dyveoto 1o t katl 1o a va eivatl éva petaBAnto dedopévo. Ovopddetatl kat
napauerpog. H Aégn napaperpog epgavidetatl pe Siadpopetiky onuaocia ota Ma-
Inpauka. Xe YeVIKEG YPAPHES £XEL TNV onpaocia evog petabAntou dedopévou
TIOU EMIPEALEL KATIOIEG AYVOOTES TIHEG.
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Mapadewypa 32. Na Aubei og ripog = 1 e§iooon A2z +2 = \ + 4x.

Avorn. Katl €66 £xoupe pia mapdperpo to A rou ennpeddel g Avoeig.
Axkoloubwvtag v ocuvnOiopévn poutiva Bpilokoupe:

)\21’+2:)\+4x®)\2x—4x=)\—2©()\2—4)x=)\—2

Etopadépaocte va Siatpéooupe pe 1o A2 — 4 xat ripénet va efaopadiooups 6t
etvat dragpopo tou pndevog. Ag Soupe mote eivatl pndev. Eivat

M_4=0OL-2)(A+2)=0=A1=2 A A=-2
AUTEG TIG «eVOYXANTIKES TIHEG AG TIG HOUHE X®P1oTA :
e 'Otav A = 2 1 g§lowon pag yivetar 0z = 0 xat eivat tautota.
e 'Otav \ = -2 ) e§iowon pag yiverat Ox = —4 xkat eivar aduvar.
Arnopévouv topa ot TiéG rou dev pndevidetatl o ouvieAeotng A2 -4
e ‘Otav A # +2 n e€iowon AUvetal @G IPog & Kat £X0UHE

A-2 A-2 1

D T I O W) ¥ G W) B W

‘Acknon 246. TI'a tg Si1agopeg Tiég tou A va Aubei ) ekiowon:
A+3=5(x+)\)-1

‘Aoknon 247. T'a noiég Tpég tou A n ekicwon
A-1)z-X+1=0

L€ AYVOOTO TO T £XEL TIEPLOOOTEPEG ATTO [l AUOES;

‘Acoknon 248. Ta noiég Tipég tou ¢ 1 ekicwon
t(x+1)-3t=x-t

€XeltAvon 10 T = 5;

‘Acoknon 249. 'Eva subuypappo turpa éxel uiKog a Kai 1o xopiloupe os 600
TuApata mou €xouv Adyo A 8nAadr) av sivar x, y ta PAKN TOUg TOTE g = A. Na

Bpebouv ta pPnKn TV IPNPATOV.
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H efiowon az® + fr+v=0

Ye autr Vv napdaypapo da ermAvcoups v £5iomon az?® + Bx +~ = 0.
Av oupBaivel a = 0 tote 1 e§iowon yivetar Sx + v = 0 6nAadn mpoxkettal yla
pia e§iowon mou 1é6n peAstrjoape otnv apaypado ;;. Enouéveg ota enopeva
propovne va urobécoupe ot o < 0 ordte oty e&lowon ax? + Sz + v = 0 0
z? MPAYHATIKA Urtapyet (otnv 0z + Bx + v = 0 unidpyel pavopevikd). T'a tov
Aoyo autd 1 e€ioworn Aéyetal devtgpobaduia. H eriduon ng e§iowong autrg
€xel pakpa otopia. Kamoia otokeia propeite va Bpeite 010 0XETIKO 10TOPIKO
onpeiopa tou BiBAiou oag.

[Ipwv mpoxwprijooupe oty eriduon g ag doupe éva TPOTO MOU XP1Nol-
poroloucav yla va Aucouv pia e1d1kr nepinmoon ot Apxaiot 'EAAnveg. Ag
uroBeooupe 6t o1 apiduoi «, 8 sivar 9sukoi kat Ifdoupe va Avcoups thy
etionon

2 +ar-52=0
Ot Apyxaiot 'EAAnveg mou gixav e§aipetika averttuypévn v Feopetpia adda
OX1 KAl auto mou orfpepa ovopddoupe ‘AdyeBpa, fjoav oe 9¢on va Bpouv ni-
a Avon pe yeopetpiky pebobo: Apou ot apibuoi a, [ eival 9sukoi propouv
va anoteAéoouv PNk eUBUypdppev THNRATOV. AG KATAOKEUAGOUE £va Op-
Soyovio tpiyovo ABI' (A n xopugn tng opbrg yeviag) pe kabeteg mAsupig
57 %

(F—
B

Me kévipo v Kopudn g yoviag I' tou tpiydvou ypapoupe KUKAO pe aktiva
mv kaBetn mMhevpd Al'= 3. Tnnewwvoupe pe E, Z ta onpeia topng tou kukAou
e v gubeia BI'. ®épvoupe kat 1o andotnua g I'A xopdng AE. H yevia
ZAE eiva 0pB1 101 elvat eyyeypappévn mmou Paivel o npikUKAlo. Enopéveg

01 'A,ZA sivar mapddAnieg og kabeteg otnv id1a eubeia. 'Exoupe
BAE =90° -TAA = ATA =TZA
Ta tpiyova AEB, ABZ éxouv kowr v yevia B kat eriong AEB = BZA. H
avadoyia tng opowdtntag eivat
AB BE AE
BZ AB AZ
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Ao Vv 100tta 1oV §U0 MPOTOV KAAOUAT®OV £X0UNE

RS

+
(S]]
=8

dnAadr
B =x(x+a)

Ernopévag 1o x ertadnBevet v egionon 22rar-62=0

®a Soupe tHpPA Vv YeVIKY AUOor g €§l00wong pe pia TEXVIKY mou givat
KATA TTOAU PETAYEVEDTEPT) KAl OTNPidetal o Pia TautotIa mou UMApXEl otV
Aaoknon Exel €ibape ot

2
a:c2+5x+'y=a((x+%) 62402067)

H tautouta autr) arnodeikvietal eUKoAA av §ekivricoupie arnod 1o §eUtepo 1EA0g

s /8 2 ,82 4
B - day
(e ((.T + %) 4_@2 )

a 4da? 402
2 2
a 4a?2 4a?2 40?2
a (:):2 + pz + 1) =
a o«

ozx2+:):ﬁ+'y

Adym TG TaUTOTNTAG AUTHG Kat g ouvlnkng « # 0 éxoupe

ﬁ)Q g2 - 4av) OQ(:Hﬁ) B —day

=0
2c¢ 402 a T 402

ar?+zf+y=0 < a ((x +

H napdotaon B2 — 4oy ovopddetat Siakpivovoa g e€iowong kat ocupBoAi-
Cetat pe A. ®a £xoupe Auosl Vv apXikn sgiowon av Avcoupe v £§iowor

2 2
B\ pBT-day _ .
(ﬂc + 3 oz = 0 mou ypagetat kat

IMapatnpoupe ott av i A < 0 tote 0 ipocBetéog —ﬁ etvatl 9etkog. Asdopévou

2
OTlL 0 TIPOCBETEDG (ac + %) elval PN apvnukog 1o mp®wto PéAog g e§iomong

etvat 9e1ko kat enopévag Hev urtapyxet eArtida va sivatl pndév. Linv nepintoon
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auty) n giowon sivat aduvatn. Av A > 0 téte propoupe va ypawouue A =

2
VA" kat n e§lowon pag yiverat

2c 2c
(mﬁ-@)(x ﬁ+£):o (3.55)
20 2« 20 2«
ﬁ_@— £+@—0
20 20 20 20
po B VA __B VA
2 2a 20 2«

Inpeioote 0t oty e181kt riepimtoon orou A = 0 ) e€iowon £xel 6Uo ioeg pileg
TTOU CUNTIITIOUV PE ToV aplOpo x = —%. Yuvoyidoviag £€xoupe Ot

H efiowon az? + Bz +v = 0 pe a # 0 ka1 Staxpivovoa A = 52 — dary:
e Asv éxe1 kapia Avon 6nlabdr eivat aduvat av A < 0

e 'Exet Avon av A > 0. Suykekpipéva av A > 0 £xet §Uo Sragopetikég Avosig
(pieg) Toug apbpoug z, , = =5 ;;/Z Av A =0 o1 8o autég pileg ouprtintouv

Kat n giowon €xel pia S pida tov apBpo x = —%

‘Aoknon 250. Na Auoete Tig £§100081G

1. 422 +922+333=0 4. 222 +3x+20=0
2. 22 +23x+76=0 5. 222 +3x+77=0
3. 22+23x+102=0 6. 6422 — 641 -273=0

‘Acknon 251. Na AUoste 11§ TAPAKAT® £€1000e1G £xoviag g dedopévo ot n Srakpi-
vouoa Toug eival PeyaAutepn) ToU pndevog:

1. 22+az-5=0 4. 222 + 502 -120% =0
2. 222 +4ax - =0 5. 22+ pur+v=0
3. 22+ (B-2a)r-2aB=0 6. v’ +fr+a=0

‘Aornorn 252. Aivetai i e§iowon:
2+ 2zy —y* =0 (%)

Na Avoste v e&iowon ((*)):

1. Qg mipog x (6nAadr) ewpwviag Ot AyveoTog g eivat 1o ).
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2. Qg npog y.

‘Aoknon 253. Na Bpeite molog mpérnet va etvat o A oote:
1. H e€iowon Az? + 3\z + 2 = 0 va éxet Avon tov aptbpo z = —1
2. H etiowon A\2z? — 3z + A = 0 va éxet Avon tov apOpo = 1

3.3.5 EZio0oeig rou avayoviat oty eéiowon az? + Sz +v =0

Zuxvd propet pia e§loworn petd ard katdAAndoug Xe1ptopoug va pag odn)-
yrfjoet o pia eiowon tng popdrg az’+fr+ ~v = 0 ou av v A¥ooupe éxoupe
e Tov éva 1] AAAO TPOTIo ETNAUCEL TV ApX1KY. Ag doupe pepika napadetypata:

Mapadewypa 33. Na Aubei 1) e§iowon:
2 1 4

4+ — =
2-z 2 2x-2x2
Avorn. Zuv efionon pag €xoupe SUo mapovopactég toug 2 — & Kat 2r —
z? = x(2-z) mou mpénet va @povticoupe va etvat §iapopot tou pndevog.
Auto egaopalriletal av @poviicoupe va givat x # 0 xat x # 2. Me autég g
poUnobEoelg £XOUNE:

2 1 4

e —
2-x 2 2x-2?
2 1 4
_t —-= - <~
2-x 2 «x (2 - x) noAAaridacidloupe emi 2z (2-x)

2:):(2—:):)(

1
ZY=922(2-
rat5) )

dr+2x(2-2)=8«

6z — 12 =8 <

4
x(2-1)

22 +6x-8=0<
22 -62+8=0

®a £xouyie AUoEL TNV apX1KY pag e§iowon av Avcoupe v tedeutaia. H ediowon
z2 - 62 + 8 = 0 anoKoppEV Ao T0 APXIKO EPATHA EXEL pideg g = = 2 kat
x = 4. Qotdoo kataAngape oe autv pe Toug reploptopoug = # 0 kat z # 2
enopéveg da aroppiyouye v pida 2 kat 9a SexBoupe pdvo v 4.

Mapadewypa 34. Na Aubei ) e§iowon:
(2z-1)*-3(22-1)+2=0

Avon. Mia iowg mpot 16éa Sa nrav va kdvoupe ta avarruypata oto
mp®To PéAog Kal va Aucoupe v £§i0won mou mpokurttel. 'Opwog PItopouis
va SouAéyoupe Kat H1aPopetkA av MPOCELOUE MG O AYVAOOTOG HaAg T |-
pavi¢etal 6Uo @opég kat tig duo péow g 16lag mapaoctaong g 2z — 1. Av
ovopacoupe 2z — 1 = v 6nAadr) av xpnowpomnowooupe éva Bondntukéd ayveoto
HIopoUpe va poipdooupe v doulela
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130 3.3. Ewowoeig

e Bpiokovtag npwta 1o .
e Bpiokovtag petd 1o .

®¢toviag Aoudv érou cuvavidpe 2z—1 1o u 1 e€ioworn pag yiverat u?-3u+2 = 0
1 ortoia Auvetatl eukoAa kat pag divet u; = 1 kat ug = 2. Emotpépoupe topa

omv 2z — 1 = u £xoupe g e§lonoeg 2z — 1 = 1 kat 2z — 1 = 2 rou n emiduon
3
5.

Toug pag 6iver 1 = 1 kat zg =
Mapadewypa 35. Na Aubei ) e§iowon :
at ~52% - 36=0
AvYon. Enedyy 2t = (x2)2 1 e§lowon ypagpetat

(%) =522 =36 =0

2
Ady® tou Humdou tetpay®vou (acQ) Aéyetan Sutetpaywvn. Ovopdaloupie 2 =u

kat 9a Bpoupe mpwta to u Kat petd o z. H efiowon pag yivetat
2 —
u”-5u—-36=0

1 ortoia eUKOAa Ppiokouiie o011 €xet Avoelg uy = —4 Kat ug = 9. Avuikabiotwviag

T1G 6U0 TEG TOU U OtV 2 =u KATAAR)youpe otg €§100W0eg:

2% =4 Kat 22=9

H npwtn eivat aduvain kat n) deutepn pag diver Avoeig g 1 = —3 Kat ra = 3.

‘Acornon 254. Na Avoete 11g €€1000¢e1g

21 _ 1,3 _ 1
1. 2x+—x+4—9 4. 2 +5=-75
3 3
23 0 _ (B3-2)"+(4+2)° _
2 17 3+ x2-4z+3 0 5. (3-z)%+(4+z)? ~
3, 5 _ z2+z+1 _ 3a?+p2
3. i 2 6. 2-x+1 ~ a2+332

‘Aoknon 255. Na Auoete Tig £§100081G

4 2 _ 4 5 _
1. z°-52°+4=0 4 g+ =g =2
2
2. (20+1)"=3(2z+1)-1=0 5. (?+z+1)(a®+2+2)-12=0
2z+3)2 2w+3 _ 1 2, 1)_
3. (3t3) -3 (23)4+2=0 6. T(z+1)-2(a2+%)=9
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3.3.6 Ot oxéoeig tou Vieta

Zinv napaypado auvt 9a ekppacoupe 10 dBpolopa Kat 10 YIVOHPEVO T®V
pwv g az® + Bx + v = 0 ouvaptoel WV CUVIEAECTOV Trg. O UToAOY1opRog
eivat amddg. Av n Swaxpivouoa A eivar un apvnukr) n egiowon éxet pileg

xlz% Kat mz%. Tote 10 dBpotopa toug eivat:
oo BVE B VA (B-VA)+(B+VA) 25 B
tree e 2a 2a - 2c 20«

Kat to yivopevo toug eivat

-B-VA —B+VA (-B-VA)(-B+VA)
2

X1 =
o 20 402

(B -VA B -A_F-(F-da) oy oy
402 402 402 402 «

To abpotopa kat 1o yvopevo 0u1160)xi§ovmﬁ pe S xat P. Eivat Aourov

S=x1+T9=—— P=x1-29= X Zxéoelg tou Vieta  (3.56)
o o

Mapadewypa 36. Na Bpebei 10 ABpolopa KAl T0 yIVOHEVO TeV prwv TG §l06-
ong 2z2 — 4z — 1 = 0 xopig va Aubsi.

Avon. H eliowon npopaveg éxet pideg (yiati;). Eivair S = —_74 = 2 rat

P-= _71 = —%. MdAiota Kottdviag 10 YIVOPeVo oV piéwv kKatadaBaivoupe ot 1)

etionorn éxel 6Uo etepoonpeg pideg.

Mapadewypa 37. H etiowon ax?+fz+7y = 0 éxel pideg 1 Kat zo. Na exppdoete

OUVAPTHOEL TOV OUVIEAECTOV g TV IapAdotaoct) x% + x%

Avorn. H napaoctaon x% + x% €XEL éva Xapakrtnplotuko: Eivat ouvpperon
®G Pog 1 KAt xo dnAadr) av evadddadoupe ta r1 katl r2 da mpoxkuyel 1) ida
napaotaon. Me dAda Aoyla av oty 9€orn 1ou 1 Baloupe 10 x2 KAl otnv J€on
ToU T9 Pddoupe 1o 1 9a poxkuyet 1 16la apactaon :

2+ 23
! !
3 o+ 23

Mropet va anodetyBel 0Tl prtég CUPHETPIKEG MTAPAOCTACELS TRV 1, T2 (dnAadn
Mapactdcelg mou dnpioupyouvial povo pe tg 4 mpdagelg) propouv, ddlote
gUKoAa addote dUokoAa, va ekppacBouv e v Borbsia v S = 1 + o Kal
P =21 -29. E&® n ékppaon ermtuyxaveral oAU eUKoAA :

2
x%+x§ = (21 +x2)" = 2w129 = S?-9op

3Ano ta Aauvikd summa, productum.
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132 3.3. Ewowoeig

Ta va ékppacoupe TEAog TV mapdotacn pag pe ty pondeia tov «, 8,7 ypa-
(QOUpE:
S2-9p = (—9)2—21 :5—2—21 :62_72%‘7
Q a « Q «a
AnAadn
2 2 B? - 200y

O1 oxéoeig Tou Vieta pag ermrpénouv va kataokeualoupe SeutepoBabiiieg
£5100OE1G TI0U 01 Pideg Toug £xouv 600év aBpotojia S kat ywopevo P. Tpaypatt
agouv da eivar -5 =5 kai % = P 9a eivar 5 = —aS ka1 v = aP enopéveg pia
tétowa e€lowon pmopei va eivar n az? — aSz + aP = 0 6ndadn n eElowon
a(m2—S:c+P) =01 o am\d n 22 — Sz + P = 0. AnAady:

Mia e§ioworn pe aBpoopa pidov S kat ywopevo pilov P

givain 22-Sz+P=0 (3.57)

Mapadewypa 38. Na Bpeite dUo apiBloug pe abpotopa 4 kat yvopevo 2.

Avon. To dBpoiopa v apbucov autov 9a sival S = 4 kat 1o ywvopevo
2. H e€iowon 22 — 4z + 2 = 0 9a éxe1 pideg autoug toug apldpovs. Avvoviag
v £gioworn auty] propoupe va toug Bpoupe. [pdayuat Auvoviag Bpiokoupe:
21 =2+vV2 kat zg =2 —/2.

‘Aoknon 256. Me 5edopévo OT1 01 TIAPAKATR £€100081g £xouv pileg va Bpeite 10
abpolopa KAl T0 YIVOPEVO T®V PdeV ToUG X®PIS va Tig AUOoETE.

1. 222 =582 +12=0 3. 272 202 +6=0

2. t2+1500t-2=0 4. tz? -2tr+t?=0
‘Aornon 257. YroBétoupe éu n €iowon ax? + Ba + v = 0 éxel Avoeg p1, p2. Na
EKPPACETE OUVAPTAOEL TOV @, 3, TI§ MAPACTACELG :

L p1(p2+1)+p2(p1+1) 2. gty

‘Acknon 258. Na Bpeite dsutepoBdOpta e€icmon mou va exel Kata nepintwon pileg
Toug apldpoug

1,1 11
1. -1 ka1 -4 3. 5+3 131((115—5 13
2. —% K(ll% 4. \/gxcuﬁ

‘Aoknorn 259. Kdabe pia anéd g mapakdte s€100oeig £xet pida tov apiduéd 1. Bpsite
Vv dAAn pida ng.
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1. 222 +9282-930=0 2. 22 -8193x+8192=0

‘Aoknorn 260. Trig napaxkdie mepirteoslg divetatl to dOpotopa S kat 1o ywopevo P
6u0 apOpwv. Na Bpeite toug apBpoug.

1. S=15,P=14 3. §5=12,P=3

2. §=-19, P=84 4. S=20, P=a?-3?

‘Aoknon 261. Mes 5edopévo OTL 01 TIAPAKAT® £€1000081g £X0ouv pileg va Bpeite 1o
IPOONH0 TV POV X0Pig va AUoete T1g £51000EL1G.

1. 722 +142-1=0 3. 622 -14x+1=0
2. -322-92+2=0 4. 322 +52+1=0
Avicwoeig

Av €youpe pia aviootnta rmou evdladepopacte va HABOUE Yia TTOEG TIHES
KATIO®V YPappAtov (petaBAntov) Ing n avicotnta aAnbesvet 1dte £Xoupe pia
aviowon. 'Oneg cupBaivel Kat pe 11§ TaUToteS - e§10WOoElg 1 Stadopd petady
aviowong xat avicottag dev eukpvig (BA. [3.3.1). Axopn o6mwg kat otug 8-
O®OEIS 01 AVIOOTNTEG £X0UV AUCELG TIG 0TI0ieg Je@POoUE OTL AnoTeA0UV ototxeia
€VOG OUVOAOU TOoU ouvojlou Avoewv tng aviowong. H avicwon z — 2 > 0 €xet
AUon kaBe ap1BPo mou eival peyaAutepog Tou 2 Kat To 0UVOA0 AUCE®V TG givat
10 [2,+00). H aviowon (z + 1) (y2 + 1) > 0 pe ayvootoug ., y £xel Avor) {guyn
(z,y) pex>-1,yeR.

H aviowon azxz + 5 >0

Ta va Avooupe v aviowor) 2z + 4 > 0 KAvoupe PePIKOUg ArAoug Xe1pt-
opoug:
r -4
2x+4>0®2x>—4©2—>7©x>—2

2

Enopévag 10 oUuvoAdo AUoewmv g aviomong arnaptidetal anod 1oug aplbpoug
He & > —2 pe dMa Adya eivatl to Saotpa (-2,+00). Mropoupe Katd ta
YV®OTA va TapaotrjooUlE T0 OUVOAO AUCE®V £101:

8 -7 6 5 4 3 =2 -1 0 1 2 3 4 5

'
1

o o 8 7 6 5 -4 3 T 0 1 2 3 4 5 6 71 8 9
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134 3.4. Auviowoeig

Ia va Avooupe v aviocwon —2x + 4 > 0 akoAouBoupe tny id1a nopeia:

-4
—2x+4>0©—2x>—4©7ﬁ<—©9g<2
=7 2

010U TIPOCEgapie oto onpeio mou Siapoupe dia tou —2 va adAagoupe v Qopa
g aviocwong. To ouvolo AUoswv TG avioong pag propei va napaotabet pe
10 Sdypappa:

1] pe 1o daypappa:

K I ————

MriopoUpe OMwg £pyacHNKAE IIPONYOUNEVRS va €pyacOoUple Pe TUXOVIEG
ap18-poug 6nAadn va ermAvooupe v ax + 8 > 0

r>-—L av a>0
(0%
1
ar+B>0=axr>-0 < x<§ av «a<0
f

0>-8 av «a=0

O1 §U0 mpwteg repurmtwoetg orou « > 0 1) a < 0 gival Eexdbapeg: To cuvodo Au-
OEQV TG AVIOOONG TV MPATH MEPIMTOON £ivat 10 ( =8

10 (—oo, %) H tpitn nepimwon 6mou « = 0 9éAet Alyo peyadutepn pocoxr).

-, +oo) eve otnv devtepn
v nepinmeon auvty Bpiokoupe 6t ax + 5 > 0 < 0 > —(5. Tlou onpuaivel ot
n azx + £ > 0 9a aAnbevet yia karoio x av aAndevetl ot 0 > —F &ndabdry S > 0.
Av dowdv oupBaivel mpaypant 8 > 0 t6te n ax + 5 > 0 9a aAnBevet yua kabe
2 Kal ouvoro Auocewv g da sivat to R. Av 6uwg dev cupbBaiver 8 > 0 6nAadn
givat B <0 téte n az + B > 0 6ev 9a aAnbevel yia Kavéva £ Kat oUvoAo AUoswv
g Sa eivat 1o @. Mniopoupe va ouvoyicoupEe ta CUPIEPAcHATA PAG OTOV
apakate mivaka rmou dev eivat anapaitnto va Yupdote:
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H aviowon azx + 8 > 0:
e 'Exet oUvoAo AUoewv 10 Sidotnpa (%, +oo) av a > 0.

e 'Exel oUvolo AUoewv 10 Sidotnpa (—oo, %) av a < 0.

e 'Exet ouvodo Avoewv 0 R av a =0 xkat 5 > 0.

e 'Exet oUvolo AUoswv 10 & 8nAabdr eivat aduvatn av a = 0 ka1 8 < 0.

Enpeioon 4. Ot avwowoelg g uoppng ax + B > 0, ax + 5 < 0, ax + 5 < 0
avuuetonijoviar tapouola pe mu ax + 5> 0.

Mapadewypa 39. Na Aubei n avicwon -3z + 2 < 0.
Avon. Eivat

—3x+2s0©—3x£—2©—2_—2ox22
=3 -3 3

'
N
'
-
o
WL E===a
-
N
w
N
[6)]

Mapadewypa 40. Na Aubei n aviowon Az + 1 > z.

AvYon. Exoupe: Az +1>z < -z >-1< (A-1)z > -1. Alakpivoupe tig
TIEPUTIAOOEILG

e \—1>06nAadn A > 1. Tdéte n avicworn) £xel AUOEIS TA T 1E T > /\_—_11
e \—1>08nAadn A < 1. Tote n avioworn £xel Avoeig ta x pe T < )\_—_11

e \—1=006ndadn A\ = 1. Tdte n avioworn ypagetat 0 > —1 kat €xel kaOe
MPAYHATIKO ap1Bpo r g Auon.

‘Aoknorn 262. Na AUoETE Ti§ AVICHOOELS:

1. 2x>3 4, “2x<-3
2. 2x>-3 5. -dr+2<1
3. 2z<3 6. 8(x+2)>4

‘Aoknorn 263. Na AUoETe Ti§ TAPAKAT® AVICOOELS:
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1. az >4 6wav a>0. 3. a-1)z<a+1éava> 3

2. (a-2)x+2<0o6tava>2 4, (a2+,82+1)x<3+2a
‘Aoknorn 264. Na AUCETE TI§ TAPAKAT® AVICOOELS:
1 ozl s 2. 2(x-1)+ 21 <3

‘Acknon 265. Aivetal n aviooon
3rx+4<5

Ta rotég Tpég tou ¢ o apdpog 2t — 1 eivat Avor) tng avicwong;
‘Acornorn 266. Na Auocete v aviowon 2x — 3y > 1.

1. Qg mpog .

2. Qg 11pog y.
‘Aoknon 267. I'a notg tpég ou m 1 efiowon 222 — 3z +m + 1 = 0 pe dyveoto tov
T €xel Avon;

3.4.2 Kowég Avoelg aviocottav (cuvaArBsuon)

Zuyva pag evdiadépet va Bpoupe Tig TipEG Tou enaAnBevouv 600 1) Tieplo-
o00tepeg aviowoelg. Kabe tipn mmou ertaAnBevel pia aviomorn avrjKel oto cUVoAo
AUoewv ToUg. APoU {Ntdapie Tig TIHEG TTIOU eTTAANOeU0UV 0Aeg TIS AVIOHOOELS {NTd-
€ TIHEG TTOU AVI|KOUV O£ 0Ad Ta oUvoAa AUce®v 6nAadn otnv Tojr] TV OUVOA®V
AvUoemv T0UG.

Mapadewypa 41. Na BpebBouv o1 kowvég Auoelg twv avicwoemv 4 — 3z > 0 kat
5—-6x>0

Auon. Auvoupe g 6U0 aviowoelg Kal BPiCKOUPE OTL 1] TIPWTL £XEL GUVOAO
Avoswv (—oo, %) Kat n devutepn (—oo7 %) To oUvoAo v Kolvev AUocewv givat
1] TOHI] TV EMPEPOUS CUVOA®V AUCERDV : (—oo, %) N (—oo7 %) = (—oo, %)

Mapadewypa 42. Na Aubei n avicwon 4 < 3z — 1 < 5.
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Avuon. H 6uidr) autr) aviowon eraAnBevetatl yia ekeiva ta & ou enanbevouv
1§ ermpépoug aviowoelg: 4 < 3 — 1 kat 3z — 1 < 5. Auvoupe tg Vo autég

avionoelg Kat BpioKoupe 0Tt £X0UV CUVOAd AUCERMV aVIIoTOIX®G Ta (%, +oo) Kat
(—00,2). ®éhoupe va aAnBevouv Kat o1 HUO AVICOTTEG EMOPEVES WG AUOT) TNG

S1mAng aviowong Sa ndpoupe Vv o) TV U0 CUVOALV: (é +oo) N(-00,2) =

59 v
(5.2).

Jr—1<5H

4<3r—-1

Mapadewypa 43. Na Bpebouv o1 aképalol aplOpoi m yla toug oroioug o a-
p1016g M2 — 5 aviket oto Sidotnua (-6,6).

AYorn. Znuape ekeiveg g Avoelg g Sudng avicwong -6 < myv/2 -5 < 6
ou eivatl aképatol apibpoi. Mmopoupe va Bpouie pwia 0Aeg 11§ AUCES KAl
peta va doupe noteg ival aképatot aptBpoi. AUvoupe XOP10Td 11§ ETMPEPOUG
avionoelg —6 < mv2 -5 mv2-5 <6 kal Bpiokoupe ot mpEret —%\/5 <
m < 1—21\/5 Emnopéveag 10 m mpénetl va avnkel oto didotnpa (—% 2, % 2).
Aropével va Bpoupe mold amnd autd ta m eivatr aképaiol apibpoi. 'Exouue
ot etvat repinou —%\/i = -0,7 rat 1—21\/5 = 7,8. Apa o1 aképaieg T1J1€G TIOU
propet va apet to m eivaam =0, 1, 2, 3, 4, 5, 6, 7.

‘Acoknorn 268. Na cuvaAnBsUoste TI§ AVICOOELG
1. 4 +3<0kat12-22<0.
2. 4—§x<11<a131—4x>0

‘Aornon 269. Na Avoete v avicwon -3 < 5 — 6z < g.
‘Acknon 270. Na Bpsite yia moieg Tjég 10U A 1 e&iowon x2 — 4z + 5\ — 1 = 0 éxet
U0 etikeg pidegs.

3.4.3 TIpoonuo wou ax + 3, a # 0.

'Onwg £idape ota mponyoupeva av £xouv 800t o1 apBpoi «, [ pe a + 0
uropoune va Bpoupe yia nota  givat ax + 8 = 0 (erudvoviag v e§iowon) kat
yia rowa z givat ax + 8> 0 11 az + 8 < 0 (erudvoviag v aviiotoiyn aviowon).
Me dAAa Adyla propoue va Bpiokoupe 1o poonuo g rnapactacngl ax + 5

4 i} . . . . 1 ' . ’
Av 9¢dape va dwooupe €va dvopa ot auty Vv napdoctaon auty Sa propouoce va eivat
«pwtoBaduio diovvupor
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yia 1ig dradopeg Tpeg tou . Adou sivat « # 0 n pedétn pag neplopidetat otig
TIEPUTIAOOEILG

a >0 Eivai

IS

e ar+f>0=ar>-f x>

e ar+f<0<ewar<-fox<

ofs o 2|

e ar+f=0car=-f<x-=

Ta raparndave Prnopouv va rnapactadbouv Je Tov rmivaka :

x —00 -8 +00
[e%

ar+ [ - 0 +

a <0 Eivat

. 04:):+6>0<:>04:):>—ﬁ<:>ac<ﬁ

(63

. a:c+5<0<:>a:c<—ﬂ<:>x>%

= - -8

e ar+f=0<ar=-fer=-

O avrtiotoixog mivakag ivat topa:
x —00 -8 +00
«
ar+ + 0 -

Av 60oUp1E TIPOCEKTIKA AUTEG TIG HlaoTtapteg MANPOPOPieg PITOPOULLE va KATAAT-
foupe oe éva amo cupnépaopa:

H napdotaon azx + 5, a # 0 undevidetal povo yia myv upn & = % ou eivai n pida

NG KAt €xel 1o 1610 mMPOoNP0o e T0 @@ av KAl JOvVo av 10 T €ival Peyadutepo g
pidag mg.

Mapadewypa 44. Ta tg Siddopsg Tpég tou = va Ppebel 10 TIPOONP0 TOU
-3z + 4.

Avon. H -3z + 4 pndevidetat yua = = %. Emne1dn o ouvieAdeotn|g tou = £6@ givat
-3 <0t -3z + 4 eivar opoonpo tou -3 dnAadr) apvnuko yia ta T mou eivat
peyaAutepa g pidag evo eival 9etiko yla ta T mou eival pikpotepa wng pidag.
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-3z +4 + 0 -

Mapadewypa 45. INa g idgpopeg tipég tou = va Ppebel 10 TPoONPo ToU

(V3-1)z+(V3+1).

Abon. E86 sivat a = v/3 -1 > 0 kat 1 pida g (\/3— l)x + (\/§+ 1) givat

0 apBpog x = —gi = —Egi%gﬁi; = —4+22\/§ = -2-3. la TIEG TOU &

Aave aro v pida autr n nmapdotacn pag £ivat YTk eve yid THES TOU T
KA1® ano v pida n napdotaon pag da eivat apvnuiki).

x —00 -2-3 +00

(V3-1)z + (V3+1) - 0 +

3.4.4 Tlpoonpo ywopevav -IinAiKev.

Mrmopoupe va Bpiokoupe eUKOAA 10 TIPOCNHO0 piag rmapdotacng rnou givat
YWOHEVO TIapayovieov tng popdns ax + 5, a +# 0 akodoubBoviag amlog toug
KAaVvOVEG TRV TIPOCT|HGV.

Mapadewypa 46. Ia tg Siddopsg Tpég tou = va Ppebdel 1o mpooNo Tou
(2z-1) (4-3x).

Avorn. Acv éxoupe mapd va «mapakoloubrjcouper 11§ PetaBoAég rpoor-
PoU eV rmapayoviev tou. Ma kdbe mapdyovia pepovepéva ivatl eUKoAo va
KAVOUpE €va Tiivaka yla 10 Ipoon o 10U :

N|=

2z -1 - 0 + 4 -3z + 0 -

I'a va ovpe G CUPTIEPIPEPETAL TO TIPOOT IO TOU YIVOLEVOU aPKEl va mapatn-
pricoupe G ot §Uo pileg X®wPI{ouv ToUg UITGA0IITOUS PAYHATIKOUG ap1Oj10ug

MPAYHATikoug ap1ibpoug ot tpia pépn-Siaotpata. Ta (—oo L ) , ( L 4) , ( 4 oo )

12/)o\2°3/5\3
Av 61a0)€€oupe pia Tt TOU & Og KATO10 ard autd o KAabe rapdyoviag €xet
KATT010 TIPOCTH0

cr o ¢ 1
Edd eivan 22 — 1 <0 = Eé® givar 2z — 1 >0
9 '
4 ., .
Ed® givor 4 — 3z > 0 — Eddeivan 4 — 3z <0

5
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140 3.4. Auviowoeig

Kl T0 TIPOC0 TOU YIVOHEVOU IMPOKUITIEL ATTAA AT TO YIVOHEVO TOV IIPOOT)-

pov. duokad av 1o  yivel ioo pe pia anod ug pideg 1o yvopevo Sa yiver pndev.

‘Etot:

e Otav x € (—oo, %) 0 mapayovtag 2x — 1 elval apvnukog, o mapayovrag
4 - 3z eivatl 9etkoOg KAl TO YvOpEVo eival apvnTiko.

, 1 . , . . .
e ‘Otav x = 5 o mapayoviag 2z — 1 yivetat pndév emopévag Kat 1o yivopevo
yivetat pndév.

o ze (4,3
EMOPEVMS KA1 TO YIVOPEVO Yivetal SeTko.

) 10te Kat ot Yo mapayovieg 22 — 1, 4 — 3z yivovial detkot

e Otavz = % o rapayovtag 4 — 3z yivetat pndév enopévog Kat 10 yivopevo

yivetat pndév.

cae(d

apvnTIKOG KAt TO YIVOHEVO YIVETAL APVITIKO.

+oo) o rapayovtag 2x — 1 yivetar 9sukog, o napayoviag 4 — 3z

‘OAa autd propouv va @avouyv oAU cuviopa Kat Kabapd av «evoooupe» ToUg
800 ponyouPeVoUg TIiVAKES OE €va :

T —o0 % % +00
2¢ - 1 -0 + +
4 - 3x + + 0 -
(2z-1)(4-3x) - 0 + 0 -

Mapadewypa 47. TNa g idgpopeg tipég tou = va Ppebel 10 PoONPo ToU
\/59:—1

5x+10 *

Avon. Mrmopoupe va gpyacfouple Onwg HPe 10 YIVOPEVO adoU 01 KAVOVEG
TV IIPOCTH®V Yla ta mninlika eiva 16101 pe toug kavoveg yua ta ywvopeva. To
HOVO TTOU TIPEIEL va MPOCECOUE elval 0Tl Sev TIPEIEL VA «ETTITPEWYOUHE» OTOV
mapovopaotr) pag va pndeviobetl 6nAadn va apet tnv ripr tng pidag tou mou
elvat o apBpog —2. Autov tov apiBpo tov e§alpoupe Ao Tov mivaka pag Kat
10 YEYOVOG auto dnAwvetatl pe pia SutAr) ypappn.
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5x + 10 - + +
V2z-1 + - 0 +
52+10

‘Acknon 271. Tto napadetypa@Blva Bpeite 1o podono tou yrvopévou yia z = 2012

X®PIS va KAVETE TNV AVIIKATACTAOT).

‘Acknon 272. Tro napdderypa @7zl va Bpeite 1o mpdéonpo tou nmnAikou yia 20% X®Pig

va KAVETE TNV avUKATtaotaon.

‘Aoknon 273. Na cupmAnpAOoeTe TOV MAPAKAT® TTivaka yla va Bpeite Tig petaBorég
T0U TIpooTpou tou yvopévou (3 —z) (5 +4x) (3z - 1).

x —00 —% % 3 +00
3 -z 0
5 + 4x 0
3r — 1 0
(3-2)(5b+4x) (3z-1) 0 0 0

‘Acknon 274. Na Bpeite yia moieg Tipég 10U T 1a MAPAKAT® yvopeva sivat Sstka
Kal y1a TOIEG APVITKA

1. (2-4x)(z+5)
2. (z- %)(Qx— 1)
3. (1-z)(2-2)(3—-x)
‘Aoknon 275. Na Bpeite yia moleg TiHG TOU 2 T0 KAdopaA:
(2z-1)(z+3)
ST+ 7

etvat 9e1kd Kat yla moieg eivat apvnTiko.

QR MR TFE e HE
E W N (RNER
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142 3.4. Auviowoeig

3.4.5 H aviowon az®+r+v>0, a0

Zta enodpeva Sa aoxoAnboupe pe tv aviowon az?+ Br+v>0, a%0xal
TS APEPPEPEIS AVIODNOELS TTOU TTPOKUITTIOUV AIO AUTHV AV AVIIKATAOTHOOUHE
TO < P& KAIo10 aro ta >, <, >. To tpiwvupo az? + Bx + -y elval pia mo ouvbetn
Mapdctacn arnod Vv ar + [ ToU JMEALT|oaje TIPONyounéveg Kat Sa mpoorta-
9nooupe e’ 600V gival Suvatdv va ypayoupe v az? + Bz + v pe v BorBeia
AMAOUOTEP®V MAPACTACERDV TTIOU OTIV MEPIMTI®OT 11ag onpaivel va v ypayou-
He ®g ywopevo mapayoviev. 'Hén Auvvoviag v e§iowon az? + Br+~v =0
€XOULE ATIOKTIOEL TNV OXETIKY] «TEXVOYVRTiaY.

3.4.6 Mop@ig tou tpravupou oz’ + B +v>0, a#0

Eixape 6et 6 6tav + 0 woxvet:

2
g ) _M) (3.58)

2
+Bz+y= + —
ar"+fBr+y=« ((x S o2

and 1o oroio mpoékuye 6t 6tav eivat A > 0 pmopoupe va ypawoupe (BA.
oeAida [128] oxéon (B.55) )

T

2
+Bx+y= +—
axr”+ Pr+y oz(:): e T o0

B _ VA B VA

‘Opeg ot apibpot 57 — 55, 57 + 5, 0ev eivat dAdot anod toug avtidetoug tewv
appev x = —% + \2/—§ Kal xg = —% - \2/—§ rou eivat ot pileg ng ediowong

az® + Bx + v = 0 11 adAwwg ot apdpol (pideg) mou pndevidouv 10 TPLWVUHO
az? + Bz + . Enopéveg

Av yia mv Sakpivouca ou  ax? + Bz + v 1oxver A >0 16t

~ (8.59)
ax? + B+ = a(z - 1) (x - 73) 6row a5 = LEE

H mapanidve oxéon sival Xprjoyin yla va PEIATPETOUNE OE YIVOHEVO TApa-
YOVIQV TpOVURA PE Pn apvnuky diakpivouca. A&ilel va onpeiwdel ot av n
dlakpivouoa tou Tp@VUPOU gival apvntiky tote e priopei va ypagpet og ywvo-
pevo 8o mpwroBaduiev napayoviev tng Hopeng pr + ¢ (beite doxknon 278).

Zinv e1dikr) mepimoon 6rmou A = 0 propoupe va oupe mwg yivetat to
TPIOVURO Kottwviag v oxéon (3.59). ®a Bpoupe 6t

2
Ozx2+ﬁx+’y:a(a€+—)
2c

Qotdéoo priopovoape va epyacBoupe kat pe tv oxéon (3.55) ): Apou 1) drakpi-
vouoa sivat pndév Sa €xoupe 6U0 loeg pideg dnAadr x1 = X2 KAl TO TPLWVUPO
Sa émalpve v popon)

ar?+Br+y=a(z-a1) (z-x1) = alz - 11)*
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omou 71 eivat ) 6umdn pida tou tprwvupou. AAAdA ) 6umdn pida eivat ion pe x1 =

—% Kat enopévag Bpioxoupe aAt ax’ + B+ = a(m - (—%))2 = a(:c + %)2

Mapadewypa 48. Na petatpariei oe yivOpevo mapayovie®yv 10 IPLOVUH0 322 +
2z - 1.

Avon. Euxola Bpiokoupe 6t ot pideg ToUu Tpl@vUpou sival ot apidpoi
1 =-1xatzg = % eropéveg 322 + 2 -1 =3 (2 - (-1)) (ﬂc - %) dnAadn

1
3:c2+2:c—1=3(:c+1)(x—§)

Mrniopoupe B€Bata Tov OUVIEAEDTH] 3 va TOV «XPEDCOULE» OTOV ITAPAyovId (ac - %)
omote 9a éxoupe 3z + 2z — 1= (z+1) (3z - 1).

Mapadewypa 49. Na petatpariei o€ yIvoIEVO MTAPAYOVI®OV TO TPIOVULL0 -322+
T+ 1.

1+\/_ KAl Ty = = \/_ . Ernopéveg

) (o2

Avorn. Edo ot pileg eivat x1 =
32+ +1 :—S(ac—

Mapadewypa 50. Na petatpariei oe yivOpeVo mapayovi@v t0 IPLOVUH0 922 -
122 + 4.

Avorn. E60 €xoupe Sakpivouoa ior pe 1o pndév kat duo pileg ioeg pe %

ETTOPEVROG
2 2 2\?2
9x2—12x+4=9(:c——)(x——):9(56——)
3 3 3

DUOIKA PIOPOUCAE VA TIPOCETOUNE artd TV apxI] Otl £XOUHE TO AvAITtUypa
922 -~ 122 +4 = (3 - 2)2. O1 6U0 autég popq>s'g sxq>pd§ouv 10 1610 TIPaypa

apov 9(36—%)2 =32 (x—%)Q = (3(:):——)) = (3z - 2)°.

Mapadewypa 51. Na petatpariei og yivopevo mapayoviey 1) mapdotaot) 202 +
11laf + 1562

Auon. Mropoupe va 9emprjooupe v apdotact) autr] oav IPIOVUHI0 O
nipog «. Movo mou mpérnet va eipacte MPOOEKTIKOL 010 9€pa TV CUVIEAECTWV
«Q, «ﬁ», «y»:

2 a®+118a + 1552
Nl

— ~——
«O» “ﬁ” «y»
orntdte draxpivouoa eivcu (116)2 —4-2-156% = 52 kat o1 pigeg eivat %
6nAadr) ot apdOpoi —3 ,8 kat —3/. Enopévag

202 + 1103 + 1532 = 2 (a - (—gﬁ)) (- (-38)) =2 (a + gﬁ) (o +3PB)
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144 3.4. Auviowoeig

[ToAAamAaoiadovtag 1o 2 pe 1o o + % B Bpiokoupe
20% + 11af + 1532 = (2a:+583) (a + 36)
‘Aoknon 276. Na ypAyete ®G YIVOHEVO TA TPIOVUNA :
1. 222 - 52 +2
2. 42% + 4z + 1
3. 22 -8z -33

‘Aoknorn 277. Na amlonojoste Ta KAdopata

1 z2+62-91
* x2+8z-105

9 2a°+8a-90
3a2-36a+105

3 b%-9bx+14z°
b2 —br—2x2

‘Acknon 278. Na arodeifete 611 av 10 1pidvupo ax? + S + v €xel apvnukr) 61a-
kpivouoa tote Se propel va ndpet v popdr) ax? + B+ = (pr +q) (p'x + ¢') érou
P, q,p', ¢ elvar otabepoi apdpoi.

3.4.7 Tlpéonpo 10U IP1@VUHoU az’® + Br+~vy, a#0

Mropoupe topa va aglornolrjooupe 6oa padape oty mPonyoupevn) mapd-
ypago yla va Ppoupe to Ipootio ToU TPLRVUIoU azr® + Bx + . Mapatnpoupe
Ol AOY® NG 100TNTAG :

a:c2+5x+’y=a((x+£)2—i)

10 TIPOCTHO TOU TIPIOVUHOU az? + fz + 7 eivat 1o 1610 pe 10 mMPoOONPO NG

apaoctaong
2
N (x . ﬂ) _A
200 402

Kat enedn 10 mpoonpo tou « sivat Sedopévo kat 6ev aAdddel otav petaBal-
Actal 1o & tEAKA 1O MPOCNPO €§apTATAl ATOKALIOTIKA ATIO TO TIPOCHIO0 NG
apaoctaong

I'a exkeilva 1a T OU 1 MapAcTact auty) yiverat €KY 10 TPOVURO gival opo-
ONpo TOU (, Yl €KElvA TOU YIVEIAl APVITIKY £IEPOCTHO KAl Yld EKEIvA TTOU
yilvetal pndév Kkat 1o Iplovupo yiverat pndev.
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2
e Av eivar A < 0 té1e 10 IPOONHO TG (:c + %) - ﬁ Bpioketal eUKoAaQ :

2 2

A -A

(x+£) ——:(:c+£) +—>0
2 402 2 402
—_—— Y——
>0 >0

>0

mou onpaivetl ot kKabe @opd 1o az? + fr + v €xel mavia 1o 1610 poonpo
e T0 (¢ OIT010G KAt va €ivatl o .
2 2

e Aveivalr A =0 t6te (ac + %) - ﬁ = (ac + %) . H mapdotaon auty eivat
nidvia peyaAutepn 1) ion tou pndevog. Ta tnv akpiBela eivat Stk otav
x # —5- Katetvat pndev otav = = —%. Enopévag to tpidvupo 9a €xet to
1610 mpooNPo P 10 @ yia KABe TIr) TOU & €KTOG ATTO TNV TIUn TG SUTAng
pidag tou -5 nou 9a eivai ico e 1o undév.

2c
, , , . o 5 \?

e Av eivat A > 0 161e 10 TP1OVURO éxet §Uo pideg 11 < o Kat (x + %) -
ﬁ = (r—21) (z—x2). To mpdonuo tou yvopévou autou PBpioketat
€UKOAQ:

T —0o0 1 ) +00
r-n - 0 + +
Tr — T2 — — 0 +
(x—2x1) (x —x2) + 0 - 0 +

IV mepinmeon auty T0 TPWVUPo yivetat pndév otav to x yivel 100 pe
NG pideg, OIOONO TOU (¢ Y1a TIHEG TOU T €KTOG TRV P¢eV (LIKPOTEPEG ATIO
Vv pikpotepn pida 1) peyadutepeg anod v PEYAAUTEPD) KAl ETEPOCTO
petady v pov.

Zuvoyidovtag €xoupe:

To tp1dvupo az? + Bx + 7y elval opdonpo tou «:
e Ma SAda taxav A <O0.

e a 6Aa ta & £Ktog g dirAng pidag av A = 0.
e Movo yia 6da ta z ektog tev piéov av A > 0.

(3.60)
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146 3.4. Auviowoeig

Ta ponyoupeva KATI®G IO aVAAUTIKA artelkovi{oviatl otov mivaka :

(6%
+ —
A=0 0
A 0
+ 0 0 +
— 0 —+ 0
—B-VA o B+ VA
T =—— 2
2a 2a 8+ VA b B-VA
== =
+
A=0 o =0 A< a<0
+ 0 + - 0 -
-8 8
=R m=w =50
A< a0 A<l 0
+ —

Mapadsiypa 52. Na Bpebei 10 ripdonyio ou tpravupou —22 + 4z + 1

Avuon. To tpivupo €xel dlakpivouoa detikn kat pideg toug apOpoug 1 - %\/6
kat 1+ %\/6 Metagu tov pilov sivat etepoonpo tou a = —2 dndadr) Setko kat
EKTOG TV P¢dv opoonpo dndadn apvnukos. ‘Otav 1o z yivel ico pe kanowa
ano tig pideg 101eg aoParng 10 IPIWVURO Sa yivel pndév.

Hapadeiypa 53. Na Bpebei 1o mpdonpo tou 1pievupou (\/7 - 3) (x-2) (x+3).

Avorn. Av ravape tg npdaieig (6ev tig kavoupe yiati n {on eivat pikpn) Sa
9a naipvape éva TPIOVUNO e CUVIEAEOTH) TOU T2 TOV ApVITKG apldpo V7-3
Kat pideg toug apBpoug —3 kat 2. Enopéveg 1o 1piovupo petady twv —3 kat 2
eivatl 9eTkO KAt EKTOG APVNTIKO.

‘Aoknorn 279. Na Bpsite Ta mpdéonpa TV MAPAKATE TPIOVILGV:

1. 322 +18x - 21 4. 2 +x+1
2. 922 +3x -2 5. 3x—1-4x22
3. =522 — 35z + 40 6. 1-6x+922

‘Aoknorn 280. Na arodeifete 611 yia KaOs {gUyog aplOuov a, 8 10xUet
1. & +aB+6220

2. a2 -aB+p%>0
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‘Aoknon 281. Na amodeifete 611 yia kaOe (gUyog apBuoV T,y 10xVEeL:
22 -2 +6+y* -4y >0

‘Aoknon 282. 'Eva tpivupo sival 9etiko yia z = 1 apvnuikoé ya z = 2 kat 9euxo
v x = 3. Tt mpoonpo €xel yia x = 4;

3.4.8 EmiAuon ng aviowong az? + Bz + ¥>0, a%0

Ia va Avcoupe v aviowon az? + Bx + v > 0 1 apdépoieg avicooeig dev
€XOUE TIapd va BPpoupe KOtOVIag T0 IIPOCH O TOU TPI@VUOU yld Told T 10
TPIOVUPO0 eivat 9eTko 1) ot aAdo xpeiaetatl va sivat.

Mapadewypa 54. Na Aubei n avioworn 222 — 22 — 24 > 0.

Abon. To tpwovupo 2z2 — 22 — 24 éxer a = 2 > 0 xat pideg —3 xat 4.
Enopévag n avicwon €xel Avoeig 1a « < -3 kat ta 4 < x. AnAadr) to ouvoAo
AvUoewv tng givat 1o (—o0,-3) U (4, +00).

Mapadewypa 55. Na Aubei ) aviocwon 322 -2x-1<0.

Abon. To tpwdvupo 322 — 2z — 1 éxer a = 3 > 0 xat pigeg —% kat 1.
®¢Aoupe va eivatl apvnuko 6nAadn etepoonuo tou a. Apa Sa smdéioupe ta
1

x o Ppiokovral petagu v pov —3 xat 1. Andadn ta = pe —% <zx<1. To

ouUvoAo AUoewv NG eivat to (—%, 1).
Mapadsiypa 56. Na Aubei n aviowon 322 — 112 -4 > 0.

Avorn. E60 10 tpidvupo 1ou rmp®tou péAoug yiverat 9etko eKtog v préov

’ 1 . , ’ ' '
tou 1ou eivat —3 kat 4. AQou pag evilagpépet Kat 1) repintoon onouv yiverat
pndév mpénel va oupniepltddBoupie otig AUOELS TG AVio®ONG KAl TG pideg tou

TPIOVUPOU. LUVETIWG TO GUVOAO AUoewmv gival to (—oo, —%] U [4,+00).

Mapadsiypa 57. Na Aubei n aviowon 222 —z + 1 < 0.

Avorn. To tpiwvupo tou a’ péloug €xel apvntikr) dlakpivouoa Kat enopé-
V®G £ival avia opoonyo ou « = 2 SnAadr deuko. Apa dev undpxouv THEG
TOU Z yla TIG OTT0ieg TO TPIOVUHO va Yiverdl apvnTikd. TUVEN®G 1] avionor) 11ag
etvat aduvarn.

Mapadetypa 58. Na Bpebei yia moteg tpég tou A 1 efiowon 2 -2 z+4A-3 = 0
£xel 6U0 SraPopetikeg piles.

Avon. Tpénet n Suakpivouoa (—2)\)2 —4-1-(4)X - 3) g e&iowong va eivat
9etkr) 6ndadn mpémet 4\2 — 16\ + 12 > 0. Avvoviag mv tedevtaia aviceon
Bpilokoupe ot mpémet A € (—o0, 1) U (3, +00).

Mapadewypa 59. Na Aubei ) avicowon (2902 -Tx - 4) (3:02 - 16z + 5) <0
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MrniopoUpie va XPnolomo)ooupe éva Mivakad yid va BpouUpe 10 mpoonpo
TOU Y1VOPEVOU TOU TIPOTIOU PEAOUG TOTIOOETIOVIAG T1G PIdES TRV TPIOVUN®V, £’
000V UIApPYouV Katd aviouoa oelpd :

x —00 —% % 4 5 +00
202 — Tz - 4 + 0 - - 0 + +
3z - 16z + 5 + + 0 - - 0 +
(222 - Tz —4) (322 - 162 +5) + 0 - 0 + 0 - 0 +

AT6 10 ITivaKka IIPOKUITIEL KOG TO YIVOHUEVO (2562 -Tx - 4) (3902 - 16x + 5) yive-
Tal PIKPOTEPO 1) 1o tou 0 otav —% <z < % N 4 < x < 5. TeAikd oUvoAo AUCEWV

etvat o [-3, %] u[4,5].

-2 2x-3
r+2 — 4x-1

Mapadewypa 60. Na Aubei n avicwon

Avon. duokd x # —2,%. MoAovoTt €X0Ulle MTAPOVORAOTEG 1] ATTAAOl-
1] TapovopaotVv Sev MPoodPEPeTal ylati £Xoupe avioworn Kkat dev &Epoupe T
mpoonpo propel va £xel o kabe napovopaotg. H Paoikn 16¢a eivat va pe-
Tapeépoupe ta ndvia oe éva PEAog Kat va kataAnoupe oe éva KAAopa Kat
apyotepa oe éva yvopevo. Ia = # -2, i Exoupe:

r—2 2x-3
> PN
r+2 4dxr-1
-2 2x-3
- BN
r+2 4r-1

(x-2)(4x-1)-(x+2)(22-3) PR
(x+2)(4x-1) -

222 —10x + 8 S
(x+2)(4x-1) ~

0=

(22% - 102 +8) (z +2) (4dz-1) >0

IMa v tedevtaia aviooon kataokeualoupe tov KataAAndo mivaka:
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x —00 -2 % 1 4 +00
222 — 10z + 8 + + + 0 - 0 +
x + 2 — + + + 0 +
dr -1 - - + 0 + 0 +
(2x2—10x+8) (x+2)(4x-1) + - + 0 - 0 +

BAéroupe 6t to oUVoAo AUcewv g avicwong etvat o (—oo,—-2) U (i, 1] u
(4, +00)

‘Aoknorn 283. Na Auoete, X0pig XapTi Kat oAU, Tig avicmoslg

1. (z+2)(z-2)<0 4. (20+3)(3x-4)<0

2. (z+3)(z+7)>0 5. (x+5)(2x+5)>0

3. (z+3)(z-3)<o0 6. (3-2x)(3z+2)>0
‘Acknon 284. Na AUOCETE TIG MAPAKAT® AVIOWOELS £Xoviag ag dedopévo 6t 0 < «a <
B<y<d

1. (z-a)(z-p8)<0 4. (z+7)(x+0)>0

2. (z+a)(z+6)>0 5. 2z-a)(x-a)<0

3. (z+a)(z-6)<0 6. (a—z)(x+v)>0

‘Acornorn 285. Na AUoete Ti§ AVIONOEG

1. 22-2-12>0 5. 4r?+x-1>0

2. -322+2x+1>0 6. 2 +4x+6<0

3. 422 -4z +1>0 7. “4x? +42-1>0

4. 32?2 —4r+1<0 8. 4r? +4x+9>0
‘Aoknon 286. Na AUOCETE TIS AVICWOELG

1. 1<z?-2<2

X
2. -1< 21 <2
1 T

3. p < i1 <4
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‘Acoknon 287. Na Bpeite yia moieg Tipég 10U y 1 e€iowon

£XE1 AUoTN ®G TIPOG .

2?+dr+1

‘Acknon 288. Na Bpeite yia 1moieg TG TOU Y UMTAPXEL T OOTE

2 -35+2

Y

‘Acknon 289. Na Bpeite yia moieg Tipég 10U A 10XU0UV Ta enopeva:

1. H e€iowon 322 — 4 \z + A + 1 = 0 éxe1 6uo Slapopeg AUoES.

cAz? + 44Xz + 1> 0 ya xdbe € R

T2+T+A

2
3. To xAdopa —2— opiletat yia kabe x € R
4

. H napdotaon V222 + Az + 1 opietal yia xabe z € R

‘Aoknon 290. ITpoorabriote XPNOIOMOoLOVIAS 6Tt £XeTe NABsl va AUCETE TIg TIapa-
KAT® aviomoelg. Le 00eG MEPUTIVOEIS EXETE MTAPOVOUAOTEG VA PNV KAVETE ATAAOIPT)
aAAd va petagépete ta mavia o éva PEA0G Kal va KAVETE OP@VUPA T KAdopata.

1. (z°-32z+2)(2* -T2 +12)>0

»
8 =

1
Tzl >0

2
zi+x-1
3. Py, S-S 0

1 1
(=D (a=2) ~ z(x+3)

5 zt-522+4>0

el-2s”-2 1
zd-22-6 2

2
x +1
7. -l<=F<1

%

(z*-32" +1) (22° -4z +1) <0
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IuVIETaYHEVEC Kal ZUVAPTHOEIC

4.1 XZuvtetaypéveg
4.1.1 AnoAutn Twn Ipaypatkou apibpov.

Eixape 6g1 611 o1 mpaypatikoi apiBpol propouv e Eva GUYKEKPIIEVO TPO-
o va riapactabouv ot £va agova dnAadny os pia «Babpoloynuévny eubeia dote
va PIopouv va v «kaAupouws. Le Kabe ap1Buod aviiotoixet éva povo (xpnot-
porolovpe Kat tnyv Aégn «akp1Bagr) onueio g eubeiag kat oe kaOe onpueio g
eubeiag avuotorxel akp1Bwg Evag aplBpog mou Aeyetal TeTUnUeEVN TOU ONEiou.

0 -

w2l =
[T
—
5
[ ]

Y10 mponyoupevo oxnpa ta onupeia O katr B éxouv tetunuéveg 0 xat 1 avu-
OT01X®G EV® TO ONPEI0 PE TETPNPEVD —% eivati to A eve 1o onueio pe tetpnuévn
V2 givar o T.

To onueio rou avtotoixel oto undev dndadr) n apyxn tou d§ov. Av topa
Yewpriooupe €va onpelo mMOU €XEl TETUNHEVI] T TOTE 1] ATIOOTACT] AUTOU TOU
onueiou amod Vv apxt v afovev Adyetal andAvrn tun tou x. Enedn oe
KA0e ap1Opo propovie va avuiototyiooupe éva onpeio tou dfova kat petd va
BpoUpe v arootacr 10U Ao IV apxl] T0U, UIIOPOUNE HE AUTO TOV TPOITo
va arnodoooupe anoAutn tpn oe Kabe apiBOpo. Ta onpeia mou avtiotoryouv
otoug apiBpoug 1, 2, 3, anéxouv amo Vv apxn vV afoveov arootacelg 1,
2, 3 xat emopéveg £xouv amoAutn tpn avuotoixews 1, 2, 3. Ta onpeia mou
avuototouv otoug aptdpoug —1, -2, —3 améxouv KAl autd Aaro wyv apyn

'ES6 n AéEn «apxr)» XP1otpornolsital KAnmg S1agopetikd arr’ 61t ouvhBeg TV aviiAapbavo-
paote otnv kabnpepvr {on
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Twv agovev arootacelg 1, 2, 3. Enopéveag kat twv apBpeov -1, -2, -3 ot
aroAuteg tpég eivat 1, 2, 3. Aéyoviag «n andotaon evog aptdpou arod 1o
HUNéEv» evvooulle TNV AMOOTACT] TOU AVIIOTO1X0U ONpeiou ard to PUndev rmou
bev elval AAAn ano v andAutn TP tou apldpou autou.

Yridpxet Aowdv €vag amdog Kavovag yid va Bplokoupe v arnoAutn T
€vOg ap1Bpou: Av pev eivat 9etikog 1 andAutn tpr eivat o 1610g aptdpog evo
av eival apvnukog n anodutn tpn eivat o avtiBetog tou. Puoika 1 ArtOAUTY
TN tou pundevog eivat o pndév. Emopévag:

e H anoAutn tun evog pn apvnuikou aplfpou
etvat o 1610g 0 ap1Bpog.

e H anoAutn tun evog apvnuikou apifpou
etvatl o avtiBetog tou

4.1)

'Eto1 €xoupe:

Ap1Bpog AmoAutn tipn tou

|
[\
= DN

1
2 2
1-v3 | -1+3 1 adhiog V3 -1

1+ 22

IMa va énAwocoupe v amoluty TPy evog aptdpou & XPrOoomoloUPE TOV
oUPBoAO |...| Kal oTOV KEVO X®PO TIOU UTIAPXOUV TA AMTOCIRITIKA YPpAPOUnE
Tov ap1Bpo mou pag sviiagépst. 'Etot

1-V3]--1+ V3,

MropoUjie va yPAWOoOUE TOV 0PIOH0 TNG AOAUTNG TIUAS OUPBOAKA ®G €§1G:

-2 = 2,

1+902|:1+:):2

_l|:l
21~ 2

rz av =20
= - 4.2
2] { -x av x<0 (4.2)
duoika
‘ |z| = £z (to + 10XVl yia pn apvnuko apidupod, 1o - yla apvntko) ‘ (4.3)

Kat ene1dn) ta tetpdywva avubétov apibpev sivat mavia ioa €xoupe:

T'a xaOe z woyvet |zf” = 22 (4.4)

Eniiong av xpnotporotrjooupie v évvola tou ripoorjpou (BAéne (144 pro-
poupe va YpAWoupe:

‘x = (mpoonpo tou x) -|z| ‘ (4.5)
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'Eva onpueto nou ypetaletat mpoooyr) eival nmog to oupBoAo |...| mg anddu-
NG TIUAG OV CUUTLEPLPEPETAL 1IE TIG TIPASEIS OTIRG Ta OUPBOAA TRV IapevOEcE®V
(...) 1 t@v aykudov [...]. ‘Etot eve propoupe va ypdayoupe — (2-3) = -2+ 3
etvat Aabog va ypayoupe — |2 - 3| = -2 + 3.

Eniong mpénet va Supopaocte 611 0 aplBpog mou maipvoule TV artoAut)
T tou propet va sivatl 9etkog, pndév n apvnuikog. H amoAutn tipr) opeg
9a eivatl apBpodg peyadutepog 1) 100G 10U Pndevog.

Ioxvet |z| > 0 yia xaBe z xat 1 100t ta wyvet povo av z = 0. (4.6)

Auvo avtibetol apiBpoi anéxouv v i61a andotacn aro 1o PNdEV Katl EMOPEVROG
(propet va emaAnBeubei kat Hrakpivoviag MEPITIOOELS):

‘IOXI’JSL |-z| = |z| yia xae x. ‘ (4.7)

Av &Epoupe tov T 10te 1 anddutn tprn tou Sa eival KAMo0g aro toug £I.
Eniong Sa etvat kat x = +|z|. ®uowka —|z| < || kat apov x 9a eival karnolog
arné toug Suo apBpoug £xoupe:

‘10)(1381 - |z| <z < |x] yia kGO x. ‘ (4.8)

‘Acknon 291. Na cuprnAnpOOoETe TIG 100TNTES
1. |-7|= 4. |5-32000] =

5. |z - simr =

3. [32-11]= 6. |22 +3| =

‘Acknon 292. Na unoloyioete TIg TAPACTACELG:

1. A=[1-]2-3] a. A= |85
2. B=|3-4/-|3-3ll 5. E=|4-8-[[7-9/-11]
3. T=[(5-%2)(3-1) 6. Z=[1-3%|-|7-3%

‘Acknon 293. Me 6edouévo 611 a > 5 va ypdyete Xopig 1o oUpBoAo tng andiutng
TIPS TIG IAPACTACELS

1. A=|a-08]+1 3. I'=13a-38|+|8 -
_ [o*-A] _|a?-8
2. B_a——ﬁ 4. A_‘aa-%—ﬁ ‘4—6

‘Acornorn 294. Na arnodeigete 61t

loo= Bl +[B=A]+|y—al=]la-7|+|y-B]+]6 -«

3
’ , , . , |;r —1|
Aokrnon 295. Eote 6t z > 1. Na arnlornotroete v rmapaotaoct) P
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‘Acknon 296. Eotwe 611 x > 5. Na amlonofjoste v napdotacn
|z - 2] -3z - 5|
‘Aoknorn 297. 'Eote 6t 1 < z < 2. Na amlormnotoete v mapdotaoc
|22 + 1| + 3 (|Jz - 5| + )
‘Aoknorn 298. 'Eote 611 7 > 3. Na armodeifete 6t:

(z-1)(z+1)(z-2)|-2®+222 + =2

4.1.2 Armoroinorn napactdoe®y IoU TEPIEXOUV ATIOAUTES TIHEG

Zuyvda undpyel n avaykn va eKpPACOUPE Pid Mapdctact IMoU TEPLEXEL
andAuteg TiHEG Pe pia dAAn mapaoctaoct) mou dev mePLEXEL ATOAUTEG TIHES. An-
Aadn onwg ouvnOidetal va Aéyetat «va Bydloupe ta andAutar. Mepikeg t€toleg
MEPUTTIOOELS €16apE OTIS AOKN OIS NG MPONyoupévng mapaypagpou. Emedr)
N amoAutn Tur evog aplBpou egaptdtal amo o mPOcHo ToU @POVTI{oupE va
doupe g petaBodég 1ou mpoonou KAbe mapdotaocng g oroiag spdavidetat
1 anoAutn Tt 6nAadn «mou eivatl péoa oe aroAutor.

HMapadewypa 61. Ta g Si1Gadopeg TIPEG TOU = va ypael xwpig to oupbodo
g anoAutng Tpng n napdotaon |2z — 1.

Avon. Egstaloupe v petaBoAr) poorpou tou 2x — 1.

D=

20 -1 - 0 +

e Av 10 7 10 eruAégoupe oto diaotnpa (—oo, %) 161e 27 -1 < 0 KA1 enopEvag
|22 — 1| =1 - 2z.

e Av 10 x 10 erudégoupie va sivat % tote 22 — 1 = 0 xat enopévag 22— 1| = 0.

e Av 10 7 10 ermAéoupe oto Sraotnpa (%), +00) 101e 22—1 > 0 KA1 eTTOPEVRG
|22 — 1| = 2z - 1.

MropoUpe aUTEG TG TTAPATNPLOELS VA TI§ EVOMPAT®OOUE OTOV IivaKa 1ag:

X —00 % +00
2¢ -1 - 0 +
|22 - 1] 1-22 0 2z-1
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MrniopoUpe va ypayoue Kat

1-2x av z<
|22 - 1| = 0 av =
2r -1 av x>

N[0 [ =0 | =

H napandve ypadr) pnopet va cuviopeubel av «padépouper 11§ EPUTIOOELS.
H nepimmwon = = % propel va evoopatmdel otnv mPonyoupevn 1] TNV EMOHUEVT
nepinmoon. ZuvnBweg evompatwveratl otnv enopevn dnAadn nmpotupdpe 10 >
arno 1o <. 'Etotl €xoupe:

|2x—1|={ 1-2x av z<

N[N | =

20-1 av x>

Av 9¢doupe va paboupe pe Tt elvat ion 1 mapdotaorn pag otav & = % Katapeu-
YOUHE @UOIKA otnv 8eUtepn mnepimoon: Oa eivat n upn g 2z — 1 yua ¢ = %

6nladr) 0 onwg Pprnkaype kat mmpwv.
Mapadewypa 62. T'a tg Siadopeg TiPEg ToU T va ypagel Xwpig to oupBolo
g andAutng Tpng n napdotaon |2z — 1| + | - 1.

Avon. E60 £xoupe 600 rapactdoelg tov onoiav spudavidetatl n ardAutr) tpn.
Oa PEAETHOOUIE TO MTPOON 0 KAl TOV dU0 OMKOG KAVAE 0TAV PEAETOUCALIE TO
mpoonpo ywopévou. Meta Sa cuvoyicoupe ta anotedéopata pag ava rmepi-

ITtROT) :
x —00 -1 % +00
2 -1 - - 0 +
|22 — 1| 1-2z 1-2z 2z -1
z+1 - 0 + +
|z + 1] -r—1 r+1 r+1
122 - 1| + |z - 1 -3z 2-x 3z

ZUG anoAuteg THEG TapaAeiyape va onpPeEI®OOUE IOTe yivovial pndév agpou
bev 9a mapoupe aUTEG TIG TIEPUTIOOELS Xwplotd adAd Sa 1ig kaAvyoupe pe 1a
<. Zuvoyidovtag £xoupe:

-3z av r<-1
1

2z -1|+[z+1|={ 2-2 av -1<z<j
3z av T2 %
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156 4.1. Zvvtetayuéveg

Mapadewypa 63. T'a tg Siadopeg TiPEg ToU T va ypadel Xwpig to oupBodo
g andAutng tpng 1 napdotaon |(2z - 1) (z +1)| - .

Avon. E&¢ npénet va Bpoupe to mpoonpo g napdoctaong (2x — 1) (x +1).

X —00 -1 % +00
2¢ — 1 - - 0 +
x+1 - 0 + +
2z -1)(z+1) + 0 - 0 +
(22 = 1)(z + 1)] 2z-1)(x+1) -2z-1)(z+1) 2z-1)(x+1)
|2z -1)(z +1)[-= 212 -1 222 -2z +1 272 -1
Enopévag:
222 -1 av r<-1
(2z-1)(z+1)|-2={ -22?-22+1 av -1<z<1i
222 -1 av x>

=2

‘Aoknon 299. T'a tig 51aPopsg TIHEG TOU T va ypadei Xwpig To oUpBoA0 g andAutng
Tpng n mapdotaon |2 — | + [4 + .

‘Aoknon 300. I'a tig 51adopsg TIHEG TOU T va ypadei Xwpig To oUpBoAo tng andAutng
Tpng n mapdotaon (x - 2) |z + 2| — ||

4.1.3 E{iomoelg 1ou repléXouv andduteg THeg

Yridpxet pia peydAn mowkidia e§1000e@V IOV TEPIEXOUV artoAuteg tipég. H

pop®r) toug dradépel avadoya e To IOU Kal NG Tortodeteitat 1o oupBoAo g
ATOAUTNG TIPS,
H o amdr e&iowon mou mepiéyel anodduteg tipég eivat i egiowon |x| = a. Av
o0 « givat apvnukdg 1 ggiowon auty) ev £xel AUon apou 1o |x| eival mavra pn
APVNTIKO Kat enopévag S prmopel va sivat 100 pe éva apvnukod apdpo. Av o
« gival pndév n egioworn £xel povadikn Avor) 1o 0 eved av o « gival 9eukog 1)
eClowor £xetl Auoelg toug apibpoug +a. Zuvoyiloviag £xoupie

H etiowon |z| = a:
e Eivat aduvam av a < 0.

. Ly (4.9)
e 'Exet povadikn Avon 1o 0 av a = 0.
e 'Exet 600 Auvoeig toug + . av a > 0.
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Hapadewypa 64. Na Aubei ) efiowon |z - 2| = 1.

Avon. Oasivat x -2 =+1l katermopévog z =2+ 1. Apaxz =31 x=1.

Zta tpia enopeva napadeiypata 0Aeg ol €§1000€1§ MPOKUITIOUV Ao TV &8i-
fo[nle)q) 2?2 -x-2=0 torofetviag 1o oUPBOAO TG AMOAUTNG TIPS O Pe dAAo
KAaBe @opd 1poro.

Mapadewypa 65. Na Aubkei n e€iowon 22 — |z| - 2 = 0.

Avon. Eneidr) 6ev EEpoupe moiog eivat o x Sexkvape pe 6ebopévo o1l aniag
etvatl évag mpaypatkog apidpog. Emnedr) 10 mowa eival n anoAuty tipn tou
gtaptatal and to mEdcnPo TOU UIOPOUHE va diakpivoupe U0 Iepuitioelg
avdloya pe 1o av o aplOpog pag sivat pn apvnukog 1 av eival apvnukog.
Me aAda Aoyia porpadoupe v doudeld yayvoviag va Bpoupe pn apvntikeg
Avoeig kat apvhtikeg Avoelg. 'Exoupe Aomov:

Hepintoon 1. z > 0. Apou Sa eivar z > 0 9a eivat |z| = = xat n e&lowon pag
2

yivetatr z° —x — 2 = 0. Auvovtag Ppiokoupe © = -1 kat « = 2. AAAG
avag¢nToupe Povo Pn apvnuikoug apldpoug Kkat Bprkape éva tov & = 2.
H &AAn upn ¢ = —1 8ev eprintet oty nepintwoorn mou e§etaloupe Kat

bev nag evblagpépet dndadn anoppimntetat.

Hepintwon 2. x < 0. Ty nepinmtwon avt) Sa eivat x| = -z xat n e&iowon
pag yiver 22 + 2 — 2 = 0. Avvoviag Ppiokoupe g pég = = -2 Kkat
z = 1. Eneidn autt] m @opd epyaldpaocte pe apvnukoug apdpoug Sa
KPATI|OOUE TNV apvnTiKL TP & = —2 kat 9a aroppiyoupe tv etKr).

Yuvoyilovtag 1 egiowon pag €xet 6uo pileg 11§ 1 = —2 Kat xo = 2.

'Evag difog tpomog eivat o €€ng: Agpou sivat |ac|2 = 22 pnopoupe va ypayoupe
mv e&iowon pag kat eg |z — 2| - 2 = 0. @a Ppoupe to = Ppiokoviag MPGTa T
|z|. Ovopdloupe || = u omdte 1 e€lowon nag yiverat u? — u — 2 = 0 kat PUOIKA
9a d6exBoupe povo pn apvnuikeg TipEg tou u. Auvoviag Bpiokoupe u = —1 mou
arnoppirntetal kat u = 2 nou eivat dektr). Enopévag |z = 2 and wmv onoia
Bpiokoupe 6Tt x = +2.

Mapadewypa 66. Na Aubei n efiowon 22 — | — 2| = 0.

Av¥on. E66 untapyet n anddutn Tipn tou apdpou x — 2 ortote Ya Siakpivoupe
TIG TIEPUTIOOELG OX1 Y1d TO AV 0 T €ival apvnTiKo 1] [ apvnTiKOg OTIOG KAVApe
v aAAd yua 1o av o T — 2 givatl apvnTikog 1 11 apvntikog pe dAda Aoyla av
r>2nx<2.

Mepintwon 1. > 2. Oa sivar  — 2 > 0 xat 1 e&iowon pag yivetat 2 —

(x-2) = 0. EuxkoAa Siaruotwvoupe ot 1 g§iowon pag eivat aduvatn
MPAYHA IoU onuaivel meg 1 apyikr) pag sgiowon dev €xel Avoeig x > 2.

Mepintowon 2. =< 2. Oa eivat = — 2 < 0 kat £xoupe va Avooupe myv 2 —

(- (x-2)) = 0 armo mv oroia npokurtet © = -2 kat & = 1. Kat o1 §vo
elval pikpoTepeg tou 2 dpa sival Sekteg.
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Zuvoyilovtag 1 e§lowon pag €xet pideg 1g x1 = —2 Kat x2 = 1. Zuvoyidoviag n
etioworn pag éxet pideg ig 1 = -2 kat g = 1.

Mapadewypa 67. Na Aubei ) e§iowon |x2 - x‘ -2=0.

2 _z. Tlpokerat yla deute-

Avuon. Eb¢ evblagepopaote yla to ipoonpo tou &
poBabdiio tpidvupo mou éxet pideg 1o 0 kat to 2. Mriopoupe va gpyacboujie
OTI®G TIPV TTaipvoviag Tpelg eputiooelg. Oa epyacboupe KANOG dradopetikd
XPIO1HOIo10VIAG £va TTivaKa Iapopo10 Pe EKEIVOUG o £18aie ot v mponyou-
pevn napaypado. Av 01 TIEPUTIROELS €ival Alyeg Ol Tivakeg Sev IPOOPEPOUV
KATL aAAd o€ TIEP1O0OTEPES ATIO HUO TEPITTOOELS O TTivakeg pag divouv v du-
vatouta va gpyaddpacte pe tadn kat va rnapouctaloupe eUkoAa v Souleld

pasg.

T —00 0 1 +00

22 -z + 0 - 0 +

‘$2—$| 22—z 22+ -z
H &&iowon mou

2 _ ._o_ 2 _ 9 _ 2 _ . _o_

9a Avcoups zc-x-2=0 rc+x-2=0 zc-x-2=0

1¢eg Tou ,

p?g r=-1lxarx =2 rapia r=-1xatx =2
Bpilokoupe

1leg Tou ,

Kpatape

‘Aoknon 301. Na Auoete Tig £§100081G

1. |z[=3 5. 32> - 7|z[+2=0
2. Bz-1|=8,2=3,x=-1 )

6. 2]x["-3|z|-1=0
3. 5lz[-2=9
4. Tlz+2|-3=-11 7. 22 -3z|+1=0

‘Aoknon 302. Na Aubei n egiowon 222 — |22 — 4] = 0.
‘Aoknon 303. Na Aubei ) e€iooon 2|z — 1|+ |z + 1| = 2.

‘Aoknon 304. Na AUoete 11§ TAPAKATE e§1000EIG:

1. 2z-1|+|3-2|=7 5 (z—l|z]) (Jx|-1)(1-|22-1])) =0
2. [2+4x|=-22-1 )
) 6. |x —3x+3‘:1
3. |z-3-|z*-1| =2
1 _ 1 _

4..’L’+m—8 7E—|£|—1
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4.1.4 AVIO®OEIG TTOU TIEPIEXOUV ATIOAUTEG TIES

H o armr) e§ionon mou nepiéxetl anocduty tpy etvat 1 |z| = a. Av avuka-
TA0TNO0UE TO OUPBOAO = e éva armo 1a <, <, >, > 9a £Xoupe TG ATTAOUCTEPES
avVioOOElg TIOU TIEPLEXOUV andAutn tpr. Ag acxoAnboupe pe v |z < . H
aviowon auty) ipodavag eivat aduvatn av « = 0 1] akopn xepotepa av o < 0.
‘Otav a > 0 10te ouctaotikd {ntape va paboupe oot aptdpol angyouv amno 1o
Hndév andotaon pikpdtepn ano «. Av yla napadsiypa « = 2 i aviooon |z| < 2
niepltAapBavet 1oug aptBpoug rou anéyouv arod 1o () anootacn PKpoTePn and

2.
améyovv amd to 0 améyovv amd 1o 0
andcToon andotoon
ueyodvtepn amd 2 —2 0 2 peyoddepn omod 2

e
J

Q

améyovv amd to 0
amOGTACN

HikpoTEPN Ot 2

KataAaBaivoupe ot o1 apiBuot x 1ou arngyouv ard to 0 arnootacn Pikpotepn
arnd 2 sivat eKeivol yia Toug oroioug 1oxvel —2 < = < 2 dndadn ot apibpoi tou
Sraotparog (-2,2).

Tkerdpevotl avddoya Bpiokoupe ot 6tav a > 0 n oxéon |x| < o enmadnBevetat
aro ta T pe —a < x < a. 'Exoupe Aoutdv ripog anoddedn v

Mpétaon 4.1.1. Ava >0 e |z|<a <= —a<z<a.

Amnobeiln. A’ Tpormog Me 1AKP10T) MIEPUTIOCEDV

r<a xat x>0 r<a xrat x>0
7| < o <= ) < ) < —a<r<a
—r<a wat <0 —a<xr xrat <0

B’ Tpomoc Xprnowponooviag v 161otta (@.4)

2 2

lZ|<a ot <a? o’ <’ o’ -’ <0<

2

< (10 z Bpiloketat petagy twv pgov U prevupou - — a2) < —a<r<a

O

MriopoUpe va ouvopicoupe ta POoNyoupevda :

H avicwon |z| < ac:
e Eivait adtuvain av a <0. (4.10)
e 'Exet 0Uvolo Auoewv 10 ddotnua (—a,a) av a > 0.
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4.1. Zvvtetayuéveg

Mapadewypa 68. Na Aubei n aviowon |z — 3| < 2.

Avon. Eivai apeon epappoyr) tng EI0): [z - 3| <2< -2<x-3<2 <1<
T <95.

Mapadewypa 69. Na Aubei n avicwon ‘CC2 - :c| <2.

Avon. x2—x‘<2©—2<x2—x<2©
2<z?-z 22-r+2>0 rzeR
Kat pEN Kat pEN Kat < -l<x<?2
x2-x<?2 22 -2-2<0 ~l<z<?2

Eépoviag moieg etvatl ot Avoelg g avicwong |z| < a, a > 0 pnopoupe va
BpoUpe kat TG AUOELS TOV MAPAKAT® AVIOOOoERV (rtavia pe o > 0) :

e |x| < . To ouvodo Auoewv g 9a neptlapBavet exetva ta x yia ta ornoia
|z| < @ padl pe ta z yua ta onoia |z| = a. Enopéveg 9a neptlapBavet
1a T pe —a <z <apadl pe ta r pe x = . Tedika nieptdapBavetl ta
pe —a < x < . AnAadn 1o oUvoAo AUoE®V NG aviomong ival To KAE1OTO
Sraotmpa [-a, .

e |x| > @. MnopoUpe va Bpoupe Tig AUoelg g aviowong autyg av Bpoupe
ool aplBpol dev givar Avoelg. Aev eival Auoelg ot aplBpol x yia toug
oroioug 1oxVet |z| < a 8ndadr) ta otoikeia to Sractpatog [—a, a]. Apa
eivar Avoeig ot apiOpoi mou Bpiokovial €§w ard to Sidotpa pe ddda
Aoywa ot apBpol z pe * < —a ) £ > a. To ouvolo Aucewmv propel va
ypapet kat (—oo, —a) U (a, +00).

e |x| > a. O11U0e1g NG avicwong autrg etvat o1 apiOpoi rou enaAnBevouv
mv |z > « pall pe toug 6Uo apBpoUg Tou eraAnBsvouv Vv |x| = «
dnAadn toug +a. Tedwkd Avoeig eival ta ¢ < —a padl pe ta ¢ > a. To
oUVoldo Auoewv eitvat 1o (—oo, —a] U [« +00).

MropoUpe va ouvopiooulEe Td IAPAIAve o€ Eva diaypappa:
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lz] < a2 € (—a,a) lz| <aeze[-aq
-« o -« @
QO O Oummm———

lz] > ae e (—o0,a)U(a,+) | |z|>ae e (—0,a]Ua,+x)

Mapadswypa 70. Na Aubei n aviowon |5 — 4z > 3.

Avon. Eivat:

5—4x <-3 —4xr < -8
[5 -4z >3 < 1 < 1 <
5—4x >3 —4x > -2
T>2
] 1
n @xe(—oo,—]u[Q,—i-oo)
r<i 2
53

‘Acknon 305. Na cupnAnpooste Tig 10o0duvapisg:

1. [z-3|<2e ...<x<.. 3. [z-8|<de ...<z<...

2. |z+3|<2<e ..<x<... 4. |z +T7>2<x<..1...<x

‘Acknon 306. Na cuprnnpooste Tig 10o0duvapisg:

1. [7]|<7Te ...<z<.. 4. |z|23ez<..nT>...
2. |z] <12 ..<x< ... 5. ~i<z<ielr<..
3. jzg|>1lezxz<..qz>.. 6. x<-8nr>8< ...>..

‘Aoknorn 307. Na AUoETE TiG AVICHOOEIS:

1. Jz+3|<11 3. pr-1<1
2. pbr-1]>4 4. |z +2|<|z+3]

‘Aoknorn 308. Na AUoETe Ti§ AVIoHOOELS:
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162 4.1. Zvvtetayuéveg

1-|a]

1. 2z-1|+]x-2|>7 4 s L
2. lz-1+]x-2|+|z-3|>3 5. 2% -3z +2| >z -z
3. 1-l|zl|>=z 6. |z-L|<a+|z-2|

4.1.5 AnoAutn Twn xkat [pdageg.

Zinv napaypado autr] 9a douie g ouvdéetat 1) anoAutn T P TG Ipd-
&e1g. AnAadny 9a oupe mola oxgon undpyxet petadu tov o * y| kat |z| * |y| 6mou
* elval KArowa ano TG 1€ooeplg mpdselg -, :, +, — ToU rnoAAandaclacpou, g
Slaipeong, g rpodobeong kat g apaipeong. Auto dndabdr) rou Ya efetdcoupe
etvat av eivat to 1610

e Ipwta va eKteAéooupe TV mEAdn Kat Petd va mdpoupe v andiutn

T 1)
e IIp®Ta va MAPOUE ATTOAUTEG TIHEG KAl PETA VA EKTEAECOULIE TNV TIPALT

Ag doupe mpota v npddn tou moAAarAactacpou Sokipaloviag HeEPIKOUS a-

p1Opoug
e |y ey |l |yl eyl | 2]yl
2 6 213 6 6
-2 3 -6 | 2|3 6 6
2 13| -6 1|23 6 6
-2 | -3 6 213 6 6
0 2 0 0| 2 0 0
0 3 0 0] 3 0 0

O napandve mivakag pag rapéxet my évbeldn ou |ry| = |x||y|. Ag ddooune
Kat pia anédeign autou tou 10XUPIoRoU.

IIpotaon 4.1.2. INa kaBe {eUyog mpaypatkov aplopov a, 8 1oxvet

8| = |al |5 (4.11)
Anobeiln. A’ Tpomog: O mponyoupevog mivakag prmopet va pag dooet pia
16¢éa yia mv anodeidn : Auto 1ou oty MPAyHATtKOT| A XPE1acOiKape ftav ta

TPOoNUA TOV ApdU®L Kal Ot Ot TYUES TV apduwv. Enopéveg propouvpe va
dlakpivoupe mepUTIOOel§ availoya He 10 IIPOoNHO0 TRV aplOp®v.

a | B |a-B|la | 18] |la-Bl]| a5
2020 20 | @ | B af af
>0|<0| <0 | a | =8| -aB -af
<020 <0 |-a| B | —aB -af
<0|<0| >0 |-a| -8 ap af
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BAénoupe ot og dAeg Tig meputtooelg etvat |af| = |af |8 xat emopéveg n 1816-

ta aAnBevet

B' Tpomog: Mriopoupie va epyacboupe adloroigviag v 6iota (4.4):

B = [o] 18] <
(laB))? = (o] [8])* =
B = |af* |8 <
(aB)’=a’f’ =

a?B% = a?5? (loxuey

O

Av mielpapatiotovpe pe 61dgopeg Tpeg Sa Houpe o1l éva avaAoyo arote-

Agopa 1oxUel Kat pe 1o imAiko dnAadr) woxvet:

IIpdétaon 4.1.3. Na kaOs {gUyog mpaypatkeov apldpov a, B pe § # 0 1oxvet

lal

5l

18]

(4.12)

Amnobeiln. A’ Tpomog: Mnopoupe va gpyacboupe pe H1aKP101) MEPUTIOOE®V
0TS aKP1B8DG KAVA}LE OTO YIVOHEVO:

a8 s w]m]iEs
>0|>0|2>0 Jé] % %
>0 ] <0|<0 -3 —% —%
<0[>0|<0|-al| B —% —%
<0|<0|>0]|-a| -8 % %

Y& OAEG TIG TIEPUTIOOELG 10XUEL TO ATIOOEIKTED ‘%’ =
B’ Tpomoc: Me v 1610tta (£.4):

‘a‘ el
—_] = —
sl sl
2
(51 (5
— — - p==
B 18]
‘a 2ol
J— = _2 =N
CAR ]
(a )2 ~ a2
Bl B
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164 4.1. Zvvtetayuéveg

o a?

E = E (Ioxuey)
I'" Tpomog: Ag 6oupe kat pia tpitn anodedn mou adloroiel neplocotepo doa
é¢xoupe arodeiel péxpt ouyprg. Xpnowornowoupe ty npotaon [4.1.21 'Exou-
pe:
a a al o
9=am2 o] -lal =[] 1= i =[] - 2
B 8 sl gl

o

B

Hapadewypa 71. Av |of =3, |5 = 5 téte
Bl = o] [6] = 3-5=15

‘a‘ o] 3
Bl 18l 5
Zuvénela g [4.1.2] eival kat 1 akoAoubn:

IIpotaon 4.1.4. Ta v > 3 woxvel

llor -0 a1 o] = fon Joo| . o] o] (4.13)

Amnobeiln.
oy ooy ay|=ag - (ag .- a1 - )| =
laq] - |ag s a1 - | = || Jag - (s a1 )| =
= |041| . |042| . | Q1 OzV| = ...
(raBe popd epgavidoupe v ardAuty T EVOg OPOU) =

|oa] - |z - ... -] - |ow |

Aro v oroia €xoupe v

Ipotaon 4.1.5. Ta xkdabe Yeukd aképatlo v 10xveL

|| = |a)” (4.14)

Anodeiln.
o’ =|a-a-...-al=|a|-|a| ... - |a] = |a)”

vV QOpEg vV QOpEg
O

Ot PoNnyoUHEVES 1810THTEG AG ETUTPETOUV VA «TIEPVAPE» TNV ATIOAUTH T
p€oa oe ywvopeva, rinAika, Suvapeig:
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Mapadewypa 72.
eyl _lally]
128 |2

Ty
23

‘Acornorn 309. Ta toug apBpoug «, 8,7 sivat yvaotd ot |a = 2,[8| = 4,|v| = % Na
uniodoyloete ta:

1. |ef| 4. ®|By
2. |2 5. [l + |2
3. |oz2,6”y| 6. |a3| + |,83| -2

‘Aoknon 310. Na arnodeifete 611 0 ap1Opdg ‘fc—‘ (x # 0) £xel amoAutn tpn ion pe 1.
‘Acknon 311. Zto BiBAio Mabnuatkeov Kateubuvong tng I Aukeiou undpxet og
UMOEP®TNIA P1ag ACKNOoNG T0 IaPaKAt® :

e Na amnobeiete 611 |ﬁ| < %, z eR.
Na dwoete pia anodegn.

Ag d0Ul1E TOPA WG CUPTIEPIPEPETAL ] ATIOAUTH TIJr) He Ta abBpoiopata. Ag

BOK11ACOUE TIPAOTA PEPIKEG CUYKEKPIHEVES TIHEG OTIONG KAVAE HE TO YIVOHE-
vo:

z |y |z+y |zl | |yl | lz+yl | |2 +]yl
2 5 |2]13] 5 5
2 -3 -1 | 2] 3 1 5
203 1 |23 1 5
21-3] -5 | 23] 5 5
2 2 [2]0] 2 2
0o/3] 3 |o0o]|3] 3 3
200 2 ]2|0]| 2 2
0-3] -3 |o0o|3] 3 3

BAéroupe ot n andAutn tpry abpoiopatog |z + y| dAdote sivat ion xkat dAdote
gtvatl pikpdtepn anod 1o ABpolopa TV anoAutey Tpev |z + |y|. Kat nou sivat
Aoy1KO ylati av otoug aplbpoug r, y mApoupe npota 1o abpolopa Kat pPetd
MV arnoAutn Tpr Kanoleg povadeg propet va «xabouvr.  ZInv MPOKEIPEVN
nepimoon éxoupe kamnotieg evbeidelg yia to ot woxvet |z + y| < |x| + |y

IIpotaon 4.1.6. INa kGO {eUyog mpaypatkov apldpov a, 8 1oxvet

o+ 81 < || + 18] (4.15)
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166 4.1. Zvvtetayuéveg

Amnobeiln. A’ Tporog: Eivat ano v
—lal < a <ol
-8l < B < 8]
Av ripooBéooupe Katd PEAn €XOUpe:
~(lal+18]) < a+ B < af + 3]
Ag ovopacoupe A = |a| +|8] kar X = a + 8. Eivat BéBaia A > 0. Eivat
-A<X <A
e Av oupBaivet va givat A > 0 tote | X| < A.
e Av oupBaivet va givat A = 0 tdte kat X = 0 ordte nddt woxvet [ X| < A.
'Exoupe Aotrov oe kKABe mepirntworn ot
| X< A
Eavabaloupe otnv 9éon tov X, A autd nou sixape ovoudost X, A kat éxoupe:

o+ Bl < ol + 8|
B’ Tpomog: Eivat
la+ Bl <ol + 8| <
(lo+ )" < (Jof +[8])° =
o+ B <Jal* +2]af 6] + |8 <
(a+B) <a®+2]al 8|+ % <
o +2afB+ % <o’ +2[af|+ 5 =
208 < 2|af| <
af <|af| loxuvel ano
O
TiBetat 1o evdoyo epotpa: [I6te omyv avieétta |a + B < |af + | 8] 1oxvet
10 10 «icow; Ta apOpunuka dsdopéva pag deixvouv 6t 9a 1oxvet dtav af >

0. IIpaypau av napakodoubrjgoupe v Seutepn arod tg Vo amnodeifelg g
ponyoupevng nipotaong Sa Sovpe 6t av ypayoupe 1a < pe = tote Sa sivat

o+ Bl = la| + 8] < af = |of]

A)MAd évag apiBpog eivat 100¢ Pe v aroAuTr) T ToU av eivat Jr apvnukog
kat enopévag 9a stvat aff = [af| povo av af > 0. Enopévag 1oxvet:

[+ ] = [a] + |8] < aB > 0 (4.16)
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Mia avdloyn 1816tta pe 1ou abpoiopatog PIopoue va €XOUHE KAt yid TV
dlagopa:

la =B =la+ (=B)| <la| +[-B| = o] +|B|
dnAadn:

o= Bl < || + 18] (4.17)

Hapadeypa 73. Na anodedet 6t av |z| < 1 xat |y| < 9 téte 10xVet
|z +y| <10
Avon. Eivat |z +y| < |z|+ |y| < 1+ 9 = 10.
Mapadewypa 74. Na arodeBei ot
a8 -l <lal + 131+ b
Avon. [a - -] =[(a=pB)+ (=7)| <la=Bl+|- == Bl+ ] < ol + 8]+ ],
Hapadetypa 75. Na anodedel 6t av |z| = |y| = 2 tdte 10xVe1
122 - 3y| < 10
Avon. |2z - 3y| < 22|+ |3y| = 2|z|+ 3|y| =2-2+3-2 = 10.

s

‘Aoknon 312. Ioyvst yevika o — 8] < |a| - |

‘Aoknon 313. Ta toug apBpovg z, ¥ stvat yvaoto ot |z| < 2, |y| < 3. Na anodeigete
ot:

p—

Lty <5
2. |z +2y[<8
3. |p?+2y+1| <11
4. |23 -2y+4|<18
‘Acornorn 314. 'Eotw apiOpog « pe |a| < 1.
e Na Avoste wg rpog z v e&iowon 2 (z +3) = «
e Na anodeifete 6T yia v Avon mou Bprjkate 10xVet |x| < %
‘Aoknon 315. Ta toug apiBpoug A, B stvat yvootd ou |A - 3| < 4 xa |B — 4| < 3.
Na anobeigete 6 |[A+ B- 7| < 7.

2x+1
y2+1

‘Acornorn 316. Na arodeigete 6w av |z| < 3, |y| > 2 tote

7
< 5"
‘Aoxnon 317. 'Eotw ot |z| < 4,|y| < 5. Na anodei€ete 61t —69 < 23 + 1y < 69.

‘Acknon 318. 1. Ta mog Tipég Tou  wyvet |z + 2| = 4;

2. Tia Totég TIpég TOU o 1oxVet |z + af = o?;
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168 4.1. Zvvtetayuéveg

3. Na anobeigete 611 av woxvet |z + af = a? téte 9a wyvet kat |z| < |of (o + 1)

‘Aoknon 319. TI'a nowa m woxvet [1+m| =1+ |m];
‘Aornon 320. Na arnodeifete out

L (o= B)+p| <o =Bl +B|

2. [(B-a)+al<|f-al+]al

3. |a=p|2=(lal-18])

Katérmv va arodeigete ot:

Lo = 8> [lo] - 18]l (4.18)

‘Acknon 321. Na arodeiete v oxéon [E18) tng doxknong [320] upovoviag kat ta
U0 1€An oto TETPAy®VO.

‘Acknon 322. Na xpnoiponotroste 16¢eg and v anodeidn g npotaong [ L4 yia
va arnodeifete 6Tl yia v > 3 1oxVet

(4.19)

llon +as+ ot ay 1+ ay| <Jan] +]as] + o+ oy 1]+ o

4.1.6 AmMOAUTEG TIHEG KAl TETPAYDVIKEG P1leS.

‘Exoupe 8¢l 6t n Va? eival o povadikog pn apvnuikog apt®pdg mou 1o

TETPAY®VO TOU pag bivel a? xat ou

- av «a<0

\/a_:{ a av a>0

Enopévag

Va2 =|af (4.20)

‘Aoknon 323. Na ypdawete xwpig 1o oupBodo g pilag T1g TapacTdoelg:

1. V22 +\/(z+1)° 3. \/(x2—3x+22+\/a?_42
2. VT +\/(z-1)? 4. Va2/ad
‘Aoknon 324. Ie pepikd PBAia n anddutn tpr opifetat og e§Ng:
|z = Va2

EeKIVOVIAG aItd auTo TOV OPLOJ0 XPIOHIOTIOEIOTE TIG 1810TNTEG TV TETPAYROVIKOV POV
ywa va arodeiete ou:

L. |af] =al|A]
2. |3 =1
B 18]
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4.1.7 Anodotaon 6uo aplBpov

H andAuty tpr evog apiBpiou sivat i anootaocr tou aro to 0. Mropoutpe
Twpa pe v Porfeia g aroAutng TENg va eKPppAcoupie ty andotaor d 0o
orolwvénrote apOpev a, S.

e YroBetoupe ot a < § Kat raipvoupe apxikd tig reputtooeig (BA. oxfpa)
O<a<fB,a<0<b, a<f<0:

d=0—-a«

0 o /’———\\ 6
7\ 7. \/\/3
J p \J

\Q—‘/ //
@
S8 -5
o __ d=0+(-a)

/” \\

~ ~

e ~
7 N

o s 0 N B
7\ 7\ 77\
~ e PESAN A

-— ~ -
~e__~-
—a 3
d=—a—(-f)
a - ~_ 0 0
7\ 7\
\—y \—y
N N /N
S *3\\~__—¢/

BAéroupe 6t og OAeg TIG TIEPUTIOOELS N ATIO0OTAOT) TOUg givat d = 5 — «
1 aAAdg (agou B > « d = |5 - a). Aev éxoupe det 1 yiverat av Karolog
anod toug aplbpoug pag sivat o pndév. Ly mepintaorn mou KAIolog
ano woug a, 8 frav undév n andotacn toug 9a frav n andéotacn Tou
aAdou apBpou aro o undév dnAadr) n arddutn Tt t1ou. Av otov TUTIO
d = f—a9¢ooupe a = 01y B = 0 9a Bpoupe mpaypatt || 1 |«|. Enopévag
0 turnog pag divel v anootaon v 5, & KAl 0 AUTH TNV MEPIMTROT).

e Ty nepirmtoon rou eivat 5 < a Sa éxoupe puoikd andotaon 1o o — [ =

8- al.

e T£)Mog av sivat a = § 1 andotaon v «, 8 eivat undév, anotédeopa mou
MPOKUITTel MAAt ano tov wirno d = |8 — a.

Tuvnbioupe va oupBoAidoupe v andotaon wv «, 3 pe d (o, ). 'Exoupe
AO1rtov ottL:

H andotaon d(«, 8) v apbpov «, 8 eivar d(a,B) = |8 —oz|‘ (4.21)

‘Aoknon 325. Na cupmAnpaoete Tov mivaxda:
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170 4.1. Zvvtetayuéveg

Lo 8 [d@n]
4 2
4 | -2
—3 | -3
0| -3
0,4 | -0,7
1| -1

‘Aornon 326. Na arnodeigete 6 d (-, —8) = d (o, ).

‘Aoknon 327. Na Bpeite 6Aoug Toug ap1Buovg ToU 1oaméyouy and toug —1,5.

‘Acknon 328. Na Bpeite 6Aoug Toug ap1BoUg MOU 0 AdY0G TG AdoTacng ToUg and
tov —1, 81a v anodotaon toug anod v S eivat icog e 2.

‘Acknon 329. Gswpovps Toug aplBpovg a < . Na Bpeite 6Aoug toug ap1dpoug rou
10 40po1opa TV AOCTACE®V TOUG artod toug «, S sivat ico pe v anodotaorn v «, .

4.1.8 ZXuvietaypéveg onpei@v tou ermedou

Eivatl yvooto 011 011og PImopoupe va meptypayoupe ta onpeia piag subeiag
pe apdpoug kavovrag v eubeia afova £101 PIOPoUE va MEPYPAYOUHE KAl
1a onpeia tou erunéedou pe v Ponbeta euyov aplBpev. T'a tov okomo auto
Xprnoworoovupe dUo kabetoug aoveg rou tépvoviatl oty apxn toug dniadr
oto O. Aépe o éxoupe éva opaonavovmcﬂ oUoTN A CUVIETAYHEV®V 1 AAA1®G
éva Kapteolavo ovotnpa ouvietaypévav. To ylati Kapteoiavor Sa 1o oudnty-
ooupe og Alyo. Av M eival éva orotodrriote onpeio tou ermredou @épvouiie
aro 1o M raOeteg otoug AToveg IOV TOUG TEPVOUV OE OrJIEid TTOU AVIIoTOIXOUV
otoug apBpoug x kat y. To x ovopddetat tetunuévn tou M kat 1o y ovopadetat
tetaypévn. Le kaBe Aowov onpeio M avuotoyyoupe ug to {euyog (z,y) g
TETPNPEVNS KAl TG TETAyHEVNG (Afyovtal ouvtetayueveg).

20pB0o aro6 0 epBoyHVio ereldr ot afoveg sival KABETOlL, KAVOVIKSG S16TL 01 AMOCTACELS
petagy v 0 kat 1 otov éva d8ova eivat ioeg pe 1ig armootdoetg v 0 kat 1 otov dAro. ‘Eva dddo
artapaitnto otokeio eivat o rpooavatoAiopog. Ilpémet ot dfoveg va eivatl £tot Torodetnpévor
®OotE av otpadoUPe YUP® AITo TV KO apyxn Katd v Seukn @opa (avtibetn npog tnv Kivnon
1OV SeIKTOV T0U PoAoylol) Eexvoviag amd tov Jetikd nuidova 'z va cuvavidpe Tov 9eTIKO
nuagova y'y)
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Oetticog nuagovog
vy
y M(z,y)
TeToypévn Tov M S REEEEEEEEEEE o
1
i
1
1
i
1
1
i
1
apVNTIKOG NUIGEOVOG E OeTikdg NdEovag
TOV X % . TOV X
T
TETUNHEVT TOL M
APVNTIKOG NLGEOVOG
VY

AN Kat avotpopeg av £XoUnE £va ormolodnote {euyog apdpav (x,y) tdte
0 aUTo 10 {EUYOG UITOPOUE VA AVIIOTOIX1OOUE €va onpeio wote To onpeio
auTo va €XEl TETUNHEVT TO & KAl TeEtaypévn To Y. Puotkd 1oxvet:

Ta onpeta A(x1,y1) kat Bz, y2 ) tautidovtat

; (4.22)
av Kat povo avxy = T9, KAt Y1 = Yo

e KdBe onueio tou dfova tov = €xet tetaypévr 0. AAAG kat aviotpopeg
av éva onpeio €xel tetaypévn 0 Sa eival onueio tou agova tov .

e KdaBe onpeio tou dfova v y €xetl tetpnpévn 0 xat av éva onueio £xet
tetpnpévn 0 9a eival onpeio tou dfova twv y.

e Ta urnodorta onpeia tou ermrédou mou 6ev AvVIKOUV 0TOUG Afoveg £XOUV
Kat tg duo ouvietaypéveg toug iapopeg 1ou pndevog. Xwpidovral anod
Toug afoveg ot 4 Tiep10XEG Ta TETaPTNUOPIA.

1o Tetoptnuopo

>0, y>0

30 Tetappopto

<0, y<0

Ot 6vo &foveg oxnpatidouv 4 radoxikeég opbég yovieg. H eubeia mou sivat
popéag g dixotopou g yoviag rmou avtiotoyel oto 1o kat g yoviag rou
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172 4.1. Zvvtetayuéveg

avtiotoiyel oto 3o teTaptpoplo Aéyetal 17 6yyotouog e yoviag tov afovov
EVR EKEIVI) TIOU £ival opéag TV S1X0TONRV TOV YOVIOV 20U KAl 40U TETAPTH-
popiou Aéyetar 2n Siyotouog g yoviag tov afoveov. Av £xoupe éva onpeio
M (x,y) téte priopoupe eUKOAQ, 1) XP1OIHOMOIOVTAG 1810TNTEG TG OUPHETPiag
elte ouykpivoviag katdAAnAa Tpiyeva va Bpouvpe mola da ivat ta CUpPETPIKA
tou M ©g ripog toug afoveg, g S1X0Td0UG TOUG, Kat v apxr) toug. Exoupe

‘ To ouppeTpIko ToU onueiou ‘ ®G P0G ‘ eivat to onpeio ‘
Tov dgova z'x M (z,-y)
tov afova 4y My (-z,y)

M (z,y) v apxn v agovev O Ms (-z,-y)
Vv PO 61X0ToH0 TV afovav My (y,x)
v devutepn Sixotdpo v afovev | My (-y, —x)

‘Aoknon 330. Na napactrjoete oto eninedo ta Mapakdate onpeia

1. A(1,4) 3. ['(-1,4)
2. B(4,1) 4. A(-4,-1)

‘Acoknon 331. Bpesite pia cuvOrkn Mou TMPEMEL va 1KAVOIIO10UV 01 OUVIETAYUEVEG

wv onuetov A(x1,y1) xat B(ze,y2) wote va eivatl Siapopetikd onpeia.
‘Aokrnon 332. Na Bpeite 10 cuppeTpPkd Tou onueiou A(-2,4):

1. Qg mpog toug agoveg.

2. Qg pog Vv apxr] TV agovev.

3. Qg rpog 11g H1X0TOPoUG TV agovmv.
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4.1.9 Armnootaon 6U0 onueiav TOU erMITESoU

Mrmopoupe pe v Ponbela g anootacng dUo aplBu®v va uroloyicou-
pe v anootaon 6U0 onpeiwv tou srumedou. Ag dewprjcoupe Suo onpeia
A(z1,y1). B(22,y2).

e Av 10 tunua AB 8ev eival mapdAAndo otoug Gfoveg Kal @EPOuE ATIO

1a dkpa tou KAbeteg otoug agoveg 10te oxnuarti¢etal to opboymvio Tpi-
yovo ABT pe unoteivouoa AB kat k@0steg mdeupés pe prkn |1 — ),

|yl - y2|.

B(x2,y2)

Y2 A s}
\yl - ’yz\ ly1 — 2|

" ul [

A(:L'hyl) Ty — T2 r
[ ] [
O 1 Ty — T2 T2

A1 10 TTuBayopeto Sewpnua oto piyevo ABI éxoupe
(AB)? = |1 = zaf* + [y1 - yo”

Kal ETIOPEVRG

(AB) = /|1 — 22> + |y -

e Avto munpa AB stvai mapdAAndo otov x'x téte 10 prikog tou (AB) eival
0o pe |x1 — wo| ka1 Y1 = y2. TV nepirmeon auvty)

2 2
(AB) = | |z1—z2" +[y1 - y2
——
0
n=1n e — Blwa )
()] Eo 1 — 22 @y
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174 4.1. Zvvtetayuéveg

e Av 1o npa AB sivat mapdAAndo otov i’y téte 10 prkog tou (AB) stvat
ioo pe |y1 — y2| xar 21 = x9. TV nepireon avty

(AB) = \j |.Cl?1 —$2|2 + |y1 —y2|2
———
0

B(ws,y2)

W ———t
[y1 — w2l Y-y

n 0 A

BAénoupe 611 og OAeg TIG TEPITIOOELS (PUOIKA Kat 6tav ta A, B tautiovial)
oxvet:

H andotaon wv onueiov A(z1,y1), B(ze,y2) sivat
(4.23)

(AB) =\/|w1 - @ + [y - o

Mapadewypa 76. Na Bpeite ta PrKI 1OV ITAEUPOV TOU TPIY®OVOU TOU OXHIATOG

A

B

Avon. Eivat A(1,5), B(-4,-1),'(2,1). Enopéveg:

AB =\/(1-(=4))? + (5- (-1))> = V6l

BU =\/(-4-2)>+ (-1-1)>=2V10
PA:\/(2—1)2+(1—5)2:\/ﬁ
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‘Acornon 333. Na Bpsite yia mowa tpr) ou z ta onpeia A (1,2),B(-1,z) éxouv
arndotaor 4.

‘Aoknorn 334. Na Bpsite nog mpénet va smdeyei 10 B oote ta onpeia A(1,2) ,
B(z,y), I'(4,1), elval Kopudpég 100mAEUPOU TPIY@VOU.

4.1.10 Ao 1§ YPappeg otig S1000E1g

'Otav £xoupe éva ouotnua aiovav oto erinedo 10te £va oro10drote oxnpa
propel va nieptypagei, dAdote eUKoAa Kat aAAote HUOKOAQ, PE TG CUVIETAYHE-
Veg T@V ONEi®V Tou.

Hapadewypa 77. O d8ovag z'z mepilapBavet ta onueta M (z,y) mou éxouv
tetaypévn undév. Enopéveg nmepldapBavet ota onueta M (x,0) émou o x &i-
vatl oTmolocdIoTe MPAYHATIKOG apifpog. Mropoupe va oupe Aoirmov ot ta
onpeia Tou 'z xat pévo autd enainBevouv v eficwon ¥y = 0.

Hapadeypa 78. O dgovag y'y nmepdapBavet ta onueia M (z,y) mou éxouv
tetpnpévn pndév. Eropévag nepidapbavet ota onpeia M (0,y) ornou o y eivat
OTI010061I0Te PayHatikog apldpog. Apa ta onpeia tou 3’y kat pévo autd
enaAnBevouv v e§iowon x = 0.

Mapadewypa 79. To «Gve nuieninedo» nmou oxnuatidel 6 d§ovag =’z anapti-
Cetat a6 ta onpueia M (z,y) ya ta onoia woxvet y > 0.

Hapadeiypa 80. To oUvodo twv onpeiov M (x,y) tou erurnédou yia ta onoia
oxvel (z +2) (z - 3) <0 eivat 10 Mapakat® ypapHooKIaopévo oXHua :
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H ouvbeon oxnpatev pe aptBpoug £xet paxkpd otopia ota Mabnpatukd. Qoto-
00 1] CUCTNATIKY] XPI)01 TV OUVIETAYHEVRV KAl 1] «HIETAPPAOCT)» EVOG OXIATOS
oe pia egiowor]] mou 1o meprypaget torobeteital xpovikd otov 170 aiova pe
11§ epyaoieg tou Rene Descartes (1o ekAdtiviopévo ovopa Tou Ormoiou nrav
Renatus Cartesius €8 ou kat o1 Kapteolavég Zuvietaypéveg) kat tou Pierre de
Fermat.

1596-1650 4.1.11 O xUxAog

Pierre de Fermat

1601 - 1665

Eépoulie 611 0 KUKAOG 1€ KEVIpo €va onpeio K kat aktiva p eivat 1o ouvodo
TV onpeiov tou erurnédou nou anéxouv arod o K ardotaocn p. Ag rapoupe
10 Kévtpo va eivat to onpeio K (2,3) kat n aktiva va eivat 2. Tdote éva onpeio
M (z,y) avrikel otov KUKAO av i andotaot) tou and to K (2,3) sivat 2. Auto
onuatvel 0t Sa npénetl oupgpeva pe mv [@21) va oxvst

V@@-2)2+(y-3)° =2

31 aviowon, 1} cuctpa eE10M0EWY, AVIOHOERV
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Mrniopoupe va arntaAlayoupe and 1o oupBodo g pifag av uywooupe Kat ta
8U0 1€An oto terpaywvo. ®a katainioupe otnv woduvaurn ox£on

(z-2)+(y-3)*=4

MrtopoUpe akOUn va KAVOUHE HEPIKEG TIPALELS (avartuypata Ktd) Kat va Ka-
TaAf§oupe oty ertiong wwoduvaprn oxéon :

2 +y? -4z -6y+9=0

Kat ot tpelg autég ox£oelg kavoroovviat povo and ta onpeia M (z,y) nou
avAiKoUV Otov KUKAO pe kévipo to K (2,3) xat aktiva 1o p. Ilpdxkettat ya
€§1000€e1g TI0U £X0UV AUOELS P6VO Ta Geuyn (x,y) mou eival ouvietaypéveg tov
onpeiov tou KUKAou. Aéyovral e§lowoeig tou kUKkAou pe xkévipo K (2,3) kain
axtiva 2.

Av topa avalntooupe v £§i00or) tou KUKAoU pe kévepo 1o K (a, f) kat
axtiva p 9a dovpe ot 0 KUKAOG da €xel wg onueia ta M (z,y) pe

V(@-a)+(y-8)72=p

KAl ETIOPEVRG

Mua e§iowon tou kUkAou e kévipo K (a, 3), kat axtiva petvai n:

(z-a)’+(y-B)*=p? (@24

‘Aornorn 335. Na ypayete pia giowon tou kuxkdou pe kévipo K (-2, 1) kat aktiva
3.

‘Aoknon 336. Na ypayete pia e€iowon yia Tov KUKAO TOU GXHHATOG:

" T~
s
V. A
1 LN\
(I 7 ) CR CR E N F R PR ER PR (R TR T W
4
s
.
N y
.
.

4.1.12 H =ubsia

O rUKAOG propet va rpoodioptobel MANP®S av yvopilouie KEVIPO KAl aKTi-
va tou. Mia guBeia pmnopet va nipoobiopiobei av yvaopidoupe Uo drapopstika
onpeia g. Ag Sewprjooupe v eubeia mou diépyxetat and ta onpeia K (1,2)

rkat A (5,4).
N.Z. Maupoytdvvng IIpoturo [epapatko AUKel0
www.nsmavrogiannis.gr EuayyeAikng ZxoAng Zpupvng

... _ http://lyk-evsch-n-smyrn.att.sch.gr




178 4.1. Zvvtetayuéveg

M"(0,y)

A"(0,4)

K"(0,2)

e

K'(1,0)  A'(5,0) M'(x,0)

Ag Sewpriooupe kat tuxov onpeio tng M(z,y) dragpopetko aro ta K, A. Ot
eubeieg KK', AN, MM’ eivar petadu toug mapdAindeg. To autd 1oxUel Kat
yia ug KK", AN, MM" Ané 1o Sedpnpa tou @alr) 9a éxoupe:

K'N KA

K'M'~ KM

Kat KA KA
K'"M!" m

KAl ETTIOPEVRG

KIAI KIIAII

KIMI = KIIMII
Av 10pa «pIETAPPACOUPE» TA PNKI] O€ ATIOOTACELS MTPAYHATIKGOV aplOpoV €Xou-
He ot

[1-5] [2-4
-zl [2-y]
KAl ETTIOPEVRG
4 2
[1-z[ [2-y|
ano v oroia Ppiokoupe:
‘1 -z
—_"l=9
2-y
1 Kat
-1
E__‘:2
y—2

To nipéonpo tou KAdopatog % eCaptatat and v 9o tou T oe 0X£oT) UE TOV
1 xat tnv 9¢on 10U y oe ox€on pe tov 2. Iy nepimtwon pag BAénoupe ot

e Av 1o M sivar extdg tou tpApatog KA mpog 1o pépog tou A 1) sivar
onpeio tou tuApatog KA t6te 9a sivat > 1, y > 2 ondte ZT_% >0
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e Av 10 M eivat extdg tou turuatog KA mpog 10 pépog tou K tote Sa
givatr x < 1, y < 2 orote mdAt % >0
z—1

z-1| _ : — 4
y_Q‘ = 2 yivetat 2 = 2 ano

e KA4Oe mepimworn eivat ;_—1 > 0 xat emopéveg 1

)
Vv omoia £€xoupe

r-2y+3=0

BAénoupe ot ta onueia tg eubsiag mou sivat Siagopeuxkd anod ta K, A sna-
AnBevouv v e&iowon x — 2y + 3 = 0. H e§lowon aut] kavoroteital oiyoupa
aro 6Aa ta onueia g eubsiag ektog iowg v K, A. Av Soxkipdooups kat ta
K, A éxoupe

e Natw K: 1-2-2+3=0, tnv ertaAnBeviet.
e T\atwo A: 5-2-4+3 =0, v enaAnBevel

Eropéveg 0Aa ta onueia g eubeiag eraAndevouv v egiowon = — 2y + 3 = 0.

Euloyo eivat 1o epotmpa: Mnnog unidpxouv Kat aAAa onpeia tou emueE-
dou mou kavoroouv v = — 2y + 3 = 0 aAAdd dev aviirouv otnv eubeia KA; Ag
unof£ooupe Mg £va TEtolo onueto undpyet kat ivat to M (x,y). @a 1oxUel
x—2y+3=0. Heubeta MM’ 9a tépver tnv KA oto T. Znpedvoupe pe M’
Vv 1tpoBoAr) tou M otov x'w. Ta M, T, M' Sa éxouv tnv 161a tetpnuévn . Ag
unoBécoupe 6Tt 1) tetaypévn tou T etvat iy'. Enedn) 1o T’ aviiket otnv eubeia
K A yia tig ouvietaypéveg tou 9a oxveir — 2y +3 = 0. Tuvbudaloviag tnv oxéon
auvtr) pe v x — 2y + 3 = 0 Bplokoupe evkoda pe apaipeon o6t y = y' nmou pag
odnyel oto ouurnépaopa ot ta M, T' cuprtinrouv rmpdypa Atorno adpou €Xoupe
unoBéoel ot to M Sev avrret otny gubeia KA.

A"(0,4)

A(5,4)

Y )

= T N(5,0) 7 M(x,0)
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180 4.1. Zvvtetayuéveg

Epyalépevol avaloya onwg mptv propoupe va Bpoupe (Seite kat tv a-
OK1 0T anotéAsona Kal yia Vv YEVIK nepintoon :

Mua e€iowor) g eubeiag rou Siépxetal amno ta onueia
K(x1,y1) katA(x2,y2) eivar (4.25)

(w2 —21) (y—v1) = (y2 - y1) (x - 21)

A%i¢e1 va onpewwooupe ot otav 1 eubeia eival mapddAnAn otov z'x
dnAadn) y1 = Y2 apou ta onpueia sivat dadopetika Sa eivatr avaykaoukd r; #
T Kaiq ypagetatr y = yp

‘Opota av n subeia etvat mapdAAnAn otov 4’y dndadn z1 = T Oa sivat
Y1 # Y2 KAl 1] KAl 0 ypdoetat x = x7.

‘Aoknon 337. Na Bpeite pia efiowon g eubeiag mou diépyetal and ta onusia
A(-2,4), B(1,3).

‘Acknon 338. Na Bpeite pia &iowon g subeiag Tou oxnEaATOG:

‘Aornon 339. Na Bpeite 10 KOwé onueio v eubsiov ne efiomosg 2z — 3y = 1,
T+y=2.

‘Acornon 340. () Na arodei§ete ou kabe onpeio g eubeiag mou Siépxe-
tat and ta didgopa onpeia K(z1,y1) kat A(z2,y2) wavorolel v egiowon

(w2 —21) (y—v1) = (y2 —y1) (x - x1).

M"(0,y)

A"(0,5)

K"(0,41)

K'(z1,0) M'(z,0)

N (29,0)

T ouvéyxela va anodeifete ot kabe onpeio tou ermrEdou mou 1KAvorotel ty
apandave £5iomorn avhkel otnv eubeia.
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S

K'(21,0)  A'(2,0) M'(z,0)

4.2 Zuvaptnoeig
4.2.1 H évvola g ouvaptnong

£10 MapaKAt® OXNHa MAploTAvel Pia KAPImUAn mou ovopdadetat podovea
3
(ard 10 podov ). Mia e§iowon g eivat 1) (:1:2 + y2) = 6412y,

ItV KAPmuAn pag Pmopovpe va ouvavirjooupe onpeia pe 1da tetaypévn 1
onpeia pe 6a tetpnpévn. BAémoupe ot 6ev undpyouv onpeia mou €xouv
tetunpévn 4, unapxouv TEooepa onpeia mou £Xouv teTunuévn 2 Kat éva povo
onpueio pe tetunpévn 0. H nepintwon 6rou oe éva aptOpo avilototyel 1o oAy
£€va onpueio pe tetpnpévn autd tov aplBpo (rmou onuaivet 1) povo €va 1] Kave-
va) Iapouotalel X®P1oto Pabnuatiko evolapepov. 10 OXHa IToU akoAoubOel
anekovidetat pia kaprudn pe e&iooon 22y +y — 2 = 0 rou Aéyetat ogrosidrg.

2
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182 4.2. Zvvaptnoeig

Y& auty) TV KaUIuAn og pia tetunpévn aviototyel éva 110vo onpeio g rmou
€XEL AUV ®G TETPNHEVE Kal Pe tv Bor)Bela autou Tou onpeiou pnopoupe va
Bpoupe kat v tetaypévn tou. 'E1ot prnopoupie va aviliototXoUe O TETPRNHIEVES
tetaypéveg dndadr) o ap1Opoug tou 'z apdpoug tou y'y.

4 :

| Y, i
A T

/o
/

Autr) n avuotoiyion ovopadetat ouvdptr]orﬁ. Yta Mabnuatkd n ouvaptinon
epgavidetal mo yevika. Zvvaptnon elvar pia dadikaocia omou ota otoieia
£vOG ouvoAou A (rtou Aéyetat mebio 0plouoU 1) GUVOA0 0PLOUOU THG OUVAPTNONG)
avuototyidovtat otoixeia evog ahdou ouvorou B (rou Aéyetat ovvoio apifews)
KAtd 1porno oote oc KAOe otoikeio tou A avuortoiiletal éva kat povo €va
otoxeio tou B.

Mapadewypa 82. Trov mivaka @aivovial S iapopa napadeiypata cuvaptr|oe-

@V
Zuvodo A Zuvodo B Avuortoiyion

N N Y10 v avuotoixei to v + 1
N N 210 v avuotolyet to 2v

N N Zto v avuotoiyei o 2v + 1
N Q 210 v avuototyei to 5

N* Q 210 V¥ avuiototyei to Z—ié

Ta evdexopeva tou €2 [-1,1] o X avuotoei ) mbavowa P (X)
Ta tpiyeova tou ermmedou. (0,+00) Xto T avuotoiket 1o epBadov tou
To ertinedo. To eminebo | Zto M avtiotoixei 1o oUPPETPIKS ToU K¢ rpog K.

Tig ouvaptroeig 1ig oupBoAidoupe pe kanowa ypdupatwa f, g, b, p, 0 K.a. Av
9¢éAoupe va bndwooupe ot 1) ouvaptnorn f avtotolyilel otolxeia tou cuvolou
A o otoixeia tou ouvorou B ypagoupe f : A - B (6waBadetat «f térola
wote 1o A va arnewkovi¢etat oto B»). Av n f avtiotowki¢et o x € A oo y € B
ypagoupe f :x - y fj ouvnBéotepa y = f (). ZuvnBidetat va Aépe duto x € A
etvatl n ave§aptnm petaBAnty g ouvdaptnong kat o y = f(x) n eapmpévn

O 06pog ota AyyAwka eivatl function rmou onpaivet Asttoupyia kat opeidetatl otov Leibniz o
oroiog xpnotpornoinoe tov Aatviké opo functio. H anédoon ota EAAnvika ovvaptnon bivel
£u@aon oto OTL 1] T ToU «rtaipvouper ouvaptdatatl, e§aptdtatl ard v (T ou divoupe.
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petaBAnt mou Aéyetal kat uur] mg f oto x. Puoikd 1 XPrion TV YPARPIATOV
T Krat y 6ev eival SeOPEUTIKY KAl PITOPOUHE va XPNOTHOIIO)COUHE Kal dAAa
ypappara.

Enedn yia pia ouvdptnon avuotoiyidel oe éva x €éva povo y ot ioa T
avtiotoyidel ioa y. Me aAla Adya

‘Av x1 =x9 wte f(x1) = f(x2) ‘ (4.26)

'Etot av pia cuvaptnon f €xet edio oplopol Toug mpaypatikoug apiBpoug tote
f(2)= f(\/Z_L) thf(:c2+2:c+ 1) = f((:c-lr 1)2) sou2=vVAkraaz?+2z+1 =
(x+ 1)2. To avtiotpogo &ev 10xvel 6nAadr av oupBaivel f (x1) = f (x2) autd
bev onpaivel 6t kat avayknv Sa sivat kat ;1 = x2. T'a nmapddeiypa pe
f(z) = 2% etvar f(-2) = f(2) adAd guoka Sev 10xveL —2 = 2!

Ei61xn) mepintwon ouvaptnong sivat ekeivn orou toco 10 A oo kat 1o B
elvatl pn Kevd umooUvold TeV MPAYHATIKOV aplfpov. Agpe 10Te 0Tl €X0Uupe
mpayuatkn ovvapnon pla mpayuatkng pstabinmg. Io ouvnBiopévn nepi-
Moot £ivat o Tpormog pe tov oroio yivetat n avuoroiyion z — f (x) va yivetat
pe v BorBeta evog 1] MEPIOCOTEPRV TTAPACTACER®V (TUTTIOV).

Mapadetypa 83. Me A = R, B = R Sswpoupe v cuvapon f: A - B ue
fx)=(zx+1)(z+2)+1. Téte

f(H=1+1)(1+2)+1=7
f(=3)=(-3+1)(-3+2)+1=3
f(\/i):(\/i+1)(\/§+2)+1:3\/§+5

Hapadeypa 84. Me A = [0,+00), B = R S9eopoupe myv ouvdpton q: A - B
pe g (z) = /z + 2. Tote
g(0)=/0+0%=0

g(4)=V4+4?=18
Hapadewypa 85. Me A = N* 8ndady A = {1,2,3,4,...} xar B = R opidoupe
mv ouvapmon a: A > R pe a(v) =2+ 3v. Eivan

a(1)=2+3-1=5

a(2)=2+3-2=8

a(3)=2+3-3=11

Mia ouvaptnon pe nedio opiop0u 10 GUVOAO TOV PUOTK®OV AplOP®V 1] T0 GUVOAO
TV 11 apvnukev apdpov’ ovopdaletal axodovdia kat ol aplOpotl

a(l),a(2),a(3),a(4d),...

5%e pEPIKEG TEPUTIOOES KAl Pe TMedio 0plopoy KAMO uroouvolo tou N g Hoperg
{1,2,3,4,...,v}
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184 4.2. Zvvaptnoeig

ovopadovratl gpot tng akoAouBiag. Ta tig akodoubieg ypnotpornotovpe dei-
KTeg yla va dndoooupe toug 6poug tng ypagoviag «,, avti yia «(v). v
nepinmtoon pag eivat:

041=5 Oé2:8 Oégzll
Mapadewypa 86. Ag Sswprjooupe v ouvapton h: R - R pe:

h(x):{

22 av <1
20—-1 av x>1

T0Te
h(2)=2-2-1=3
h(-3)=(-3)?=9
‘Aoknon 341. Eow 1 ouvdpmorn f:R - R ue f(2) = 2% + 3z + 1. Na ypayete ta:

1. f(2) 3. f(3) 5. f(z+2)
2. f(-1) 4. f(V2) 6. f(z-2)
‘Acknon 342. Eow n ouvdpmon f:R-{1} > R pe f (z) = 21 . Na ypayete ta:
1. f(2) 3. f(z+4) 5. f(3z)
2. f(=5) 4. f(4-x) 6. /(%)

‘Aoknon 343. 'Eote n ouvapton g: R - Ryue g(2) = 22 +2 (2 — ). Na Bpeite tov
a oote va woyvel g (5) = 5.

‘Aoknon 344. 'Eotwe 1 ouvdpmon ¢ : R - R ne g (z) = 23 + Az. Na enaAndsuoete
mvwootra: g(A+1) = A3 +4X2 +4)\ + 1.

4.2.2 Mepikol TpOTION YA va «BAmoupe» TI§ OUVAPTHOELG

Me bwaypaupata tov Venn. 'Evag oxnpatikog tpoIog yida va Itaplotoupe
pia ouvapinon eivat oxedialoviag draypdppata yia ta ouvola Tmou ouviEet
Kat Beddxkia rou SeiXvouv v aviloToiX10n TV OTOXEIWV !

A B
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ZNPElnote ott:

e Mua ouvaptnon dev propei va aviiotoiyidetl oe €va otoixeio duo 1) epio-
o6tepa otorxeia. Eropévag 6e propei ard to 1610 otoiyeio va Sexkivouv
duo 1 neplooodtepa Peddxia.

e Y& éva oto1Xeio ToU ouvOAOU aPi§eEwg PUITOPEl va PNy KAtalryel Kavéva
Beddakt 1) va kataAnyouv meplocotepa anod eva Peldxkia

Q¢ unyaviopuovg. Emiong eivatl xprioyio va @avialopacte pia ouvaptnon ©g
€va PNXaviopo: €10ayoUle OTO1XEla Kal maipvoupe ototyeia:

x—p  f —>f)

Mriopoupe va «ouviEéouper TETO10UG PNXAVIOHOUG KAt VA (TIAXVOULLE IO OUV-
Yeteg ouvaptroeig.

Mapadewypa 87. Av £xoupe tig ouvaptjoeg f:R >R, g: R >R ype f(z) =
22, g(x) = 2z — 1 t61e propoupe va éxoune pia «qrapdAAndny cUvSeot) TV
HNXAVIOH®V GG £E1G:

<o

Mapadewypa 88. Xpno111011010UE TG OUVAPTIOELS TOU ITPONYOUEVOU Tapa-
delypatog aAda tig ouvdéeoupe o oelpa :

e < s o S P (2x-1)

To x ewoayetat otnv g pag Sivel 2z — 1 1o ortoio pe v og1pd 10U €10dyeTat oty
f. H f avuotowyidet ka0e apiOpo oto tetpaywvo tou. Ztov 2z — 1 avuotoyidet

10 (22 - 1)2.

Me mivarxa tuov. Mniopoupe va Swooupe ANpodopieg yia pia ouvaptnon
1] va TIapoupe ANPopopieg yla pia ouvaptnorn pe myv fonbeia evog mivaka
TIH®V OIoU otnv pia ypappr) tou epgavidoviat ot tipég g avegaptng pPetabAn-
g (ouvnBwg tou x) Kat otnv AAAn ot Tiuég g eaptnpévng (ouvriBwg tou ¥).
Avti ypappov pPropoupe va £Xoulie otrAeg. LTov Imivaka TGOV IToU akoAouOet
ivovtat kamoteg g g f(x) = z3.
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X

-3

-2

-1

3

4

5

f(x)

-27

-8

-1

27

64

125

Q¢ yoapukég mapaotaoelg. Me duo Adyla oav ypappég onwg akplBog Sexkivr)-
oape otV apxh tng evotntag. Av éxoue pia ouvaptnon f: A - R érou 1o A
gival karoio (pun kevo) untoouvodo tou R tdte n ouvdptnon f avuotokilel oe
KGOe x € A éva povo y = f(x) xkat katd ovvénewa kat o onpeto M (z, f(x)).

® Mz, f(x))

‘Otav 10 = petaBaddetatl 6da ta onueta M (z, f(x)) anaptidouv éva ouvoro
onpeiov mou Aédyetal ypagiky Imapdotact tng ouvdptnong. Zuvhbeg to A
gival anelpooyvolo Kal QUOolKA de purnopovpe va oxedidooupe 6Aa ta onueia
G YPAPIKAG rapdotacns. 'Oco eplocotepa onpeia g ypaplKkng rmapdotaocr)
Yewpriocoupie 1000 10 KAAT] £1KOVA £XOUE Y1d TNV OUVAPTNOL) PaG:

N.Z. Maupoytdvvng
Www.nsmavrogiannis.gr
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H ypa¢ikn) napdotaon plag ocuvdaptnong neptdapBdavel povo ta onpeia g
popons M(z, f(x)) emopévag:

To onueio P(a, 8) avhxel oty ypadikr napdotaon g f av
e To a avrjkel oto redlo oplopov g f (4.27)

o fla)=5

H ypa¢ikn mapdotaon piag ouvaptnong Propet va p1ag 60oet apKeteg mAnpo-
@opisg yia Vv cuvaptnon. Metafy dAAev:

e Mrmopoupe va Bpoupe 1oto y avilotolxel oe 00ev .

e Mrmiopoupe va Bpoupe rmota  avilototXouv oe 600V y.

e Mropoupe va Bpoupe 1o miedio opiopov g f.

;7'4*‘
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e Mropoupe va Bpouye towa y sivat tipég mg f.

e Mrmopouypie va Bpoupe

1. Ta mowa  givat f(z) > 0: Eivat exeiva yia ta ornoia ta avtiotoya
onpeia g ypadikng napdoctaong Ppiokovial ndve ané tov x'x.

2. Ta mowa x eivar f(z) < 0: Eivat exeiva yia ta oroia ta avtiotoa
onpeia g ypadikng napdoctacng Ppiokovial KAte and tov ' z.

3. Ta nowa z etvar f(x) = 0 6nAadn eivar pideg mg f: Eivat eketva
yla ta ortoia ta avtiotolxa onpeia mg ypadikng napaoctaong Ppi-
oxovtat mave otov o'z, [pdKettal yia 11§ TETUNPEVEG TV ONueiv
ota oroia 1 ypadiky) napdctact) TEPvel oV o' T.

4. To onueio mou tépvel n ypadikn napdotaon tov a§ova y'y. H
tetaypévn tou givat o f(0).

To owté ta x eivoa f(x)=0. . ,
J&) Avto eivar o anueio omov y

Eivou o1 tequnuéveg tv onueiwy
7oL 1 YpopIKh Tapdaotach TS f
TEUVEL TOV X'X

ypagixn mopdorocy e f Téuvel
T0v y'y. 'Exet tetayuévn f(0).
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‘Acornon 345. Me v Borbesia g Geogebra va KAvVETe TG YPAPIKEG TIAPA-
OTd0E1g TV OUVAPTICEDV

1. f(z)=3x 4. f(z) =23
2. f(:):):% 5. f(x)=3x+4
3. f(x)=2a? 6. f(z)=-3(z+4)

‘Aoknon 346. M: v BorPsia tng Geogebra va KAVETE TIG YPAPIKEG TTAPACTACELG
TV OUVAPTIOEWV :

1. f(:c):i—fi 3. f(x)=a%-2x
2. f(x):x2+3x+3 4. f(x):ﬁ

‘Aoxrnon 347. Aivetai ny ouvapton f: (-0, 1) U (1,+00) = R pe f(x) = -5
1. Bpeite onueia g ypagikrg mapactaocng g f mou éxouv tetpnpévn 2.
2. Bpeite onueia g ypagikrg napactaocng g f mou éxouv tetpnpévn 1.
3. Bpeite onpeia mg ypa@ikng apactaong g f mou £xouv tetaypévn 3.
4. Bpeite onpeia mg ypa@ikng apactaong g f mou éxouv tetaypévn 1.
‘Acoxrnon 348. Aivetai n ouvapmon f:R = R pe f(2) = —75.

1. Na Bpette yia nowa upry ou A 0 onueto P (2,A) avrkel oty ypadiky) rapd-
otaon g f.
2. Na Bpeite yua rota tpsy ou 4 to onpeio 7' ( Iy —%) AVNKEL OV YPAPIKL) TTApd-
otaorn g f.
‘Aornorn 349. Aivetai n ouvdptnon f:R >R pe f(z) =z (z - 1).
1. Na Bpeite yia mowa x n ypaikr) tng napdotacn Bpioketal mave ano tov z'x.

2. Na Bpetite ta onpeia topng g ypadikrg rapdotacng He Toug a§oveg.

4.2.3 T'a 1o iedio oplopouv

Eivat moAu ouvnBiopévo pia ouvaptinon va napouctadetatl pe éva Tumo
X®pig kKapia avapopa oto redio opiopou. Tote e’ 6oov xperaletat ppoviiloupe
va 1o rpocdilopicoupie epeig akodouboviag tov €§1g Kavova :

Eaipolpe 6Aoug Toug mpayuatikoug aptfpoug yia toug OIoioug o TUIog
bev €xel vonua. Me dAAa Aoyla Kpatdjie EKEIVOUG TOUG ap1B110Ug TIOU PIToPoUV
va avikataotabouv oTov TUIo Xmpig va urtdpget mpoBAna otV eKTEALCT] TV
npddenv pe dAda Adyla xwpig va «urdoxkdper o turog. H ouvnBéotepeg (ot
AAAn tadn 9a cuvavirjooupe Kat dAleg) mpoPpuAdagelg mou rmaipvoupe sivat:

e Av £XOUllE TTAPOVORAOTEG 0 KAdopatd % artattoupe B # 0.

e Av éxoune pides VA anattovpe A > 0.
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190 4.2. Zvvaptnoeig

Hapadeiypa 89. Na Bpebei to medio opiopov g ocuvapmong f () = z2+1

Avon. E6¢ dev undpyel mpoBAnua 6rolo apibpd Kat av avilkataotr)ooUpE
oty 9€0r 10U T KAl enopéveg 1o redio oplopou eivat to R.
Hapadeiypa 90. Na Bpebdei 1o medio opiopou g ouvaptnong g (x) = %

xT

Avon. Ebwn éxoupe mapovopaoty) Kat IPEMEL va @POVTICOUE va eivatl iago-
pog tou pundevog. Ipénert x — 1 # 0 < o # 1. Mniopoujie va apouciadcoupe To
redio oplopou e Toug akOoAouboug TPOTIoUg Tou Aéve 0ot To 1610 pdaypa:

e To nedio oplopov g g arotedeital anod 1oUg MPAYHATIKOUG aplfpoug
nou eivat Siagopot ou 1.

e To redio opiopov g g eivat to ouvodo R — {1}.
e To 1nedio optopou g g eivat to ouvodo (—oo,1) U (1, +00).
Mapadeiypa 91. Na Bpebei 1o redio oplopov g ouvapong h (x) = v 2x — 4.

Avon. Ebw mpérnet to undppilo va eivatl pn apvnuko 6ndadn 2z —4 > 0 <
2z >4 < x > 2. To nedio oplopoy sivat to didotnua [2,+00).

Mapadeiypa 92. Na Bpebdei 1o nedio opiopov g ouvapong ¢ () = vV — 1+
Vo —x.

Avorn. Ebdo mpénet kat ta 6vo urnoppida va eival pun apvnukda éndadn va
ouvaAnBsvouv ot avicooelg © — 1 > 0, 5 —x > 0. EUxkoAa Bplokoupe ot mpEmet

va 1oxvet 1 < x < 5 kat 1o niedio oplopou eivat to didotpa [1,5].

‘Aoknon 350. Na Bpeite 10 11ebio 0p1OPOY TRV CUVAPTHOE@V

L f(x)=21 4. f(x)= L
2. f(z)= %o 5. f(2)=1/%1
3. f(2) = =5 6. f(x)=Vz+1l+Vz+5

4.2.4 H ouvdaptnon z”

Mropoupe pe v Porfsia evog mivaka IOV KAl dpKETEG MPAgelg 1 mo
armda oty Geogebra va kavoupe v ypadiky] rapdotact g ouvdaptnong
f(z)=2" yiaugupég v =1,2,3,.... Iliow ano tov wiro f(x) = z¥ xpuBovtat
OAAEG ouvapTroelg pia yia kabe tyr) tou v. Ag Soupe Pepikeg:
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BAénoupe o0t yia 1§ ApTieg TREG TOU V 1) Ypadikt) riapdotacn g f elval mave
aré tov 'z extog ano 1o onpeio O MPAYIA avapevopevo apoy 138e 4ete 5
Kat 1o ioov woyvet povo yua z = 0. 'Otav o ekBEING eivatl mepittog ToTe 1 YPAPIKY)
napdotaon g f eival mdve ano tov 'z pévo yia ta Seukd .

Ag 6oUpEe THpA TG YPAPIKEG TIAPACTACELS TOV CUVAPTIOE@V ¥ CUYKPITIKA
6nlabr) oxedlaocpéveg oto 1610 cuotnua agovaev.
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BAémoupe akopn o1t 0Aeg 01 YpaAPIKEG TIAPAOCTACELS H1€pYovIal amnod v apyy
TV a§OVV Katl aro 1o onpeio pe ouvietaypéveg ioeg pe 1. Ta onpeia 0Aeov tov
YPAPIKOV TIAPACTACE®V TIOU AVIIOTOIX0UV 0g Jetkd & Pplokovial MAve aro
tov afova z’'x. Emiong propouje va nmapatnprjooupe OTL:

e 210 Sraopa (0, 1) n ypadikr) nmapactaon g & Bpioketat mdve and tmv
VPAPIKI TAPAOTAoT) TS 22 TOU He v oelpd g Ppioketat mave anod
MV YPAPIKY) IIApAoTaoct) TG z° K.0.K. 'OAeg b€ 01 YPAPIKEG TIAPACTACELG
Bpiokovial KAT® aro v ypapikrn rnapdotaor g ¥y = 1. Auto onpaivet
ot av napoupe éva = amno to (0,1) kat 1o vpoooupe oug duvapeg 0,
1, 2, 3, ... to1e UYPwvovtag oe PEYaAUtepo eKOETN TAipPVOUPE PIKPOTEPO
arotédeopa:

e} e}
‘ T 1

Auto6 onpaivet ot av z € (0,1) kat yia 1oug pUOIKOUG arEPAIOUG i, ¥ 10XUEL
xl/

W < v tote 2t > x¥. Tpaypau: a# > x¥ < 1> e 1>t < 170>
>
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¥ " < 1 > x kat ) tedeutaia oxéorn 1oxvel. Amodeifape Aotrtov ot:

Av 0 <z <1 xat yla 1oug QUOIKOUg aplBpoug

4.28
W, v woxveLp < votext > x¥ ( )

‘Otav o x yivel peyadutepog anod 1o 1 ta nmpaypata addadouv: Le peyaAutepo
eKOETN aviiotolkel peyaAutepn duvapn) :

Av = > 1 kat ylua toug uolkoug apifpoug

4.29
1,V 1oxveLu < vtotexH < x¥ ( )

v
H amodeidn eivat ibia pe v iponyovpevn: x# < ¥ = I<h el
x>

1" H <2 H <= 1> x (1oxvey

‘Aoknon 351. Na cupumAnpmoste TI MAPAKAT® OX£0e1S 1e To kKatdAAndo cupBolo
ano 1a <, > OOTE va IPoKUYel aAndng aviootnta:

3 4 2+ 4 J/2 7
L () -(4)
5
2. (3) - (3) 5. (1+])22 .. (1+]2)2° e + 0
3. (vV2-1)"..(va-1)" 6. 1+(2)" 1+ (2)"

‘Aoknon 352. Ectw 0 <z < 1.

1. ToAAarAaotdote kat 6Aa ta péAn mg 0 < z < 1 pe tov 9etkd apOpo z. IMowa
aviooTnta IPOKUITTEL ;

2. Awote pia dAAn anodedn ya v

4.2.5 H évvowa ng v-ootrg pidag.

Ag 6ouUpe Eavd v ypagikr] mapdotacn @V ouvaptrosev ¥ otpépoviag
Vv mpoooxn pag oty g(x) = x2. Av ndpoupe éva a > 0 otov afova 3’y 161
propoupe va Bpoupe éva x > 0 tétoo wote g(x) = . Teoperpikd propovpe
va 1o Bpoupe MOAU andd: apkel va @époupe pia kdOetn otov ¥’y oto onueio
a va kwnboupe mpog ta 6e€1d, va ouvavirooue v ypaglkr) napdotaocr) tmg
ouvApPTNOoNG, va PEPOUNE KABetn otov 2’ z: ®a Bpoupne éva 1N apvnTiko apdpd
r dote g(x) = o pe dAa Adya 22 = . Aopadag o apBuog x Sev eivar dAAog
and v TEIPayeVvikn pida pou a dndadn o /.
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194 4.2. Zvvaptnoeig

MropoUpe va kavoupe 1o 1810 kat pe myv h(z) = x3. Tote otov Tuxovia

a > 0 avuotoryotue éva z > 0 tétoo dote h(z) = a dndadn 2° = a. Kart
avaloyia pe v tepayevikn pida o apiBpog r ovopaletal kubukn pida tou o
Kat oupBoAidetat pe ¥/ Andadr n xuBikr) pida TOU PN ApvVNTKOU ap1Bpuoy
a gival o povadikog [ apvntikog apdpo x mou av uywbet otov kuBo (=otnv
Tpitn) pag divel 1o a.

@M
h(z) = 2
1
/ v =a
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Kat avaloyia pe v 1etpayevikn pida €xoupe:

r=Vae{ >0 (4.30)

Mapadewypa 93. Eivar /0=0, /1=1, /8=2, \3/% = %

Mapadewypa 94. Na arodeiybei ot VT+5v2=1+2.

Avuon. Ta va givat o pn apvnuxkog apdpog x = 1+ V2 KuBk1 pida Tou eriong
BN apvnukou aplBpov a = 7 + 5v/2 9a npénet av 0 £ vpnbel oty tpitn va
pag dwoet tov o pe adda Aoyla Sa mpermet (1 + \/5)3 =7+5V2. Apa artopével
va oupe av n tedevtaia wootnta ainbevet. Ipaypat:

3
(1+¢§) S 13431242431V + V2 =

C1+3V2 46+ V2V = 14+3V2 46+ V2 3 =

:1+3\/§+6+2\/§:7+5\/§

AoBévtog evog o > 0 pe v 161a Aoyikr) Tou avadntroajle 1 apvnTikoug
apBpoug ou av VPanbouv OTo TETPAY®Vo 1] otV 1pitn va pag divouv 1o o
HIopoUpPe va avad¢niriooupe Kal Ui apvhtikoug aplfpoug nou av uyebouv
OTnV TETAPTI), OINV MEUITTL, OtV €KTH K.0.K. va pag 6ivouv tov a. Ovopadov-
Tal avilotoiXwg tétaptn, MEPIT, €Kt pida Tou @ K.0.K Kat oupBoAidovtal pe
Va, JVa, Yo

AoBévtog evég av > 0 pe v 1d1a Aoyikr) rou avalntroapie 1 apviTikoug
ap1Bpoug mou av uvPebouv OTo TEIPAY®VO 1] otV Tpitn va pag divouv 10 «
PIopoUHE va avadniriooupe Kdatl 1 apvniikoug aptdpoug mou av uyebouv
OtV TETAPTI), OTNV TEPITTH, OV KT K.0.K. va pag 6ivouv tov a. Ovopadovrat
aAvTioToiX WG TETAPT), IIEPITLL, €K Pida TOU (¢ K.0.K Kat cupBoAiloviatl pe K.0.K.
Yo, ¥, /a. Ta my epayeviky pida diatnpoupe tov «radior cupboAiopd
Kat mpotipdpe va ypagoupey/a avid /. Lto emdpevo oxrjpa BAénoupe Tig
pideg autég otav o > 1
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§

va va va ya

eve otav a < 1 n ekova sivat n akéioubn):

//

Va

Vo Va Ja

Fevika yua kabe pn apvnuko apdpo a kat kabe Se1ikod aképato v opiletal n
V—00T1] ToU pida ®g 0 Povadikog | apvnTikog apldpog mou av vynbet oty v

pag divet 1o o TupBodiletat pe {/a. Ioxvel UOIKA:

r={a =

a>0
x>0

¥ =«

duoikad yia kaBe P apvnuiko aplbpo o 1oxvet

Yo =«

Kal akopn:

Va=a, ¥/1=1, Y0=0

(4.31)

(4.32)

(4.33)
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To {/a ovopddetat pila, o ap1Ondg o ovopddetat umdppetlo, Kai o v ovopalstat
beiktng g pidag Kait ouxvd 1o oUBoAo Y/ ovopadetal pidiKo:

piCo
delkng
\
pLiLKo vropplo

Mapadewypa 95. a) Eivat V81 = 3 &6u 3* = 81. ) Ia va Ppoupe v
V625 xpewadetat va Bpoupe éva deukd apBpo nou av vywbel oy 4n va
pag dooet 1o 625. Aokpadoviag Stapopoug apibpoug (apydtepa Sa doupe kat
AaAAn texvikn) Bpiokoupe ot V625 = 5.

Mapadewypa 96. Ag Jswpriooupe éva detiko apidpo m. Tote V'm3 = m s6u
0 ap1Bpdg ToV OIoio TIPETEL va UYPWOOUHE otV Tpitn yia va Bpoupe tov m3
3
Oev etvat dAAog ano tov m. Ermiong Vmb = m? s16u npaypatt mb = (m2) .
5
Tédog V/m™® = m? agpov (mg) =m!.

‘Acknon 353. Na cupnAnpooste Tig 100TNTES

1. /1296 =

2. Yal%= a>0
16 _

3. % a1 =

4, Vat= , a>0

5. VVa¥= | a>0

6. \/3V8-
‘Aoxnon 354. Av /o =3 xat /B = 5 Bpeite 10 a + B.
‘Aoknon 355. Na enaAn0sUoste TIG 106TNTEG

L(1+92)° =3+3Y2+3Y2°

2. (Y3 V3) =1-3YF Y3+ 33V
‘Acknon 356. Na snaAnOsUoete TG 106TNTES:

1 (Yz+ 3/@)3 =+ 3T G+ 3YTYT +y

2. (3 x+\/§)6:x2+2x\/§+y
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198 4.2. Zvvaptnoeig

3. (Ya+ i) - ({f5=m) =427
‘Aornon 357. Na enaAnBeUoste TG 100TNTEG
L (Ya+ ) =a+3YT Yu+3YTF +y
2. (3 m+\/§)6:x2+2m\/§+y
5. (YervD) - (Yo=va) = 4o
‘Aoknon 358. Na arnodeiete oti: \/5+632 + 33/52 =1+ ¥4

‘Aoknon 359. FEow éu Yo = z kat /B = y. Na anodeifete 6t (z+y)° -
zy(z+y)=a+p

3
, , . 3 1 _ 3 3 1
‘Acrnon 360. Na anodeigete 6T (\/E + %) =z+33r+ e

4.2.6 v-ootég pileg Kat mpdgeig.

Ot 18101teg (B.52), (3.53) mou eidape yia TG TeEIpaywvikeg pideg petape-
povtal Kat otg V—ootég pideg. Andabdr] yia toug pn apvnukoug aptdpoug o, [

oxvet:
Yap = Yak/p (4.34)

o Y

B /B

Kat

(4.35)

O1 anodeielg eival mapopoieg:

{/oB = /ax/B = (aB) = (Vay/B) = /b’ = Ya'{/B < ap=ap

,,QZ%Q(UQ)”:(%)”QK/E”:W’QLQ
B /B B /B g ¥YB B B

KAl 01 apXIKEG 10XUOUV H10T1 10XU0UV 01 TedkEG 6ndadn o1 aff = af kat % =5
H (4.34) 1oxvet kat yia nepioocodtepog arno duo apiBpouvg. 'Etotl av ot apiBpot
a1, Qe, ...,y gtval pn apvnukoi tote woxvet:

Yarag ..oy = o ag... Yy, (4.36)

Av &g ot apiBpol aq, g, ..., oy, elvat 6Aot icol pe a 1dte 1 MPONyoUpevn O0xEon
yilvetat:

ok = /o (4.37)

H niponyyoupevn oxéon yia p = v yivetat {/a¥ = {/a” mou av v cuvbudcoupe
pe v [£.32) pag diver 61 yia kabe « > 0 1oxvet:

Yar = Y/a” =« (4.38)
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H oxéon pag rminpodopel ot 1 e§aywyr) v-ootng pidag kat n VYP®on v
v etvat aviiotpogeg Sadikaoieg kat n pia akupwvel v dpdaon g AAAng:
Av uyp®ooupe €va un apvnuko apiBpo oe pia 6uvapn Kat PeTd IAPOUPE TV
v-ootr) pida 9a Bpeboupe ekei mou Sexvrjoape. To 1610 Sa ocupbei av dpoupe
npota duvapn kat petda pida (svvoeitat ot deiking kat ekBeng Sa eivatl ot
16101).

Ag 6oupe 1Opa 11 oupBaivel otav naipvoupe dradoxika duo pileg tou 610U
BN apvnTukou aplOpou oxt Kat avayknv pe tov ido deikin. Ag moupe ot
g€xoupe tov apOpo a. Ilaipvoupe tnv v—ootr) pida tou (6nAadn tov apiBpo
{/a). ®a sivat évag apOpdg x > 0 mou av vywbet oty v 9a pag dmoet tov
a. Tlaipvoupe otnv cuvéxela v u—ootr) pida Tou = (6nAadn tov /7 mou dev
etvat aAdog ano tov Q/V_\/E). ®a eivat évag apBpog y > 0 mou av vywbet oty
@ 9a pag dwoet tov x. 'Exoupe 1o Saypappa:

0"

BAéroupe o6t yia va Savayupiocoupe oto a0 §ekivoviag and 1o y IMpeEnet va
UYP®OOOUPE TO Y OV 4 Yid va @BAcoUPE OT0 T KAl PETA va UYP®OOUUE 10 T
oty v yla va e8dcoupe oto a. Andadn (y*)” = a mou onuaivet 6t Yy = a.
‘Apa y1a va TIAPOUHE TO (¢ TIPETIEL VA UYOOOULE TOV Y otV puv. Andadn y* = «
rou onuaivet 6t y = /. AAAG givat kar y = (/”7\/5. Enopévag:

V¥a=*/a (4.39)

®uoika n propsei va arodeiyBsi xat pe tov ouvnO1GPEVO TPOTIO :
Va=w/ae (V)" =(a)" <
Y g v v
(</€/E ) = "/ @(5/5) —ae{a =a

To yeyovog ot 1 diadoyikr) vyworn os duvapn kat e€aynyr) pidag pe id1o
ekBetn kat deiktn dev aAdddel tov apyiko apOpo pag divel v duvatotnta
va Bpoupe éva TUIo MoU Pag EMMITIPEIEL va armAorioloupe pideg duvapewnv. Ag
apoupe tov apibpo Yak. O ap1Bpog auto 6ev adddadel av mapspBaldoupe
avapeoa otnv pida kat v duvapn pia aAin pida kat pia dAAn duvapn apket
va £xouv 1610 ekOetn-Oeiktn : Yak = 1/ {/ (ak)P. 'Oneg ot dvo pigeg propouv
va yivouv pia kat ot §Uo Suvapelg emiong Popouv va yivouv pia apa €xoupe

(/<) ()’ = “/arr. Terwa:

Sat = K/ amre (4.40)
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200 4.2. Zvvaptnoeig

H afia g napandve woodtnag eivat Ot pag ermipErnet arnolonoiroelg:
U{/ alif = 3/ a7

Mapadewypa 97. Av /a =3, /F =6, ¢/7 = 11 wte yia va Bpoupe tov/afy
UITOPOULE va XPNOIHOMOW)COUHE THY xat 9a éxoupe

VaBy = Yay/Byr=36-11=198

Mapadewypa 98. Mriopoupe va Bpiokoupe pideg akepaimv av 1oug avaiuoou-
P Og YIVOHEVO MPOTI®V IIAPAYOVI®V OTOTE T0 POVo Tou Xpetadetatl sivat va
Epoupe Tig PIleg HOVO TOV TPOTOV apdu®dv. Ag TIOUPE OTL £X0UHE va Bpoupe
mv Y/765. AvaAuvoviag tov 765 Bpilokoupe 3%2.5.17 onote

V765 = V/32.5.17 = /325917
Me v BorBsia g ([E.37) éxoupe ot V32 = 3/52 orote :
Y765 = /3BT
AV TIAPOUNE TIG POCEYYIOTIKEG TpéS v/3 = 1,4, ¥/5=1,7, V17 = 2, 6 t61e
Bpilokoupe v/765=1,42-1,7-2,6=38, 7.

Mapadewypa 99. 'Otav Soudevoupe pe TEIPAYOVIKEG Pideg TG pavialopaote
ot €xouv Seiktn 2 kat pe autd 1o Sedopévo kavoupe toug S1aPpopoug Xept-

opovug. Etot \/\/ﬁ = i/W = /o = ¥a.

Mapadewypa 100. Ot 16161rteg TTOU ITpoavadEpapie Pag EMTPENIOUV av OX1 va
artaAAayoupe evieAOg Ao ta PIYKA TOUAAX10TOV va KATAANSoule 0 KAmoa
armouotepa. H Aoyikr) mou akoAouBoupe eival va BydAoupe Ot meploocoTePo
propoupe £m aro 1o piiko. ‘Etot

i/@zi/w:‘4/a454a_62:
v v i

CERVETRY LR VA Y AN Lo
Y

v v

Mapadetypa 101. Ocwpolpe my napdotacn V¥ + 2/yl6 érov ot z,y
givat pun apvnukoi apiOpoi. H mapdotaocn autr prnopet va ardoroindet av
a&lorotjooune v (4.40):

Wal8 4 Rfy16 = /36 4 43/yhd = /46 4 3/yt
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Mapadewypa 102. Tuyva sival XpHiowlo va PETATpéPoupe 0Aa ta pilika o€
piIka pe éva deiktrn. AUTO EMMITUYXAVETAL AV TA KAVOUUE OTIOG ALE OpdvVUd.
A.X. 1 mapdoctaon /z3y4Y/212y12 (x,y > 0) ypdpetat kat pe éva pidikd @g

egng:
VR E/amy = R @iy V@22’ -
13/ 40920 1/ 1:36,36 = /(240420 (236436) = 3/ 276456
‘Aoknon 361. Na amloroiroete 1§ ITapaACTACELS:
1. A=324+ /54
2. B= 2+ Y32+ Y128
3. I'= 64+ 3128 + ¥/256

‘Aoknon 362. Na snaAnOsuoste Vv 106TNTa:

2
ou /=5
(\Wi_ \Wi) =3 2%R 0
‘Aoknon 363. Ot apBpoi a, f, 7 etval Seuikoi. Na ardomnoir)oete 11§ TapacTAsElS:
1. A= {/abp12y33 3. T =/ Yasp /12
2. B = {/a20p15,25 4. A = 3/a7527,y18

‘Aoknon 364. Na amdoroiroste ta p1{ikd (Aot o1 apdpoi eival Setikoi):
i 5 I
2. /a0 4. NP

‘Ackrnon 365. Av \/«a =t va ekppdoete cUVAPTHIOEL TOU ¢ TV TIApAcTach ( Y a\/a)Q.

‘Aoknon 366. Me dzdopévo ot &/a = 12 xat ¢/B = 33 va Bpsite 1a:

1. Vap 3. Va2 -3/p2
Ye Via
2 5 4. Uk

‘Acknon 367. Na petatpéyete Ta Mapakdt® pikd o p1i{ikd pe tov 1810 Seixtn:

Ya, /B, ¢/~

‘Aornorn 368. Na arnodeigete 61t
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v-00tég pideg kat Hidradn.

Y10 emopevo oxfua Bpioketal n ypagiky napdotacn g ouvaptnong r”
vy kdrowo v xkat yua > 0. Ztov detko nuidova wv y £xoupe ndpet duo
apBuoug a < 5.

BAéroupe ot ¥/a < {/B. Eneidn ol ypadikég mapactdoelg MPOoPEPOUV ev-
Sei€elg adAa o1 anobeifelg ag dvooupe kal pia andden 10U cupnepaocpa-
10g. Epeig 9¢doupe {/a < {/B. Apa apkei va amoxleicoupe ta evbexdueva
Ya = B xat Ya > YB. Av ouvéBawve {/a = {/B vydvoviag oty v Bpi-
oxoupe 6u {/a” = /B nou onpaivel 6t o = 3 (Groro agov « < §). Av mdAt
ouvéBawve {/a > /B téte uphvoviag oty v Bpiokoupe 6Tl </a” > K/BV ou
nag odnyei oto dtoro cuprépacpa ot o > B. Apa av ot apiBuoi eival avicot
TOTE 01 V-00T€G Pideg ToUg eivatl Katd tov 1810 Tporo avioeg. Puoika 10xUEeL Kat
10 avtiotpodo SnAadr) av ot pideg eival avioeg Kat ta unoppida eivat Katd tov
1610 TpoII0 Avica. Arobeiape 6t yia pn apvnukoug aptdpoug a, 8 Kat @uoiko
ap1bpo v 1oxvet

a<fe Ya<i/s 4.41)

[Iponyoupéveg ouykpivape pideg pe 1610 deikin kat diapopetika unoppida.
®a dovupe twpa T oupBaivel otav 1o uropprlo eivatl 1o 1610 adda ot Seixkteg
avioot. Ag Savadoupe Yo oxrjpata mou ta oUVAVIHoApe KAl MPONYOUHEV®S
(Exouv mapadndBel 1a onpeia 1OV YypAPIKOV APACTACE®V ITOU AVIIOTOLXOUV
0€ apvnTKa ).
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e

Va Va Va Va

MIopoUe va mapatnpr)oouie ta e§ng:

Av o ap1Bpog pag eivatl peyadutepog g povadag os peyadutepo Seikin
avtiotoxel pikpotepog apdnds. Mpaypat pe o > 1 kat p < v etvar ¢/a > Ya.
H enaAnPevon eival amdy: a > Ya < ¢ > Yo" < (%“)V >
({/&”)“ <o’ > ot < d"*>1 < a>1. Anhadn anodeifaps ou:

a>1, p<v=— Ya> Ya (4.42)

Av o ap1Bpog pag eivat pikpotePOg g povadag Tote ta mpAypata avtt-
otpépoviat: Ltov peyadutepo Oeiktn avilotoixel peyadutepog apibpog. Aro-
dekvuetal akp1B®g OTIOG TPV OTL:

a<l, p<v= a< {a (4.43)

‘Aoknon 369. Na cuykpivere t10Ug apBpoug

1. 6, Y11 4. 38, /8
2 {5 T 5. V1, WV
3. W3, 1 6. VN7, VW7

‘Aoknon 370. Na arnodeifete v (@.43)

4.2.8 H s§iowon =¥ = a.

'Exoupe 6e1 61 1) e€lowon 22 = 4 éxe1 6Uo pideg v = = 2 kat v = = —2. Av
avtl autr|g sixape v egiowon z2=3 yla va Bpoupe 10 z, 01010 IPOIo Kat av
akolouBrjooupe €ijlaote avayKaopEvol va KatapuUyoUHE OtV XP1 o1 PIiKoV:
T = \/§ ne= —\/3.

Ag moupe 611 £Xoupe va AUcoupE Vv egioron z* = 16. Eukola BAéroupe
ot £xel 6Uo pideg Tou ap1Opoug £2 mou Sev eivat dAAot anod toug + V16. Av 0pa

, , . . . 4
eixape mv egiowon z* = 17 tote 9a Hropovoape va v ypawoupe |z|° = 17
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204 4.2. Zvvaptnoeig

kat o |x| Sev eivat dAdog ano tov povadikod pn apvnuko apldpd nmou av uPedet
otnv 4n pag divel 17. Andadn |z| = /17 kat guowd = = +v/17.
H egiowon x2 = 17 mepipévoupie va €xel AUor 9eTikd apldpo apou ot  Kat

' r ’ r ’ ’ 3 r
23 eivat opoonpot kat o 3 9a eivar Yetikdg. Apa 9a eivar z = V17. Av dueg
eixape mv efiowon 2° = —17 avapévoupe o x va eivat apvnTikdg ondte o —

9a eivatl 9sukdg. H efiowon pag ypdgetat kat —z3 = 17 6nAady (—x)3 =17
mou onpaivetl 6t — = Y17 xar z = -¥/17. Aviibeta av gixape v egiowon
zt = =17 ev 9a niepipévapie va Bpoupe AUon agpou 1o TIP®OTo PEAOG NG elvat
évag pn apvnukog aptduog eve 1o Seutepo pgdog eivat apvnukog. H e§iowon
Hag og auTy) Vv epintworn sivat aduvarty.

O1 e§10moe1g o £idapie o mave givat 0Aeg g popdrg =¥ = a. H ediowon
autr) ot nepinteon nou « = 0 éxet mpogpavr) Avon 1o pndév kat kapia dAAn.
Omnote 9a aoxoAnBoupe pe v nepinworn orou « # 0.

e Av o v eivar dptiog tote 1 e€lowon ypagetat |z|” = a xat av pev a < 0
etvat aduvatn eve) otnv nepimwon 6mou a > 0 9a sivar |x| = {/a mou
onuaivet 6t x = + /v

e Av oV glval Tepittdg TOTe 0 T £ival opoonuog tou ¥ Katl eropéveg Tou
a. Me a > 0 naipvoupe aneubeiag = = Yo eved pe a < 0 éxoupe:
=ae-r'=-ae (-2)'=-—ae -z= -«

Yuvowilovtag pIopoupe va moupe ot 1 egiowon ¥ = a pe a # 0 €xet Avoeg:

o«a sivat

®eukOG | ApvnTikog

ov | Apuog | z=+¥Ya | Aduvarn
etvat | Tleputtdg | o= /o | x=-{/-«

‘Aoknon 371. Na Auoete TG e§1000E1G:

1. 23=8 3. x3:1—\/§

2. 3 =-8 4. 13=-2%

‘Aoknon 372. Na Auoete TG e§100W0EIG:
1. z12 =212

2.z =21

4.2.9 Auvapeig pe pnto ek

O11810111eg TRV SUVAPERV KAl 01 1810THTES TOV P1E@V ITAPOUC1IAaouV KATIOEG
opootnteg. Mepikég anotunevovtatl otov rmivaka 1ou akoAouBei. Ta u, v eivat
Sctukoi aképailotl Kat evvoeital ot ta «, S oc kK4Oe IO TAipvouv Povo TIHEG
IOV EIIPETIOVIAL :
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Auvapelg Pileg
al =« Va =«

17 =1 Y1=1
0”=0 Y0=0
(0B)” =" | Y/aB = /ai/B
(Q)V iy vfa - Na
B B B XB
(@) =0 | §/¥a=w/a
ata? = btV Yal/a=;
g_‘: = a“‘_y S/g :;

Exel omou undpyouv gpotnpatika dev €xoupe kamolo turo. Ia v akpi-
Belwa Hev £xoupe pabetl pEXPL OTYHNG KATIO0 TUro! Ag Houpe PNneg urapyxet
KAT010g TUTIOG TIOU €€l ayvooupe. Eivat Aoyiko va avadnirjooulie KAnolo a-
valoyo tou tunou aXa” = a**’ o0 onolog petatpénet 10 yvouevo 6uo Suvdpswy
pe v 181a Bdaon oe pia Suvapn pe avt) v PBaon. To avadoyo Sa frav évag
TPOTIOG VA PETATPETIOUHE TO YIVOHeVOo §U0 pidwv pie 1o 1610 untoppido ot pia pida
pe autd 1o unoppido. To mpoBAnpa petatibetatl oto va Bpoupie tov Seiktn g
véag pidag. Andadn va avalntrjcoupe kdamnoto apdud k oote {/a/a = Ya.
Ag moupe « > 0 kat 6t ot tétolog Kk umdpxet. ITotog Sa sivatr; Mmopoupe va
araAAayoupe arno ta pigikd av UPoooupe v oXéor pag otnv kuv. 'Exoupe

av/a e e
(Vas/a)™ - (/a)™ =
%nuu Vafi/u/ _ %KHV -

(a") (/a")™" = (V")

(%[L)KV(%V)KH _ (%K)ull -

anuamu — auu <
anu-ﬂiu — O[“V
o)

@a mpénet k(v + @) = pr mou av AVoOURE ©g TIPOg K Hag bivel K = %
apOpog Kk yevikd 6ev eival aképatog (rx. ywa p =3, v = 4 givar Kk = %].
Emnopévag 6e priopoupe va gAnidoupe ot 9a Ppoupe aképalo K TETO0 AOTE
Yal¥/a = a. Ag ayvorjooups Tpog OTIYHR TO Yeyovog 6Tt o K Bev eival
(PUOTKOG KAl ag TAPe Tov cUAAoylopo pag o répa: H wootnta

aK(V+lL) = o
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206 4.2. Zvvaptnoeig

ypagetat
(an)(wu) - o

ou pag divet

dnAadr
Q:TVV = V+</ Oél‘”j
Aev €xoupe opioel 11 propet va onuaivel Suvapn pe KAaopatiko ekOetn adda

av onpaivel kATt 9a mpEnel auto da MEPIYPAPETAL A0 TNV TIAPATIAVE OXEOT.
Fevika:

Av o> 0 xat t,5 eivat 9sukoi aképatot opidoupe

aizxs/oz_z\s/at

(4.44)

Me dAAa Adyla yla va upoooupe éva aplOpo oe €éva KAAopa UP®OVOUPE TOV
ap1Bpud otov aplOunty) T0U KAAoPATOG KAt HETA aipvoupe v pida pe deikin

TOV ITAPOVOAOTY)
4
s St
o =AU

Etol 7% = V75 = ¥/16807 ~ 25, 6 xat 33 = V35 = /243 = 6, 2. AAAG kat
6 4

avarnoda: \5/56 = 23 xar V2t = 23. Pduowd oupd®vVa PE TOV TAPATIAVE

optlopo 9a eivat:

= Ja (4.45)

Emnopévag ot pideg Sev eival mapa duvapeig pe ekBétn kKAaopatkn povada:
1 1 1 1
Va=ai, a=ai, Ja=ai, a=as,

Av a > 0 kat t, s 9etkoi propovje va opicoupe kat v Suvaprn pe tov
apuvnTKd KAAOPATIKO £KOETY —% G €811S

ot = — = (4.46)

Eilpaote mA¢ov oe 9¢on va opiooupe Suvapelg pe Jetkyy Sdon o Kat eKOETn
ortotodrote pntd apOpo. Av o pnrog eivatl Seukog péon g (£.44) av sivat

APVNTIKOG MEC® TNG kat av eivat undév katd ta yveotrd o’ = 1. ‘Etot
=5 5 5 5
1 2

|~

=5 _5 5 1 . .

r3 =X 3 = : KAt r-4 = 4 = —& = . Amodeikvuetatl ot ot
x% Vs x% Va5
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16101tteg v Suvapenv mou &Epape yla akepaloug ekBETEG 10XVOUV KAl yia
pntoug apket o1 faocelg toug va sivatl detikoi apibpot:

(4.47

p
= = qr (4.48)
(@
(aP)? =Pl (4.49)
(ap)? =a’p” (4.50)
a\l  of
) N (4.51)
(5) -5

Ot anodeifelg propouv va yivouv akodouboviag tov opiopo. Evbewuxd ag
Soupe nwg arodsikvietal n (£.47) oy nepintoon 1mou ot ekBEteg eivatl ot
Yetikot prtol p = § Kai q = %:

oPod = adav = JakYar = R/ avs X/orm = R avrar = R qri+du =

VEHAL KB
o vA :aA+V :ap+q

Emiong 1oxuvouv kat ot akoAoubeg 1810tnteg IOV oUVOEEOUV TG Suvapelg pe
PNTO eKOET (Kat rtavta Setikr) Baon) pe v idradn:

e Av « > 1 1dte 10xU0OUV 01 1006Uvaieg:
p<qg<eal <ot

p=qg<af =

e Av 0 < a <1 téte 10xU0UV 01 1006uvapieg:
p<qg<eal>al

p=qg<af =af

(4.52)

'Exovtag otnv 61a0gon pag v véa €vvola g duvapng oe pniod ekOEn
elpaote oe 9€0n va amavir)ooOUPE OTO0 APX1KO EPWINHA TOU PAG ATIACYOANOE

8nAadr) pe T eivat i0o 1o ywopevo /o /a. Apou Sfdoupe /a /o = {/a kat
eibape o Kk = % 9a nipénet va opicoupe Kat pideg pe KAaopatiko Seikin Onwg
Kkavape pe 1g duvapelg kat e Ya{/a = :TVK/E ! Av xat 6ev ouvndiletar av
9éAape va opiooupe pileg pe KAaopatuko deikin Sa ypadpape %/5 = Vas.

‘Acornon 373. Na unodoyioete 1a:

1. 163 4. 6472

2. 8% 5. 272.1672
3

3. 16% 6. (3%)2

‘Acoknon 374. Na ypdyete oe anmAouotepn 1opdr Ta:
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ol

1
1. a% -« 5 ( 8a3 )_3
L L + \ 12536
2. a3 -a” 3
%
3. £
x_% 8
4 (a2,84)% 6. (204‘% x‘%o/lx%)

1

2
‘Aoknon 375. Na amnodeifete 611 (2@5 + ,85) =4a+ B +4Vap

‘Aoknon 376. Bpsite 10 ((2%) " )
‘Aoknon 377. Na arnodsifete v 1616tnta (.52

4.2.10 H ouvdapwmon f (z) = ax + f.

Ag Sewpriooupe pia eubeia (). H () prnopel va sivat fj va pnv sivat ypa-
@1k1) tapdotaon) Karolag ouvdptnong pe redio opiopou o R. Auto e§aptdrat
ano v 9¢on mou £xel oe 0XEOT] e TOUG ASoveg.

Av eivat kd6etn otov 7’z 8ndadr) mapdAAnAn otov ¥’y eival akatdAAndn ya va
nai§et tov poAo ypadikng rapdotaong ouvdaptnong: Xto id61o x 9a aviiotoixou-
oav mePLoo0Tepa amno €va y (otnv mPaypatikotna aneipa). Xe onoladrrote
AAAn 9¢on propet.

Eibape (BA. ou pia ediowon g subeiag mou Siépxetal and ta
dragpopa onpueia K (x1,91), A (x2,y2) etvar n:

(2 —z1) (Y —v1) = (Y2 —v1) (¥ — 71)

Av 1) euBeia dev etval ka0t otov 2’z 9a eivatl ypapikry mapdotacn ouvaptn-
ong. T'a va Bpoupe tov TUTO TG AUVOUE TNV 0XE0T AUTr ®¢ 1ipog y. Exoupe:

(z2—z1)y—(m2-21)y1 = (Y2 -y1) T~ (Y2 - y1) 71

(za—z1)y=(y2-v1)z - (Y2 -y1) x1 + (T2 - 1) Y1
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(r2—21)y = (y2 — Y1) T + Y122 — Y211

Twopa xperadetat va Siaipécoupe 61a v — x1. Emedn n eubeia Sev eival kabetn
otov 2’z dev 9a mepiéxetl 65U onpueia pe my idia tetpnuévn Kat emopévag Ty #
ZT9 . Apa 1o 2 — x1 eival dradopo tou Pndevog Kat Propoupe va S1aipEcouliE.
Bpiokoupe

) = (y2 —y1) T + Y122 — Yox1

X9 — X1
6nAadn
Y2~ Y122 — Y21
= T+
Zo —T1 T2 —T
H napanave oxéon ypagdetat kat
Y2~ 41 Y122 — Y21
y=ar+pf, o =" =
T2 — T T2 — T

O tinog tng ouvaptnong eivat g popeng f(x) = ax+ 5 6mou «, [ 6Twg mpw.

Mapadewypa 103. £10 MapaKAT® OXHHA IIAPIOTAVETAL 1] YPAPIKE] ITAPACTAoT)
piag ouvdptnong nou eivat eubeia. Na Bpebel o Tumog 6.

1 1 1 1 1
F--r--r--1t--a------
1 1 1 1 1
1 1 1 1 1
EE et T R B
1 1 1 1 1
1 1 1 1 1
I S P

1 1 1 1 1
---r--r--Tt--t---1-
1 1 1 1 1
1 1 1 1 1
—— bk ——k——F——4—— -
1 1 1 1 1
1 1 1 1 1
i
1 1 1 1 1
1 1 1 1 1
———e oL L1 _Jd_

R i B

AvYon H eubeia diépxetat anod ta onpeia A(2,6) xkat B(7,4). Mniopoupe
va Bpoupe ta «, B pe 8uo 1poroug
A’ Tpormog E6w 1 = 2, 9 = 7, y1 = 6, Y2 = 4 ondie Xpnotporokpviag toug
napandve Tunoug Ppiokoupe:

qolr-y _4-6_ 2
Tro9 — X1 7-2 5
rat
B_ylscg—ygscl _67—42 _%
- Tro — X1 - 7-2 - 5

B’ Tpomog¢ H eubeia pag éxet egiomon tng popdrg ¥y = ax + [ 1mou mpénet va
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210 4.2. Zvvaptnoeig

eraAnBevetat yua ug ouvietaypéves v A, B. Apa mipénet 6 = - 2 + 8 rat
4 =q- -7+ (. AUvoupe 10 oUotnua TV HU0 AUTHV e§100W0E®V KAl BpioKoupe:
a=-2p3=3
TP T
Me tov éva 1} tov aAAo TPOIo KATAaAryoupe oto Ot 1] e§iowon g subeiag
2 34

elvary = —fx + .

Hapadewypa 104. Ta v ouvdpmon f(x) = ax+ S eivat yvoord ou f(1) =3
kat f(3) = 7. Bpeite o f (11).

AvYon B@a Bpoupe npota ta «, . Eivar f(1) = a+ [ xat f(3) = 3a + 5.
Enopéveag a + f = 3 xat 3a + § = 7. Auvvoviag 10 ouotua v §Uo autov
oxéoewv Bpiokoupe ot @ = 2 xat f = 1. Enopéveg f(z) = 2z + 1. Apa
f(11)=2-11+1=23.

‘Acornon 378. Ta mowa tpr tou A 1o onueio A (2, A + 1) aviket oy gubeia y =
4x - 1;

‘Aoknon 379. Na Bpeite ta onueia ota omoia n eubeia i = 3z + 2 tévetl toug G&oveg.

‘Aoknorn 380. Na Bpeite v eubeia y = ax + 8 av sival yveotd 6t diépyetal ano ta
onpeia A(1,2), B(4,-5)

‘Aornon 381. Eow f(r) = azx+f. Na anodeifete dtiav f (p) = grar f (p+ 1) = g+2
wrte f(q) = 3q - 2p.
4.2.11 H yeoUepikr) onpaocia v «, 5.

Z10 MapaKAI® OXNPd mou oe nmapdddayn €xoupe Sel KAl IIPONYOUHEV®G
antekovi¢etatl pia eubeia mov bev givar kadetn otoug afoveg Kal SiEpyetal Ao
ta onpeia K (z1,y1), A(z2,92).

Y1
/{j

_B
o 15

7 “ T 1 T2

Zto oxnpa pag givat x1 < T2, Y1 < y2. 'Onwg mpw eivat a = % Kottwvtag
oto tpiywvo 11 PAéroupe 6t 10 (v givatl 100 He v anévavit Aeupd g W rpog
NV IPooKeipevr). Andadn mpdxettal yla tmy eQAntopévy) g w: o = £pw.
H w Adyw napaArdniiag spgavidetal kat oto tpiyovo Th. Eival i yovia mou
oxnuatifer n evdeia pe ov x'x. Qg yovia mou oxnuartidet pia subeia pe tov 'z
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EVVOOUIE TNV YOVia Katd TV oroia mpénet va otpadet o 'z xkatd v Setikn
popa 6nlAadr) aviiBeta rpog toug HeIKTEG TOU POAOY10U £KG OTOU VA OUVAVTHOEL
yla mmpatn @opd tnv eubeia.

7%

H yovia autr) propet va eivat kat apBieia:

N

Alartiotevetatl aAl OTL KAt 0€ AUty TV MEPIIROT £ival & = £pw POVO TIOU
T0pa adou 1 yevia eivat apbAeia n eparttopévr g ivat apvnukr kat a < 0.

TéAog otnv £181K1) Mepintwon érou 1 eubeia eivat mapdAAnAn otov o’z dAeg
Ol TeTaypéveg T®V onpeiov g eival 1oeg KAt UOKA Y1 = ¥a. Q¢ yovia ng
gubeiag pe tov 'z Sewpeital n pundevikn xkat puoka a = £p0° = 0.

ATo TV apyn g OUdNTNoNg ATTOKAEIoAE TV TIEPITIOOT OTOU 1] £ubeia

’ , / ' ' _ Y2-y1 ’
etvatl KQGS’[I’] ooV T'x. Xe auTtn TV MEPUITWON 1o & = —x2_$1 Oev Oplg&'[al, n

yovia tng eubsiag pe tov 2’z stval opbry addd n epantopévn g OS YVROOTOV
bev opiletal. Zuvoyidoviag

Ty eubeila y = ax + f eival a = epw omou w eivat

. 4.53
n yovia rou oxnpatidet n eubeia pe tov dfova z’w ( )

Eme1br) o a kaBopiet v S1evBuvon) tng subeiag Aéyetal ovvtefleotng Sievduv-
oe®¢ 1) Kat Kilion tng eubelag.
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212 4.2. Zvvaptnoeig

evbeiec pe apvyiki) khion

— A’F_____

evbeiec pe Oetikiy kiion

evbeieg mov Eyovv Kiion 0

evbeieg mov dev opiletar kion

Mrniopoupe va dwooupe pia akopn sppnveia oto o Ag umobécoupe ot
Sivoupe pia tur o T €é0tw T = o KAl PEd augrjooupe tyv tuf katda 1
dndadn mapoupe 10 xo + 1. Av avukatactijooupe oy f(x) = ax + 8 Sa
ApoupE :

[ (xo) = azo + 8

fro+)=a(zo+1)+B8=axo+a+=f(x9)+a. Eivardowmov f (zg +1) =
f (x0) + . Autd onuaiver ot otav petaGafovpe v tur tou x kata 1 o f(x)
uetabdiietar kata o (av€averar av o > 0, efattovetat av a < 0 kar tapapévet
10 {610 av o = 0)

H eubeia y = ax + 3 1épvel naviote 10 'z oto onueio nou n Tetaypévn ou
6ndabdr) 1o «y» ToU pokUITIEl av 9¢ooupe otV e§lowon orou x to 0. Ipodpavog
Sa Bpoupe y = B. Av givar a # 0 6ndadn n gubeia pag dev eivar mapdAAnin
otov z'x téte n euBeia Sa Tproet kat 1o 2’z. H tetaypévn tou onueiou topng
6nlabr) 1o «r» tou Bpioketat av Stooupe oty e&icwon Orou y to undév. Ga

Bpoupe o —7.

H eubsia y = ax + [ tépvetl tov dfova:
e y'y oto onpueio (0,7) (4.54)
! o ’ 5
o 7'r e’ doov a # 0 oto onpeio (-4,0)

Mapadewypa 105. H eubeia y = ¢ + 3 éxet a = 1. Emetdn) 1o 1 eivar iy epartto-
Hévn v 45° n eubeia oxnuatilel pe tov 'z yovia ion pe 45°.

Mapadewypa 106. H eubeia y = —x — 2 éxet @ = —1. Emedn) -1 = €p135° 1
eubeia oxnuartidel pe ov 2’z yovia ion pe 135°.

Mapadewypa 107. 'Ectw n eubeia y = 22 + 1. Eivat o = 2 xar # = 1. Eivar
—g = —%. Enopéveg n subeia tépvel toug afoveg z'z kat y'y ota onueia

(—%,O) kat (0, 1) avuotoixws.
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‘Aoknon 382. Na Bpeite Vv eubseia y = ax + S av eival yveotd éu Siépxeratl and 1o
onpeto xar A (1,2) oxnuartilet pe tov afova z'z. yeovia 60°

‘Aoknon 383. Na Bpeite 1a onueia ota omoia n eubeia y = 3z + 2 tépvel Toug GEoveg.

‘Acornorn 384. Mia subeia S1épxetal and 1o onpeio P(-1,-2) xar oxnuatidel pe

Toug dfoveg 1000KeAEG Tpiywvo. ITowa propet va eival i e§iowon ng;

4.2.12 Zxeukég 9¢oeig tav eubemv y = a1z + [1 , Y = asx + So.

Ly napaypago auty] Sa e§etacoupe mdte o1 eubeieg ¥ = ajx + [ Kat
Y = a9 + (o tautiovrat eivatl mapdAAndeg 1) tépvoviat. AnAadry da egetdcouie
mooa Kowd onpeia €xouv. Me dAAa Aoyla mooca onpeia g mpotng eubeiag
avnkrouv otnv d6evtepr). Na kabe mpaypatiko apBpd m 1o onpeio

(m,onm + By) (%)
etvat onpeio ng mpwing eubeiag. MaAota 6Aa ta onpeia g rpwing subeiag
etvat autg mg popoenig. 'Eva onpeio mg popdng (*) 9a avrxel oty devtepn
gubeia av o1 ouvietaypéveg tou eraAnbsvouv v egiowor) g 6ndadr av

arm + (1 = agm + By

1] woduvapa av
(a1 —ag)m+(B1-P2) =0 (*%)
H (%) pnopet va 9swpndet wg nmpetobdduia e§iowon og mpog m agpou sivat
mg popPng
Am+ B =0 (***)
orou A =aq —ag xat B = 51 — (.

o O evdeieg Ya tavtidovtarl av 0Ad 1a onpeia Toug eival Kovd rmou onpaivet
ot rpérnet KABe onpeio rou ernanBevet v eiowon g piag eradnOevet
Kat v eglowon g aAAng. Apa yia kabe m € R mpémet o m va ewvat
Avon g (* * *). Tote Opwg n (* * *) 9a éxel Anelpeg AVOEIG KAt autd
oupBaivet av kat povo av A = B =0 6nAadn a1 —ag =0 ka1 f1 — P2 = 0.
Enopévag

Ot eubeicg y = ayx + 1 y = aox + B

, . (4.55)
CUUIIITIoUV av Kat pévo av o = ag Kat f1 = P

o O gvdcieg Ya eivar mapaiinieg av dev £€xouv Kowvad onpeia. Autod on-
Haiver 61t kavéva anod ano ta onueta (*) dev enmaAnBevel v giowon
g devtepng eubeiag. Andadn yia xabs m € R n ediowon (* * *) eivat
aduvatn. Autd woxvet av katpovo av A = 0 kat B # 0 6ndadn ag —ag =0
xat 51 — B2 # 0. Apa:

Ot eubeicg y = ayx + f1 Yy = asx + P (4.56)

elval mapdAAndeg av kat povo av «aq = ap Kat By # Bo '
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214 4.2. Zvvaptnoeig

o Ot gudeiec Ya tépvovTal 1ovo av £Xouv £va Koo onpueio Sniadr) povo av
éva ano ta onueta (*) avrxel oy Sevtepn gubeia. Autd 10oduvapet pe
10 Ot ) (* * *) éxel pia povo Avon kat auté oupBaivetl 6tav A # 0. ‘Apa:

Ot eubeicg y = aqx + f1 Yy = asx + P

, . . (4.57)
elvatl TEPVOHEVEG av KAt HOVO av o #

21a rmaparndave ouprnepdopata Propoue va KataAnioue Katl pe pia eryet-
PIATOAOYia TEPIOCOTEPO (YEDUETPIKT : AG TIAPOUNE TNV ¥ = a1 T + 1. Kabe
Y = ok + P2 eubeia mapdAAnAn mpog autr) MPETEL va oxnuatidet v idia yovia
ne tov x'x:

Y = x4 B2 y=a1x+ O

Agou o1 80 eubeieg oxnuatidouv tig 181eg yovieg pe tov 2’z Sa mpénet kat ot
EPATTIONEVEG AUTOV TV HU0 Yoviev va givat ioeg dndadn o = 1. H ouvOnkn
Q1 = @] KOAUTTIEL KAl TNV MEPIUTIOON OToU o1 duo eubeieg ouprintouv. a
gubeieg Tou eival mapdAAnleg 1 ouprtinrouy Aépe ot £xouv v ida dievduvon.
Av 1opa 6o eubeieg €xouv v 1d1a Sievbuvon yla va cupIécouv mpEmnel va
ToouV tov 'y oto 1810 onueio 6nAadr) va £xouv 1o 1610 «3» CUVENAOG TPéret
b1 = Ba2. Av bev £xouv v i6ua Sievbuvorn 6ndadn ag # ag TOTE T€PVOVIat:

IIpoturo [epapatiko AUKeL0 N.Z. Maupoytdvvng
EuayyeAikng LxoArng Zpupvng www.nsmavrogiannis.gr
http://lyk-evsch-n-smyrn.att.sch.,




Kepaiaiwo 4. Zuvietayucves kat Zuvaptroeg 215

a1 = o
B = B2 TEUVOVTOL
tavtilovTon TAPOAANAEG

E181kr) mepinmtoon tepvopévav eubeiav eivatl ekelveg ou tépvoviat kabeta.
Bewpoupe 6V eubeicg y = a1z + 1, Yy = asx + B2 ka1 9a e&etdooupe mote sivat
KaBeteg. Ag untobéooupe pota ot eival kaBeteg. Tote kat o1 eubeieg y = o,
Y = (o TIOU €X0UV TrV 161a 1evubuvon pe TG apxikeég aAdd diepyxoviat amnod v
apxn v afovev sival ermiong KAOeteg.

y=oozx+ 5 Y= aox + 32

Y=

T\Ag(l. as)

Av avuKataoTHOOUHE OIS €§10M0EIS TV Y = Q1X, Y = qox tov apdpo 1 Sa
Bpoupe ot ta onpeia A (1,a1), Az (1, a9) avhrouv oug y = ajz, y = asz. To
tpiyewvo A1 A20 sival opBoywvio pe urtoteivouoa A1 As kat ané to [Tubayodpeio
Bewpnpa dadoxika Exoupe:

2 2 2
V=02 + (a1 -0)> +1/(1-0)*+(a2-0)* =\/(1-1)>+ (a1 - 02)? <

(1-0)2+ (a1 -0+ (1-0)*+(az-0)* = (1-1)*+ (a1 - a)* <
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216 4.2. Zvvaptnoeig

l+a?+1+a2=(a1- ) <
1+a%+1+a% =a%—2a1a2+a§ <
2=-20109 <
10 = -1
Av 10xUel 11 oxéon apag = —1 101E 01 eUbeieg Sa tépvovial onwobrnote (deite

Kkat aoknon [389) kat Ady® tev apandve ooduvapiev da sival kat Kadeteg.
‘Exoupe Aotrtov

Ot eubeieg y = a1z + 81 Yy = aox + P

, . , (4.58)
etvat kaBeteg av Kat povo av ajag = —1

Mapadewypa 108. Na Bpebei yia mola tpr) tou A ot eubeieg y = 22 + 3 kat
y=(2XA=-2)x + (A +2) eivat mapdAAnAeg.

Avon [pérnet va woxvet 2A — 2 = 2 kat A + 2 # 3. H pwtn oxéon divert A = 2
KAl auth n tan enaAnBevet kat v devtepn agou 2 + 2 # 3.

Mapadewypa 109. Na arodeiyxbei o1t o1 gubeieg y = (—1 - \/5) r+1xary =
(\/5 - 1) T + 1 eival kaBeteg.

Avon Tpémnet 10 yvopevo tov ouviedeotwv Sleubuvoewg va givatl 100G pe

-1 Tpaypan (-1-v2) (V2-1) = - (V2+1) (V2-1) = - (V2" - 1) =-1.

‘Acornorn 385. Na Bpeite yia mowa tpr ou ¢ n eubeia y = (4 — 2t) x + 1 eivar mapdA-
AnAn pe v eubeia y = 3 - 2.

‘Aornorn 386. Na Bpeite yia noa tpr) tou ¢t o1 eubeieg y = (2t +4)x +4, y =3t -1
eivat kaOeteg.

‘Aoknon 387. Na Bpeite v eubsia y = ax + 8 av sival yvooto ott:
e Aiépxetat aro to onpeio P (1 - 3), kat
e Eivat mapddAndn oty eubeia y = -3z +4

‘Aoknon 388. Na Bpsite v eubsia y = ax + 8 av sival yvooto ott:
e Aiépxetat aro to onpeto P (2,4), kat

e Eivai kabetn otnv eubeia y = 8 + 3

‘Aoknon 389. T'a g eubsieg y = a1 x+/51 KAty = aox + P eival yveooto 6t agas < 0.
Na arodeigete 611 tépvovrat.
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4.2.13 Ermotpopnry oty ax + =0 xatotqv ax + 5 >0

Tepa 1ou £X0UpE OULNTHOEL yia TV Ypadikr) rapaotaon s f (z) = ax+
uropoupe va Eavadoupe ta njpata g sgiowong ax + £ = 0 xat avicwong
az + [ > 0 pe pa dAAn patd. Ag rmoupe ot pag evilagepel va Aucoupe v
etiowon 2x — 1 = 0. Zinv ouoia pag evdlapépetl va paboupe ya mowa x 1
ouvaptnon f(x) = 2x — 1 yivetat ion pe pndév pe dAda Aoyua roieg eivat ot
TETPNPEVES TOV ONHEIOV OTIOU 1] YPAPIKY] TIAPACTACT) TS OUVAPTNONG TEHPVEL
10 2'z. Ev® Avvoviag v aviowon 2z — 1 > 0 eviiapepdpacte va pdboupe yia
nowa z n ypadikr) napdaoctaon g f(z) = 2z — 1 etva ndve ané tov z'x.

B
flz)l=2z-1
:
4 4 2 ‘ o
y10) avTé T yia qoto 10 [0 avtg T0!
~ 4 - .
Eivol slyau eival
, 2, £/ Fal o
JHTSY ASE S Y
3

Zv nepiriwon mou egetdloupe Avorn g e6iowong 2x — 1 = 0 eivat o % Kat

Avon ng aviowong 2z — 1 > 0 etvat to (%, +oo).
Ag mape oV yevikn mepimtoon g egiowong ar + S = 0 kat avicwong
ax + B > 0. Eixape et 611 1600 1 £§iowon 6o kat n avicwon eixav maviote

Auloeig extog av ouvéBatve a = 0.

e 'Otav a = 0 n ypagpky napdotaon wg f(x) = az + § eivat pia eubeia
Iou £xe1 v 161a Sievbuvorn) pe ov 'z

fa) =0z 45, §>0

fla)=0x+ 4, 3=0

fla) =0z +5, 5<0

I'a va éxet e€iowon Avon npénet i) eubeia va cupnéoet pe ov 2’z mou
onpuaivetl o mpénet « = B = 0 evo ya va €xel n avioworn AUon mpéernet n
guBeia va eival 0AdkAnpen nave ané tov 'z éniadn S >0 = a.

e Otav o #+ 0 wte n f(x) = ax + [ €xe1 Seukd 1§ apvnukd ouviedeotr)
d1eubUvoerg. Zinv mpotn nepintwon 6co Kivoupeba mpog ta He§id 6n-
Aabr) og peyadutepoug apibpovg n ypadiky napdotaocr aveBaivel. Ttnv
deutepn mepimmon n ypadiky rapdotacn kateBaivet:
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218 4.2. Zvvaptnoeig

flz)=az+3, a>0 f@)=az+3, a<0

/!"Ca mef pica m\

Tv npwtn nepimtwon Adue 6u ) f sivatl yunoiog avfovoa kat oty Seutepn
ot eivatl yvnoiwg @divovoa.

Mia ouvaptnon f eival yvnoiog auvdouca av dtav to x auiavel au§avel kat 1o
f(z). Tpdypa mou onuaivel 61t av MAPoOupe €va o1 KAt £va HeyaAutepo ToU
xo 10te f(21) < f(22).

Mia ouvapton f eivat yvnoieg @bivouca av étav to = audavet to f(z) e-
Aattoutat. AnAadn av 1 < zg wrte f(x1) > f(x2). Eivat modu evkodo va
Sraruotoooupe kat adyeBpikda ou n f(z) = ax + B 6tav a > 0 eivar yvnoiog

augouoa:

T1 < T :>Ocmc1<a:c2:>a:c1+5<ozx2+ﬂz>f(x1)<f(x2)
o>

katou n f(x) = ax + [ otav a < 0 givat yvnoieg @bivouoa:
T1 < T2 = aty >ary = ary+f>are+ = f(x1)> f(x2)
o<

Me 11§ yvnoing audouoesg - yvnoing @bivoucsg cuvaptrjoelg 9a aoxoAnboupe
MEPLO0OTEPO Ot AAAeg TATELG.

A&i¢e1 va mapatnprjooupe 6tl av pia yvnoing auiouca ouvaptnorn yivet
pndév ag rmouvpe yla x = p 0T yia ta T > p KAt povo ya auvtd 9a eivai
f(z) >0 xat yua ta z < p xat povo yia auvtd da stvar f(x) < 0. E§fynon:

z>0=f(x)>f(e)= f(x)>0
z<o=f(x)<f(e)=f(x)<0

Av n ouvaptnon eivatl yvnoieg @ebivouca ta mpaypata yivoviatl avaroda: Av

f (o) =0tote
z>0=f(x)<f(o)=f(x)<0

z<o=f(x)>f(e)=f(x)>0

Mapadewypa 110. 1o oxfjpa UApXEL 1 ypagik: rapdotaon piag ouvaptn-

ong g popong f(x) = ax + 5. BAénoupe 6u n ouvaptnon eivatl yvnoiog
@bivouoa kat éxel pida to 2. Twa = > 2 eivar f(z) > 0 ka1 yia = < 2 sivat

f(z)<0.
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Mapadewypa 111. Zto oxnpa Urdpxetl 1 ypagikn rapdotaon piag ouvaptn-
ong g popdng f (z) = ax + S mou eival yvnoing avouca. Na Aubouv ot
aviowoetg f(z) <0 kat f(x) > -1.

Avorn. BAénoupe ou eivat f (%) = 0 xat f(3) = —1. Eropévaeg 9a eivat
f(x)<0vywaz> g kat f(z) > -1y z < 3.

‘Aoknon 390. Zto oxfjua Undpxel n YPagiky mapdotacn piag ouvaptnong tng
noponis f (z) = az + B.
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Na Atoete 1ig

1. f(z)=3
2. f(z)=-3
3. f(z)>-1

4. -5< f(x)<3

4.2.14 H ouvépwmon f (z) = |z

H ouvapmon f (x) = |z| mou avuotowilet o kdOe x v andAutn Tyt tou
ypaogetat:
-xr , x<0
f(2) _{ x , x>0
H ypa¢ikn tng napdotaocr) propet va yivel eUKOAA av KAVOUPE TNV YPAPIKI)
napdaotaocn v eubedv ¥y = —x kat y = x. Katormv ano v mpotn subeia
oBrjvoupe ta onpueia g nou £xouv tetpnpévn 0 1 Seukn kat anod wmy dev-
Tepn oBr)voupe ta onpeia mou £€xouv apvnuiky tetpnuévy. Ly Geogebra ta
npaypata ivat mo amda: Atvoupe £ (x) =abs (x).

(@)= Il

@a doupe g propovpe pe v Porideia g ypadikyg rnapaoctaong g f(z) =
|z| va Avooupe mv &iowon

2] = (*)

Kl TS AVIOWOELS

|z| <o (%)
> a (eee)

e 'Otav a < 0 dev unapyel Py U = Gote || = a kat ) () eivar advvarn.
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J(@) = |z

[T0oAU Tep100dTepo Hev UTIAPXEL T GOTe |x| < « omdte Kat 1 (*%) eival
abuvatn. Amod v dAAn pepld adou o « eival apvnIikog apldpog n
arnoAutn tpn Kabe ap1Bpou 9a tov ernepvdetl. Emopévag n (* * %) dxetat
®G Auon kabe mpaypatiko apiopo.

e 'Otav a = 0 t0te 1 ediowon (*) €xel povn Avorn 10 Undév, n aviowor) (**)
etvat aduvatn evo 1 (* * *) €xe1 Avoeig 6da ta x # 0

e ‘Otav a > 0 tdte n e&iowon (%) €xel AUOEIG TOUG & = @ EVO TA CUVOAA
AUoERV OV (**), (** %) etvat avuotoixeg ta (—a, a), (—a, +00) U (e, +00).

flw) = ||
«
Ta avté to © To avté o T
wyver |x| > o wyver |z| > a
-« T avté to T a
10)0€EL \z\ <«
y=x y=—x

Mapadewypa 112. Na Aubei pe v Borfela g ypa@ikng rmapdotaong g
andAutng tprg n avicwon 2 < |x| < 3

Avon. Zrov y'y maipvoupe toug apiBpoug petady 2 kal 3 kat avaldniovpe
otov afova z'z tivev apBpdv sival andduteg tipég. Bpiokoupe tedikd ot ot
apBpoi rou 1 anoAut) tipr) toug eivatl petady 2 kat 3 eivatl ekeivol petagu —3
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Kat —2 kat ekeivol petadu 2 kat 3. Andadr) n aviowor) pag €xet cUVoAo AUoewV
w (-3,-2) U (2,3).

‘Acknon 391. Na xdavete otnv Geogebra v ypa@ikr) mapdotacn g ouvaptnong
g (z) = |x - 1| xa1 pe Vv PorBeia g va Avoete v avicwon |z — 1| < 3.

4.2.15 H ouvapmon f (z) = az? + Bz + .

Av oty ouvaptnon f (z) = ax?® + Bz + v eivat a = 0 t6te f(2) = Bx +7
KAl ypadiky rapaotaon mg f eival subeia onwg eidape nmponyoupéveag. Mag
evdlapepel Aoutdv n niepimtwon onou « # 0. Yndpyetl nmAnpng Sewpia ya v
YPA®1KY] tapdotacn autng tng ocuvdpinons. H avtiotoixn kapruldn ovopa-
{etalr mapaBofn kat eixe pedemBel Hie§odika and toug Apxaioug EAAnveg.
IMeploootepa 9a paboupe oty endpevn tagn.

Mrmopoupe va tapoupe pia 18éa yla 1o g 9a eival n ypadikr rmapdaota-
on av nelpapatioboupe oty Geogebra Kavoviag ypapikég mapactdoslg yia
dragpopeg TG v a, 3, :
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PV S P RS S Y

[Mapatnpoupe nwg otav eivat o > 0 n ypapikn mapdotaon sival KAn®g £€1ot:

evo av «a < 0 n ypagkr) niapdotaon) eivatl KATIOG €101 :

Mapadewypa 113. Na BpeBouv ot Tipég tav o, [, ¥ OOTE 1] YpAPIKT) tapdotact)
g f(z) = az? + Bz + v va iépxetar and ta onpeia A (0,-1), B(-1,0),

r(1,2).
Avon. Ipénet:
f)=-1, f(-1)=0,

Avuxkabioteovrag Bpiokoupe:

v=-
a-B+v=0
a+f+y=2

f()=2

N.Z. Maupoytdvvng
www.nsmavrogiannis.gr
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AvukaBiotovpe v Tpn v = —1 ot aiAeg 6U0 ox€oelg Kat Bpiokoupe:
a-p=1, a+p=3
Ta «, § pnopouv topa va BpebBouv pe diapopoug tpomnoug. ‘Evag eukolrog siva
va 1IpocBEcouPE Katl va adalpeooulie Tig dUo autég 1ootnteg. Bpilokoupe:
2a0 =4, -20=-2
katteAdkd =2, f[=1, v = -1 omote:
f(z)=222+z-1
‘Aornon 392. Na dooete otnv Geogebra a = 1,b = 1,¢ = 1 kat v ouvdptnon
a* 2”2 +bx*x+c. Emiong dwote ta onueia (1,2),(-1,0),(1,2). Na opioete popeig

ya ta a,b,c xat Bpeite yua moteg ipég twv a, b, ¢ n ypagkn napdotacn g f Sa
TIEPAOEL Ao ta Tpia onpeia. X1 ouvexela Auote 1o TpoBAnpa aiyeBpikd.

4.2.16 EAdxwoto g f (z) = ax? + Bz + v étav a > 0.

Av TIapatnpriooupe v ypadiky rnapdotact otV MePIni®on omnou « > 0
BAfroupe ot (kat auto ave§dptnta aro tnyv 9éorn 1mou €xel N YpadiKy rapd-
otaon oe oxéor pe toug afoveg) undpyxel eva onpeio g nou Bpioketal mo
XapnAd amno 6Aa ta aAla.

f(x)

f(zo)

€T Zo

To «xapnAa-ywnAd» 10 kaBopilel n) TeTaypévn : ta onpeia mou €Xouv Peyaiute-
pn tetaypévn Ppilokoviar ynAdtepa. Av ovopdcoupe 1o onpeio mou eivat
xaunAotepa (z, f(zo)) tOte omowadnmote dAda onueia g ypadikng na-
paoctaong mou eivat S1adopetikA arod auto da £Xouv PeyaAutepn TETaypevn :
f (x0) < f (x). HAAyeBpa pag ermrpénet va Bpovupe moto etvat auto 1o zy. Oa
npéret va kavorotel my oxéon f (xg) < f (x) ya 6da ta . Badape wpa <
avti < ylati EmpEnoue OTo T va Yivel Kat 100 € T0 Zg. AV XP1O1}10IIo|00UE
Vv ox£on rou tnv amnodeifape otnv oeAiba éxoupe:

f(w):a((m%)Q_M)

402
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KA1 ETIOPEVOG

f(wo) < f () =
B\ BE-day B\ BE-day
a((m0+£)— 402 )ga((x+£)— 402 )Q

(.’EO + ﬁ)Q - —ﬁQ —day < (ac+ ﬁ)Q 62 —day

2a 402 20)

4o
oo 2] o

H tedeutaia avicotnta propet va erektabel akopn pe pia akopn rpogavi

aviootnta:
2 2
03($0+£) S(:C%—ﬁ) (**)
2a 2a

H oxéon avtr mpénet va 1oxvet yla kabe x 6nAadn omowa Ty Kat av av avti-
KAtaotrooupe otV 9€0r1 10U T 1 0XEo1 MPEMEet va aAnBevel. Av avukataotr)-
OOUpE 6TTOU T T0 —5= 1) (**) yivetat

6nAadn
2
0< (CCO + —) <0
, , : , 8 \? 8 , 3
ano Vv oroia IPOKUITIEL OTL (:co + %) =0 xat xo + 5, = 0 6ndadn zp = —5.

2
[Ipopavwg yia v 1y g = —% n (%) aAnBevet agou yivetat 0 < (xo + %)

Kal uotkd aAnBevet kat i woduvapn mg f (z9) < f(z). Twa z =z = —% 1

, , , 2 2_4
ouvaptnor f(x) naipvermvupn f (o) = f (—%) =« ((—% + %) - %) =
a(_w) - _52[—1%

oz TMOU €ival KAl 1] IO PIKPH T MOU PITOPEl va Tapet

n f. Anodei§ape Adowrdv ot

Av f(z) = ax?+ Br+v, a>0 16t yia kGbe x 10xvEeL
f)2f (-2 = -2 (.59
= 2a ) 4o
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226 4.2. Zvvaptnoeig

f(a) = oz’ + Br +v

7 71 77,82—40'7
2a) dov

2c

TCevika av éxoupe pia ouvapton f optopévn oto A Aépe ou 1 f mapouciadet
edaxwoto oto xp € A 1w f(xo) av woyxver f(z) > f(xp) yia kabe x € A. In-
HEOOTE OTl y1a va Toupe ot évag aplbuog m eivat edaxioto wmg f 6ev apket
va oxvel amog f () > m yia 6Aa ta x. Ipénet 0 apduog avtdg va givar tun
me f énAadn m = f(xg) ya kamow xy.

Hapadeiypa 114. Na Bpebei 1o eAdyioto tng ouvapmong f () = 202 + 1 + 2.

Avon Eéo o = 2, § =1, v = 2. Mmopoupe topa va Bpoupe 1o eAdx10to
pe 6Uo 1pomoug. O mpwTog €ival va mape rateubeiav otov tumo mou Oivel
10 gAaywoto 6nAabr) tov —4A—a. 'Exoupe —% = —% = %. O dAldog Tporog
eivatl va xpnotpomnotrjcoupe v mAnpodopia ott 1o eAdy1oto tapouoialeral yia

T = —5-. Bpiokoue mdAu f (—%) =1

5
Mapadewypa 115. Mropoupe va Bpove to eddyioto g f (z) = ax? + Bx+7,
a > 0 xat pe éva dddo tporo wg e8ng. Béloupe va pdboupe mota eivat n) mo
H1KPI) T TIOU UIToPEl va 1tapet 1 ouvaptnon dnAadr) va pdboupe oo sivat
TO ITI0 PIKPO Y Yld TO OTT0io 10X Vel

ax’ +Br+y=y

Ia va akpiBoloyoupe: va paboupe mola eivat n mo PiKen TP ToU ¢ yla my
ortoia UTTApXEl & WOTE az? + fr + v = y dnAabdr mola eival n Mo PIKPI 1PN
yia v oroia n e€iowon az? + B + v = y fj Sragopeukd 1) e€iowon

az® + Bz +(y-y)=0 ()

£xet Avor. AAAG to av éxetl pia e§lowon Avon kabopiletat aro v dtakpivouca
mg. Ipéner n Sakpivovoa g ediowong (*) va eival pn apvnukrn 6niadn
TIPETIEL

B2 - dary + day > 0

AUvoupe v mapanave avionorn ©g rpog ¥y kat Bpiokouvue 4day > — ( B% - 4047)
6nAadn
B - day

Y2 T e (*%)
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ETOPEVMG 1] TII0 PIKPL] T ToU Y €ivat —A IMa va Bpoupe OPKG yia oo T
EMMTUYXAVETAL AUTH TIPETEL va AUcoupe '[I]V a§10mon

2
— 4o
oz’ + Br+v = o
4o
Av 10 xavoupe (6eite doxknon[395) Sa Bpoupe x = —ﬁ "Eva 1o «01kovouikog»

TPOITOG £ival va mapatnPooUlE OTL I PIKPOTEPN upn 10U ¥ mou eival Auon
mg (#**) eival ekeivn mou v Kavel va woxvel oav ootta. Tdote opeg 1

drakpivouoa g (*) eivar pndév kat €xel S pida x = 2’%

‘Acrnon 393. Bpcite 10 eAdyioto mg 22 + z + 1.

‘Acrnon 394. T'a rnowd m woxvel 2m — 3 < 422 — 8z + 5 yia 6Aa ta x;

4.2.17 Exein f(z) = ax? + Bz +v étav a > 0 péyloro;

Avtiotoixn évvola pe to €Adx1oto eival to péyioto: Av pia ouvaptnon f
etvat optopévn oto A Aépe o6u n f mapouoiadet péyioto oto xg € A 1o f (9) av
oyvel f(x) < f(x0) yia xabe x € A. Ioxvel avaloyn napatpnorn He ekeivn
oU Kavape oto edayioto: To péyioto mpémet va givat T g ouvaptnong.

@a efetdooupe wpa av 1 f(z) = ax® + B + v éxel péyworo. Av n f
niapouoiale péyiloto oto xy tote 9a énperte f(x) < f(x0) ya 6da ta x. Av
epyacbouie akpBog onimg rptv Sa Bpoupe ot Sa TpEmet va 1oxUel

(o) (o2

2
ya 6Aa ta . AnAadn Sa mpémet (:):0 + %) - (:): + L8

2
%) > 0 xat emopévag Sa

5 3 )\?
TIPETIEL \/(:co + %) > \/(ﬂc + %) dnAadn yla 6Aa ta x € R Sa oyvet

o+ gl 2]
H napanave oxéon ypagpetat kat
—‘:):0+— S:):+£< iy +£‘
2« «a 2«
1 Kat
oot 2] 2 casfeor 22
2001 2a 201 2a
[ ——
A B

AnAadr) 9a mpénet yia kdbe nipaypatiké apiOpod x va woxvet A < x < B (dtoro)
(6e1te [396). Zunmepaivoupie Aomov 011 (IPOg TA IAVE» 1) YPAPIKI) ITAPACTAOoT)
g f enexkteivetal anepiopiota.

N.Z. Maupoytdvvng IIpoturo [epapatko AUKel0
www.nsmavrogiannis.gr EuayyeAikng ZxoAng Zpupvng
... - http://lyk-evsch-n-smyrn.att.sch.gr




228 4.2. Zvvaptnoeig

‘Aoknon 395. Na arodeifete 6t ) ouvdpon f () = ax? + B + v dev éxet péyioto
e€etdloviag v e€iowon ax? + B + v = y (beite kal napaderypa [[15).

‘Acknon 396. Ilou cival 10 ATOIO CTOV 1I0XUPLoHO

«yla KABe mpaypatiko apldpo T va woxvel a < x < f» ou ouvaviioaps
TIPONYOUEVRG ;

‘Aoknon 397. Aev propei va woxvet 222 + 3z — 1 < /2 yua 6Aa w z. Bpeite 6Aa ta
Z yla 1a omoia 1 Mapdndve aviootnta eivat yeudrng.

‘Acornon 398. Aivetai n ouvdptnon g (x) = x + % oplopévn oto (0,+00). Na xpn-
OHOTIONOETE TV TEXVIKI] ITOU Mapouotddetal oto napadsiypa ywa va Bpette v
eAddxiot tpn g.

4.2.18 Pieg g f () = ax® + Bz + v étav a > 0.

Ag ovopdooupe A 10 onpeio mou avuotoikei oto eddyioto g f(z) =
2
azx? + Bx +~ 6niady A(—%,—ﬂi—y).
Av 10 A Bpioketal nave and tov 'z dndadr £xel tetaypévn Setkn), acdpa-
A&g n ypagikr) rapdotaon g f dev tépvet tov 'z dnAadn n f(x) =0
bev 9a exet pileg.

AAAL . . , , _ B2-4ary @ , .
@ 1 tetaypévn auto tou onpeiov etval — = —=". @a eivai n napaocta-

on auty] dsukn 6ndadr —ﬁt% > 0 otav (epyadopaocte otnv nepinioon
émou a > 0) B2 - 4ary < 0. EruBeBaidveral 6ndadn) éva arotédeopa oto
ortoio siyape kataAni§et pe dAdo tporo (BA. oediba[128).
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Av 10 A Bpioketal nave otov afova z’'z 161 éx0oUpe pia poévo pida kat au-
2
. L -4 .
16 oupBaivetl 6tav —54% =0 6ndady B2 -—4ay =0

flz) = az’® + Bz +

& — day

0
da

i pida

Av 1o A Bpioketat katw ané tov afova =’z wten f () éxe16vo pileg. Ty

rnepinoon autr eivat —52;1% <0 6nAadn B2 - 4ay > 0.

f(z) = az® + Bz +

3% — dary
P —day

0
4a

Gbo pices

/71 _ P -day
\ 20 4o

‘Aoknon 399. H efiowon 22 + x + 1 = 0 6ev éxet Avoeig. Na arodeifete ot Kat 1)

22+ +1+2012 = 0 8ev éxer Avoeig.

‘Aoknon 400. Na arodeifete ot av a > 0, § > 0) kat 1) efiowon ax? + Bz +7 = 0 Sev
gxel Avoeig tote Kat 1) e€lowon ax? + S+ + 0 = 0 Sev €xet Avoeig.

4.2.19 Afovag ouppetpiag g f () = ax? + B + 7.

H ypagwkty napdotaon g f () = az? + fx + v @atvetatl va mapouotadet
KATO1a OUPHETPia @G Mpog éva Katakopudo (: kdbeto otov z'z) afova. @a
ETIXEIPTOOUIE va TOV BpoUpe. Ag TTOUHE OT 1] YPAPIKY] Ttapdotaoct g f éxel
agova ouppetpiag pia Katakopugpn eubeia = = s.

N.Z. Maupoytdvvng IIpoturo [epapatko AUKel0
www.nsmavrogiannis.gr EuayyeAikng ZxoAng Zpupvng
http://lyk-evsch-n-smyrn.att.sch.gr




230 4.2. Zvvaptnoeig

f(@1) = f(@2) ’ a ’

1 Sl T2

Av nidpouye éva onpeio A g ypagikng rnapdotaocng g f mpémnet o ouppe-
TPKO Tou B 0¢g 11pog v eubeia x = s va avrkel 1dt oty ypaPikr) rapdotaot)
¢ f. Ta A xat B 9a éxouv 11g 161G TeTaypéveg Ve O1 TETUNIEVEG TOUG L1, Lo
9a oanEyouv amod 1o s. Ba eivat Aoutov

s—x1=x2—-5 (#)

Kat
f (@) = f(@2) (#4)
Amo v ipotn oxéon Ppiokoupe ot

T+ X2
2

S

evo ano v (##) éxoupe dradoyika:

a:c%+5x1 +'y=a:c§+ﬂsc2 +v <

ax? —axs + fry - fry =0 <

OZ(LE%—CC%)-i‘,B(.’El—.IQ):O@
a(ry—x2) (x1+x2) + (11 —22) =0 =

(x1—z2) (a(x1+22)+ ) =0 (;ZC :

a(ry+x2)+5=0<

a(ry+x)=-0 <
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1 +T2=—
[0

KAl ETMIOPEVROG

T+ X2
2

-2 )

Tuvbuadoviag g (#) kat (##+#) Bpiokoupe ou npéret:

_

S =
2a

Zuvoyidovtag €xoupe:

Av f(z) = az®+ Bz +7 ot

e ue T # To WOXUEL f(xl)zf(:rg)@%:%
e 1 eubeia x = % eivat aSovag ocuppetpiag

mg YPagkng napdotaong mg f

(4.60)

‘Aoknon 401. Na anodeifete 6t av 1 efiowon az? + Bz + v = 0 éxel pileg Toug

. . _ pP1tp2
p1 < p2 10Te ) euvbeia x = ==

g f(2) = ax? + Bz + 7.

elvat agovag ouppetpiag mg ypaplkhg napdotaong

‘Aoxknon 402. Na arnodeiete 6u ne f(z) = az?® + Bx + v 1oxve f(—% + h) =
f (—% - h) ya 6Aa ta h.

4.2.20 Movotovia g f (z) = ax? + Bz + 7y 6tav a > 0.

H f (z) = az? + B + v 6ev eivat yvnoing auvouca oute yvnoing givouca
agou yia 1 < xz aMote woyvel f(z1) < f(x2), dAdote f(x1) > f(x2) rat
daMdote f(x1) = f(x2). 'Opeg énwg BAénoupe av mAPOUHE pev &1 < Ty aA-
Ad xwpig va gemepdoouv 10 —% 6nAadn 1a x1, T2 va avikouv oto Siactnpa

(—oo,—%] 9a éxoupe f(x1) > f(x2). Aépe ou n f eivar yunoiog edivovoa

oto Sraomnua (—oo, —%]
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fly)
flar) > flx) )
f(x) = az® + Bz + v
flwa) Q&
1 3
B
T < Ty 2a
flz) = az® + o+
f@2) G
flay) < flwn)
fla)
3 1 3
20
) < T2

f(wr) = fw2)

flz) = a® + Br +v

Ag dwooupe kat pia arddedn autou ou PALnioupe oto oxHua:

f(x)> f(22) = (4)

a:c%+ﬂx1 +'y>ax%+ﬁ:c2 +v <
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axt + fry — ozl — fag > 0 <=
oz — axs + By - fry >0 <
a(ry—x9)(x1+x2) + B (21 —22) >0 <

(r1-x2) (a(z1+22)+B8)>0 <=

xr1—-x2<0
a(xr+z2)+68<0 (f1)
. . . . B8 8 B
H oxeon (]j ﬂ) oxUel 61011 agou 1 < Ty < —55 Evat T < —5- KAl T < ~95-
[IpooBetoviag katd péAn Ppiokoupe ot 1 + To < —% - % ano v oroia

ripokurttel 0t «v (21 + x2) < —f kat ano mv oroia npoxurtet iy (f§) . ‘Opoa
Slarmot®voupie 0Tl av IApoulE T < To aAAd oto Saotnua [—ﬁ +oo) Sa eivat

2a?
f(z1) < f (22).
‘Apa

H f(z)=az?+pr+vy a>0
B

e oto Swaotmpa |—oo,—5=| eival yvnoing gdivouoa (4.61)
e 010 Saotmpa —%, +00 ) elvat yvnoiwng auvouoa

Ia va dnAcoooupe 611 pia ocuvaptnon gival yvnoing auiouoa Xpnotpionolovyis
10 Bedakt + eve av givatl yvnoing @Bivouca ypdgpoupe \.

v nepimoon 6mou f (z) = ax? + B + v éxer 6o pileg p1 < p2 Exoune
ToV Tivaka:

T —00 p1 -£ P2 +00
(63
f(x) = ax®+ Ba+y 0 N0 /4 0 4

Av opeg 61aBacoue TOV Mivaka MPOCEKTIKA PITOPOUHE va £€XOUE KAl AAAeg
Anpodopieg:

e Y10 Hraotnpa (—oo, —%] 1 ouvaptnor sivat yvnoing edivouca éndadr n
ypadiky) g rapdotaon kateBaivel. 10 p1 1 ouvdaptnorn yiverat pndév
apa 1o mpw da eivat Stk kat petda Sa eivat apvhukn. ITo turmka:
x<pr= f(x)> f(p1) = f(x) >0 kat p; <x s—% = f(p1) >
f(x)=0>f(x)

Yto Saompa [—%, +oo) 1 ouvaptnon sivat yvnoiog auvgouvoa éniadn n ypa-
QKN g napaotaon aveBaivel. X10 p2 1 ouvaptnon yivertat pndév apa o
npwv 9a eivatl apvnukn kat petd 9a eival desukn. Me ovpBola: —% <z <
p2 = f(x) < f(p2) = f(z) <0 ratpy <z = f(p2) < f(x)=0< f(x)

‘Apa PIOPOUHE VA CUPTIANPOCOUHE OTOV IIIVAKA KAl EITIITAE0V OTOLXElA Yid TO
rpoonpo g f:
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234 4.2. Zvvaptnoeig

T —00 p1 -2 P2 +00
f(z) = ax®+ fx +7y N0 N- 0 -0 o+

Ta napanave otorxeia emBeBaiwvouv e dAAo Tpomo autd ou pdbape non
(BA. og). [I45): To ax? + B + v dtav éxet pideg kat eivar o > 0 ekTOG TOV POV
givatl 9etko kat petay v plov eivat apvnuko.

Av pia ouvdpton oe karoio dactnua ival yvnoing avgouoa 1) yvnoiog
@Bivouoa Aépe ou etval yvnoiog povotovn.

‘Aoknon 403. Bpsite oe oo Sidotua 1 n ouvapmon f (z) = 322 — 42 + 1 eivat
yvnoiong avgouoa xat oe moto eival yvnoiong @divouoa.

4221 Hf(z)=az?+pr+yotava<0

LV nepint®orn autr] Pe 011010 TPOTTo OIKG PV PUItopouie va anodei§oupe
ou f(zx) < f (—%) ywa 6Aa ta x 8nAadn ou n f napouoiadel péyloto oto
B

T = —35 KAl 0u 1 YPAPIK) apdotaoct) mg f enexteivetal anepiopiota mpog ta
KAT®.
A
4o
_s
2a
Erio , Sefoup un f etva pvnotag at —oo, L
ng propotpe va anodeioupe ot n f eivat yvnoieg avgouoa oto (—oo, —5=
Kat yvnolog edivouca oto [—%, +oo).

‘Aokrnon 404. Aivetai nj ouvaptnon f (z) = -322 + 122 + 11. Na Bpeite v péylo
Tpn g, v ouvéyela va anodeifete ou f () < 25 yia kdbe x.

‘Aoknon 405. Ta kabs pia ano Tig MapaKAT® CUVAPTHCELS:

1. f(x)=2%-3z+2
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2. f(z)=-22+22+1

3. f(x)=(z-1)(x+3)

4. f(z)=(z+2)*-5

e Na yivel otnv Geogebra n ypadikn g apdotaot).

e Na Bpebei n Srakpivouoa kat ot pileg (e’ 60OV UTIAPYXOUV).

e Na Bpeboulv ta draotrpata povotoviag Kat 1o PEYIOTO 1) eAdX10TO.

Na ouykpivete ta arnotedéopata mou PprKate Pe Vv eKova rmou oag deiyvet 1 Geo-
gebra.

‘Aoknon 406. Na dooete mAnpn anoddeidn ng mPOTaong:

Av a < 0 tte n ouvapton f (z) = ax? + B+ éxel péyioto 1o f (—ﬁ) =

_B-4ay
2a *

4o
‘Acknon 407. 1. Na Bpeite tyv péyrotn npr mg x (3 — x).

2. Avo apBpotl x, y €xouv abpolopa 3. Bpeite v péyiotn T TOU YIVOUEVOU
To0UgG.

‘Aoknorn 408. Na anodeifete 611 av 8Uo apBpoi z, y £xouv otabepo dBpotopa ¢ t61e
T0 Y1vOHevo T0UG Ty yivetat péyioto étav ot api@poi yivouv icot dndadn) otav e =y = <.

‘Aoknon 409. Na anodeifete 611 anoé 6Aa ta opBoymvia rou £xouv tv id1a riepiperpo
peyadutepo epBadov €xel 10 TETPAYOVO.

‘Aoknon 410. Zto oxua 1o ABI'A sivatl tetpdyevo mAsupdg 3.

To turpa x eival petaBAnto. Bpeite v péylotn tpr tou gpBadov tou opboywviou
EZHB
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4.2. Zvvaptnoeig
2 ’ .
4.2.22 H f(z)=ax’+ fx+~. Mia cuvoyn.
a>0 a<0
edaxoto f (%) = ﬁ néyoto f (5—5) = ﬁ
A<O \ oto (700,72’—:],1 oto [72’1,+oo) ' oto (700,7%].\ oto 72—1 +oo)
Aev éxet pideg Aev éxet pideg
Tlavta + Mavra —
8AXmUIOf(%)* ﬁ PéVIOTOf(;g)Z—ﬁ
A=0 \0{0(*00,—2’—1],1010 75—;,+oo) Jo‘[o(foo, Z .\ oto 72‘%.,+oo)
. A B . P B
Mia &un piga p = — 54 Mia duadr) pida p = — e
+ylukd9£ﬂc¢p=—% —yluxc’nesm#pz—%
ehayoto f (%) = ﬁ péyoto f (5—5) = ﬁ
A>0 Avo pigeg v oto (700, 2’2‘ ],J oto [*%,Jroo) Avo piteg ' o0 (700, %]\ oto [*2‘10‘ +oo)
Ao piges p1 = LY B By 2= py Avo piges p1 = % B Ao py
+ EKT0G ToV piov — petagu — €KTOG TV pdV + petadu
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ZUPNANPWHATIKEG ACKAOEIG

Aoxnoeilg oto Kepdlato 1

[ 1] O1 ®uokoi Ap1Opoi

‘Aoknon 411. Ag cupBodicoups, MPOg OTIYUTV, HE a* TOV EMOUEVO TOU QUOIKOU
appou a.

1. Bpeite tov ((12x%) * —1)*

2. Bpeite tov z av (zx*)* =19

‘Aoknon 412. Iloieg anoé Tig Mapakdte 81apopés sival uotkoi apibuot;

1. 4-3 4. 0-0
2. 44-33 5 0-1
3. 333 -444 6. 33-33

‘Acoknon 413. Ilowa ané ta napaxkdie mmiika sivat puotkoi aplBpoi;

1. 33:11 4. 0:33
2. 44:12 5. 84:12
3. 12:13 6. (232-233):233

‘Acknon 414. 1o oxnua spgavidoviat 4 apBpoi. Ovopdiovial iywvot apduoL.

o
o o o
o o o o
o o o o 0O 0O O O
1 3 6 10



Leonardo Pisano Bigollo

1170 - 1250

238 5.1. Aokrjogig oto kepdjaio 1

Bpeite toug 600 endpevoug 1piyevoug apldBpoug.

‘Acknon 415. Na Bpeite kKatd nécoug S1aPopeTKoUg TPOTOUG UIopel va ypadet o
ap1buodg 12 wg abpotopa 6¥o AAAwv QUOIK®V (1 oelpd dev petpdet).

‘Aoknon 416. ITafwspouucoi apduoi. 'Evag aplOnog ovopdletal mafiSpouncos av
61aBddetat 1o 1610 anod v apxn n amnod 1o 1€dog dnAadn av ta Yynoeia tou ivat oup-
pepikda. O apOpog 3443 eivar madivdponikog eved o 2345 Gev eival. Ildpte éva
ortolodrmote aptBpo mou Gev eivat maivdpopikog. 'pawte tov avaroda. IIpoobéote
toug U0 apiBpoug. Av to abpotopa dev eival maAivépopikog enavadlabete. 1o 1€A0g
petd ano kanowa Brapata rmubavotata Sa katadriete o taAvépoiko apibuo. I.x. o
971 8ev eival maAwvdpopikdg. Mrmopet va yivet:

971+179 =1150

1150 + 0511 = 1661

Aev ¢£xel anodeyBel av n Sadikaoia epappodetal yia kabe apOpo adda £xet Sokpa-
0Pel yia éva peydado mAr0og apibpeov kat Ppébnke ot doulevel. Te PEPIKOUG OPOG
apBpoug 1 Sadikaoia dev €xel ddoel anotédeopa yla mapadetypa o 196 dev Sivet
taAwdpopko apOpo ota 700.000.000 pota Prpata.

Na petatpéyete oe raAvépopiko tov 234490.

‘Acknon 417. 'Eva mpo6inua tou Fibonacci. 1o £¢pyo tou «To Bi6iio twv Yooyt
ouww» (Liber Abaci) rou €§e600n 1o 1202 o Leonardo Pisano Bigollo yveotog kat g
Fibonacci €xet 10 akoAouBo mpoBAnpa:

'Evag avdpwmog eiye cva (euydot kovveéfia uall oe eva oplouevo KAOT0 x@po, Kat
emOUUEL Kamolog va uadet mooa (kovvéfa) dnuovpyovvtat aro 1o (eUyog auto o€ va
XPOVO Otav ano M eUON Toug KAde unva yevvouv kat ajiio éva euydpt kat tov SeUTEPO
unva gxeiva mou yevvndnkav 9a yevvnoouvv emiong gva guydpt.

To mpoBANpa ouolaoTikA Aget: EeKIVAOTE Pe £va (EUYAPL KOUVEAIOV (Eva apoevikd Kat
éva 9nduko) mou yevviouviat v 1n Iavouapiou. Yrobéote ot 6Aotl o1 prjveg €Xouv
30 pépeg Kat 0Tl Ta KOUVEALD PITOPoUV va avarapaxfouv éva prva petd v yevvnor
TOUG Yevvovtag éva {euydpt Petd amo éva Prva Imou HE v oe1pd ToU o U0 PIVeES aro
Vv yévvnor tou 9a yevvrioet dAAo éva {euydpt K.0.K. YTIOOETOUIE OTL KavEva KOUVEAL
bev mebatvel péoa oto Xpovo Kat 4Tt (EUYAPOVOUV ATTOKAEIOTIKA Td KOUVEALA TOU 1610V
Ceuyaprou. Na 6coete andvinorn oto PoBAnpia CUPIANP®VOVTAG TOV ITVAKA ©
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Kepaiaw 5. Zuuninpouatkés Aoknoesig 239

Apxn): ApbBu6g Leuyapiidv KOUVEAI®OV

lou Mnva 1

20u Mrjva

1
3ou Mrjva 2
4ou Mrjva 3

50u Mrjva

6ou Mrjva

7ou Mrjva

8ou Mrjva

9ou Mrjva

10ou Mrva

11ou Mrva

120u Mrva

130u Mrva

‘Aoknon 418. ITapayovtikd. To YIVOPEVO TV V TIPOTOV SeTIKOV akpaiov oupBoAi-
Cetat pe V! (BraBadetal v-rtapayovko. Eivat 6niadr)

.

ZUp(eVOUHE KATAXPnoTKA 0Tt
0'=1 (5.2)

Etor: 0!=1, 11=1,21=2, 31 =6, 4! = 24.
1. Bpeite ta 5! xat 6!.

2. Alvetai 61 9! = 362.880. Bpeite ta 10! kat 11!,

‘Acornon 419. Na arnodeigete 61t

((v+ )=l (v+1)) (5.3)

‘Acknon 420. O: avioGoypagukoi apduoi. 'Evag puoikog aplOpog ovoudlstat au-
10610ypad1kog av

e To mpwto YPn¢io tou pag Agel ooeg PopES epdavidetatl otov ap1dpo 1o Yyneio
0.

e To deutepo YnPpio toU pag Aéet Ooeg PopEg eppavidetal otov apOpo 1o Yyneio
1.

e To 1pito Yn@io ToU pag Aéel ooeg PopEg eppavidetal otov apOpo o yneio 2
K.0.K.

IMa apadetypa o apibpog 3211000 eivatl avtoBroypadikdg £xet 3 pndevika 2 11ovadeg,
1 8vo0, 1 tpia, 0 téooepa, 0 méve, 0 £&n.

1. Na arodeifete ot évag autoBloypadikog apiBpog e propel va €xet ave artod

10 ynota.
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240 5.1. Aokrjogig oto kepdjaio 1

2. Na arodeigete 611 10 AOpoiopa TV Pnoiov evog autoBloypadikol aptdpou sivat
000 pe 1o TTAN006 TV YPnoiev tou.

3. Na arobeifete ot dBpoopa v Yynoiev evég autoBloypadikoy apiBpou Sev
urnepBaivet to 10.

4. Na arobeifete évag autoBioypadikog apiOpog da neptéxel onwodnote Pndevi-
KA.

5. IIpoorabnote va Bpeite 000UG IePLo0dTEPOUG AUTOBOYPAPIKOUG ap1lOoUg Prto-
pelte.

[I.2] Ot Axépatot ApiBuot

‘Acornon 421. Na urodoyiobouv ta:

1. 5+7 6. —17+0 11. 9-(-15)

2. (-8) +(-6) 7. 0+15 12. -20-18

3. 6+ (-4) 8. 13+ (~14) 13. —5—(=5)

4. -9+5 9. 5-8 14. 30 - (-30)

5. 15+ (-15) 10. -7-10 15. (=11) + (-11)

‘Acornon 422. Na urodoyiobouv ta:

1. 5-7 3. (-9)-8 5. 0-123
2. (-8)-(-9) 4. 10-(-4) 6. 5-(~2)

‘Aoknon 423. Na Bpeite 6Aoug Toug draipéteg tou 100.

‘Aornon 424. Na anodeifete 61 yla kaBe fevyog akepaiov a, 0 apBndg a? + 52 +
a + (3 stvat dpriog.

‘Acknon 425. Ot apBpoi a, S eivat aképatot. Tt propeite va nieite yia tov apdud
af + a+ f§; Tlote dpaye eival Aptiog Kat moTe MEPTTIOG ;

‘Aoknon 426. Aivetat 611 0 apBuog p sivatl évag neptttdg mpotog. O p + 1 sivat
apaye mpeTog 1] oUVOETOg;

‘Aornon 427. To ywouevo 800 ouvOetov apBudv sival dpays PATOG 1) CUVOETOG ;
Tt propeite va meite yia 1o ywvopevo U0 mpoteov;

‘Aoknon 428. H cucacia tov Goldbach. Ttig 7 louviou tou 1742 o TMpmocog pa-
9npnatkog Christian Goldbach éypawe éva ypappa otov Leonhard Euler oto oroio
avépepe v draonun ewkaoia tou «Kdbe aptiog apibpog peyaiutepog tou 2 propet va
ypadel og abpotopa duo nmpwteov» O Euler tou andvinoe: «to 9empw ©g €éva aroAu-
g BéBato Sewpnpua av kat 6e prope va to arodeifar. Mexpt twpa dev £xel Bpedei
anodedn (6nAadn mou va kadurtet 6Aoug Toug aptOpoug) av Kat 1) e1Kaoia €Xet er-
BeBaiwBel yia moAv peydAoug apibpoug. Na emaAnBevoete v eikaoia tou Goldbach
yta toug dptioug €wg tov 100.
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Kepaiaw 5. Zuuninpouatkés Aoknoesig 241

‘Acknon 429. O iéicior apduoil. 'Evag 9stikog axépalog Aéyetatl tédetog av sivat
100G e 10 ABpoilopa TV yvnoiev detikov daipetdv tou. O 6 eivat téAelog 5161t ot
yvnolot Setikot Swaipéteg tou eivat ot 1,2,3. Eivatl dyveoto av unidpxouv Amelpot 1
TIEMEPACHEVOL TEAE10L AP1OPOl OTI®G EMIONG AYVOOTO elval av UMAP)EL £€0T® KAl €vag
eP1Ttog 1€Ae10g ap1bpog. ‘Exouv péxpt ouyprg Bpedei 47 téAeiot apiOpoi, Aot dptiot.
O peyadutepog eivar o 2431112608 (2431112609 - 1) rat éxet 25.956.377 ynoia.

Na emaAnBevoete 611 o1 apiBpoi 28 kat 496 eivat téAeiot.

‘Acknon 430. H cucaoia tou Collatz. @swpeiote éva 9stik6 aképato. Av eival ApTiog
Siaipéote tov Sua 2. Av eivar mepittdg moAdardaocidote tov et 3 Kat rpoodéote o 1.
Yuveyiote pe auto tov tporo. @a kataAfete, apya 1 yprjyopa, oto 1.

1 - 4 - 2 - 1

TEPITIOG  Aptiog  Aptiog

18 - 9 - 28 - 14 - 7 - 22 - 11 - 34 - 17 - 52 -

dptiog  TEPITIOg aptiog dptiog  TEPITIOg aptiog TIEPITIOS daptiog ePITIog aptiog
26 - 13 - 40 - 20 - 10 - 5 - 16 - 8 - 4 - 2 - 1
aptiog TIEPITIOS aptiog daptiog 4ptiog  IEPITTOS dptiog  ApTIog  ApPTIog  APTIOG

Exkeivo 10 «kataAfete» mou avagEpetatl mo nave £xet dlarnotwbel neauaticda Soxi-
padoviag d1apopoug apibpoug. Asv €xel §00ei anoddeln yrautd Kat ovopdadetatl «eika-
ola» mou ogeidetat otov Collatz av kat eivatl yveotr] pe d1dgpopa ovopata. H anodedn
g ewkaoiag eivat éva dAuto npoBAnpa v Mabnuatkov. O Erdos eixe net: «Ta
Madnuatuca Sev glvar akoun wpyua ya tetowu eidoug tpobAnuatar dSniadn dev undap-
XOUV akour ta KatdAAnda epyaleia yia v avipetonion toug. Na ernaAnfevoete v

ewkaoia tou Collatz ya toug apiBpoug 19 kat 29.

‘Acoknon 431. Tpixsc. Na anodeifete 6t untdpyxouv touddyiotov 6Uo (6ndadry uo
1] ieploodtepa) dtopa otnv ABrjva rnou £€xouv oto KePAAtl toug tov 1610 apdpod aro

Tpixes.
[1.3] Ot Pntoi ApiBuoi

‘Acknon 432. Na ypdwste T0UG MAPAKAT® PNTOUG O ArAOUCTEPT LOPYT) :

L §+5 5. 2+2 9. 4.2
2. 15+t 6. -2 10. -5-(3)
5 34 T4 1 (3)- ()
4 31 8 %% 12. (3):(5)

‘Aoknon 433. Na ypayete cav éva KAdopda 11§ TAapactacelg:

+ 3. +

2. §-(3-1) % -

‘Aoknon 434. Na cupmAnpaoete pie Tov KatdAAnlo aképalo v Kapdovda @ote va
1O0XUEL 1] 100TTA T®V KAAOUAT®V :

+

N =
W=
=
Q=
=
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242 5.1. Aokrjogig oto kepdjaio 1

6 _ 2 r_1
1- § - 6 3- %) - 1
9 _ 3 11 _ 121
2. 5715 4 0=
‘Aoknon 435. Aivetal n napdotacn A = Zy:yl. Na Bpette v 1pn g A dtav
1. z=1,y=2 2. x=-1.y=8

‘Acornon 436. Ta ug tpdg

a=1, b=2,¢=3, d=4, e=5 f=0

Bpetite ta:
12a 6b 20c
1. 9a+2b+3c-2f 8. e teat e
2. 4c-2a-3b+5c¢ 9. e, Shed _ fade
ab ae be
3. Tae+3bc+9d-af 10. 7e + bed - :;b{;ice
4. Sabc — bed + 9ede — def 11. 2(1:51) + 3b220 _ a+b2+ec+d
5. abed + abce + abde + acde + bede 12. be++cc+_3de
4a 9b 8¢ 5d b+d cte
B e are 4 ordy cte
6. Y+ T+ T % 18 ot o T e
4ac 8bc 5bd a+b+c+d+e
7. dac  8be _ 5hd 14. T bra

‘Aoknon 437. Na ypayste cav éva KAdopda 11§ TIapactacelg:

3.

< &R

<l ~ofro

4.

< e

‘Aoknon 438. Ta toug aképaioug a, 3 1oxvet af = 20. Me tetvat ico 1o 3(—a ) (-5);

‘Acornon 439. Ta toug aképaioug «, 5 1oxvet a+ [ = 20. Me u etvat ico to 3((—a) +

(-8));

‘Aoknon 440. Ta téoospa 1eoodpia. Tlpokertatl yia éva diadsdopévo mpdBAnua:
Xpnoponowwviag akplBog t€ooepa tecodpila (0UTe TEPIO0OTEPA OUTE AlyOTeEPA) Kat Ta
oupBoAa mpdiemv duvapemv KTA va oxnpatobouv 600 meplocotepotl apldpoi yivetat.
INa napaderypa ot 1 kat 2 propovv va oxnpatobouv og egng:

44
=1
44
4 4
_+_
4 4

Na oxnpatioete 0oo punmopeite neploodtepoug apbpoug amnod 1o 1 ¢wg to 100.

=2
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Kepaiaw 5. Zuuninpouatkés Aoknoesig 243

‘Aoknon 441. And ug efetdoeig tou 1952, Mnyavoidyor EMIT. Na Bpebzei n ap1bun-
TIKY TIPn g tapdotaong

1 1 1 2 1 1
A:72(_2+_2)+72(_+_)
(z+vy) z Y (z+vy) Ty

: _1 _1
O'[ClVJ?—ﬁKClly—Q.

‘Acknon 442. Na anodeifete 61 av o1 a, 8 etval 9stikol aképatot peyadytepot Tou

. P 1 1 ; ; . -
1 té1e o1 pnytot “A-1 KA 5 + 5oy elvatioot 6nAadn oyvet:

« 1

_ 1 1
aB-1 - 8t BlapD

‘Aoknon 443. Awvnuaxd kAdouata. Aéyoviai ta 9sukd KAdopata Mmou TMPOKU-
Touv av mpocBicoupe d1aPopetikég Petadu toug Kaaouaticée uovadeg. Ta mapd-
1,1, 1 . . . . .
deypa 1o 5 + 5 + 75 elvat aryurntiako Kat PoxUIteL and my npoodeon v Slapopwv
petady 1oug KAAOPATIKOV 1ovASev % % %.
propet va ypagei g dOpotopa Atyurtiakev kiaopdtev. Ilpoorabnote va ypdyete

Arnodeikvuetatl ot kabe Jetko KAAopa

1a KAdopata % Kat % ®g dBpotopa AyUITTIAK®OV KAAOPATOV
‘Aoknon 444. Ti sivai mo cupgépov
1. Na ayopdoet karoiog éva mipoiov ue éxkrmwon 30% 1
2. Na ayopdoet karoiog 1o 1610 mpoiov pe npoopopd 30% srmmdéov mpoioviog;

‘Acornon 445. Bpeite 10:

(-3)-G-3)+G-3)+(G-5)-G-3)
l-=)+{=z=—-=)+l=-)+l-"—"=)+|=—-=
2 2 3 3 4 4 5 5 6
‘Aoknorn 446. Ta toug SetikoUg aképaloug «, B 1oxvel % = %.

1. Na ouykpivete toUg «, 5.
a+f 7

20+38 ~ 18

2. Na arobeigete o1

‘Aornon 447. 'Ecte 7 £vag orolocdnnote pntog. Amo tov & agalpoUpe 5 1o amoté-
Aeopa 1o Siarpoupe 61a 4 kat and autéd nou Sa npoxuyet adpatpoupe 1o 1/3 tou z. Na
ypayete pia mapaotaon) rmou va ekepddet 1o 1TeAdko anotédeopa. Katomy va ypayete

NV IAPACcTAct O€ AMAOUCTEPT HoPP1.
.4l Ot Mlpaypatikoi ApiBpot
‘Aoknorn 448. Na kdvete T0Ug TOAAATTAAGIAGII0UG
1. (a+7)(a+b) 3. (-k+4)(-k-17)
2. (m-9)(m+12) 4. (3z -4y) (2a + 3b)
‘Acknon 449. Na enaAnBsuoete v 106TNTA:
(p+a) (x+y)=pr+py+qr+qy

Tt ouvéxela:
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244 5.1. Aokrjogig oto kepdjaio 1

1. Me 6edopévo 61t pr + py = 5 KAl gz + qy = —% Bpeite 0 (p+q) (z +y).

2. Me 6edopévo ot p+q =4 rar x +y = -3 Bpeite 10 px + py + qr + qy — 5.
‘Acornon 450. Na urnodoyio6ouv:

L (=3)7(-2)" + (-0,2)* (-3)”

2. ((-3)%) - ((-5)°: (-5)°) + (-1)°

N (ONEINONEON

4. ((((—2)‘1)1)_1)_1

‘Aoknon 451. Na enaAnBsvoste v 106tnTa:
oy 27
1.24 _ (1.24 2)

‘Aoknon 452. Na enaAnOsUoste TG 100TNTEG

n n-1\2 n-my 2"
@ = (o) = ()

‘Aoknon 453. Aivetat ot 72 +4r = %. Bpeite 1o (r—3) (r + 7).
‘Aornorn 454. Aivetai 6t za + yb = 11 xat ya + xb = 12. Bpeite 10 (a +b) (z + y).
‘Acornon 455. Na kdvete 10ug TOAAATAQCIAoHOUG :

1. (22-3z+2)(2z-1)

2. (4a*-a-2)(2a+3)

3. (a3 +b3 - a2b2) (aQb2 -a’+ b3)

4. (5m?* +3-4m) (5 - 4m + 3m?)

‘Acrnorn 456. Na yivouv ot moAdardaciacyot:

1. (6¢%)(7c) 3. (ab) (ab?)

2. (9y%) (5v°) 4. (Tzy?) (2y2%) (22%)
‘Aoxnon 457. Na yivouv ot Siaipéoes

1. (22°): (2?) 3. (-12b%¢%) : (6b3c?)

2. (6a°): (3a) 4. (-2%yi2): (-2y2?)

‘Acoknorn 458. Tupminpoote ta O Kat v e KatdAAnAoug apifoug Oote va 10XUEL

n wotnta:
222 + x
=0r+ v
xz
‘Aoknon 459. Na urnodoyioste ta:
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2.522 _9'521
2510
5(371°-19.7'%)

2.~

‘Aoknorn 460. Na amoroirjoete Tig MapacTdoelg

p—

m-(n-p)-(2m-2p+3n) - (n—m+2p)

2. a-fB+y-(a+B-7)-(a+B+7)-(B+7-q)
3. 30—y (2-(2y-2)- 2z-(y-2)))

4. 3a® - (6a? - (80% - (9¢? - 2a%)))

‘Aoknorn 461. Avy = 2z Bpsite 10

x? + 3xy + 5y?
422 - 3xy + 672

‘Aoknorn 462. Na ypayete pe oUpBoAa v mapdotaot :
6 POPEG TO YIVOUEVO T®V T KAl Y aUuSNUEVO Katd 3 QOPES TO TETPAY®VO TOU .
‘Acknon 463. Na ypayete pe oupBoda v napdotaon :

3 @Oop£g T0 ABPOIoHA TOU TETPAY®VOU TOU (¢ KAl TOU TETpaywvou tou [ peiov 7 popég
10 YWOUEevo TV «, (3, 7.

‘Acknon 464. Evag naiking tuxepov nayvibiov éxel a upw®, xavel [ supmd Kat
kepdidel v evpw. ITdoa ypnpata €xet;

‘Aornon 465. Avr+y+z=12xax -y + 2z =17 Bpeite 10 y.

‘Aoknorn 466. Na aroroinfolv o1 MapacTAoceg:

S S 2
1 141-;c 1;%
T-z  1+z
atp _a=p
9. a— afﬁrﬁ
]. - m
Tmy _ y-a
y-a  z-y
3 z-y-1 _ y-a-1
-y y-a
‘Aoknorn 467. Bpeite 10 d6poopa A+ B+ 1T 6tav A = —%m - %n, B = —%m + %n
kat'=-2m-n
‘Aoknon 468. Bpeite ta yvopeva:
1. (a2 +2a72 - 7) (5 +a? - 2a_2)
2. (3xay—a _ x—aya) (xay _ ‘,L,fayfl)
‘Acknon 469. Na yivouv o1 ipageig:
1 1 1
1. + +
(a=-B)(a=7) (B-1)B-0) (-a)(y-5)
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246 5.1. Aokrjogig oto kepdjaio 1

2. @ + p + v
(a=p)(a=v) (B-7)(B-a) (y-a)(y-8)
3 B+ . v+« a+f
(@=p)(a=7) (B-7)(B-a) (yv-a)(y-8)
w B 1 of

" @-B)(a-7) B-1B-a) (1-a)(7-5)
‘Acrnon 470. Av o’ = 3 xa1 5% = 8 Bpeite ta
1. o+ 52
2. (aB)*
6
3. (%)

‘Aokrnon 471. Ava=1,b=2,c=3,d=5 xat e = 8 Bpeite 1a

1. V2b+4c

2. \/(e—b)(2e-5b)

3. /(e-d)(b+c)-(d-c)(c+a)+a+e
‘Aoknon 472. Av o + 3 - = 2 Bpeite 1a

L (a+f-v)(a-y+B)(B-7+a)

2. (a+B-7)*+(a-v+B)*+(B-v+a)’

‘Acknon 473. Na ypagouv oe aufouca oe1pd (armd 1oV PIKPOIEPO OTOV PEYAAUTEPO)
ot apiBpoi:

3 1
L4 -3, -= 20, -7, -2, V3

)

‘Acknon 474. Ano ug efetdaoeig STEP, 2008. Na anodeiete e anaywyr) oto dtorno
T0UG TIapPakrdte 1Wwxuplopoug A kat B nou avagpépoviat og mpaypatikoug apibpoug p
Kat q:

A Av o pq sival appntog tote Touddxiotov évag aro Toug p Kat ¢ £ivatl appntog.
B Av o p + q eival Gppntog tote TouAdyioTov évag aro Toug p Kat ¢ givat dppntog.

Na arnobeigete pe v Bordeia evog avurnapadetypatog ot o mapakdate woxuptopog C
eivat eopadpévog:

C Av o1 p xat ¢ gival dppnrot tote o p + ¢ £ival appnrog.

‘Acknon 475. Ano ov Siayouvioud Rocket City Math League, 2010. Na unoloyioste
10

V144 +3% +2(5+3) + 53+ V V256

‘Acknon 476. Ano tov Siayovioud Canadian Open Mathematics Challenge, 2009.
Na unoAoyioete 10

-1+2-3+4-5+6-7+8-9+10-11+12-13+14-15+16-17+18
H Ioooa g Aoyikng

‘Aornon 477. Tloiég anod Tig Mapakdte 1coduvapisg sivat aAndeig;
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1. ’=1<a*=1 3. a>leoa+rl>1

2. ®=1ea*=1 4. a<2<a+2<4
‘Acknon 478. Tloieg and 11§ Mapakdat® woduvapisg sival aAndeig;

l. z2+y=3<22+2y=6 3. r+y=3=c+4=1

2. z+y=3r2+y?=9 4. z+y=3<= -3+y=—-2x
‘Aoknon 479. Tloeg ano 11§ MapakdTe cUVENaywyis etvat aineig;

l. x=4=>x>0 3. x>2=>2x>4

2. x>0=>zx=4 4. z+y<3=x-y<3

‘Aoknon 480. Bpsite 10 AdBog oTnV NMAPaAKATe «anodeidnp:
0=0=0-1=0-2=0-1=0-2=1=2

‘Acoknorn 481. Amo Tig MapaKAT® OUVENAY®YEG pia pévo sivat aAnbng. Iowa;
1. 22+yd=2=a+ry=2
2. z+y=0=>22+y%=0
3. (a+p)(a-B)=0=>a=0
4. a=p=(a+p)(a-5)=0

‘Acknon 482. Tloieg and 11§ MAPAKAT® 100TNIEG eival aAnOeig;

1 (a+B) (a7t + 6‘1)71 =af

2 _2,2
2. B~ ath
1 _ 1 1
3. aF~a'B
a+f _ « B
4 5 =9+3

‘Acknon 483. Iloieg and 11§ MAPAKAT® CUVENAy®yEg etval aAnOeig;
l. zy=0=2=0 =war y=0
2. zy+0=2x+0 B y=0
3. 2y#0=>2+0 xar y=0
4. zy=1=2z=1 1 y=1

‘Aoknon 484. Zto oxfpa ansikovidetar (paAdov drexva) éva GX0AKSO Acpopeio.
IIpog mowa katevbuvon Kiveitat;

7LV

O O
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Sam Loyd
1841 - 1911
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248 5.2. Aokrjogig oto kepaiaio 2

‘Acknon 485. 'Evag ypipog tou Sam Loyd. Téooepa {guydpla MPETEL va TEPACOUV
pe pia Bapka éva motdpt. Xt MECT TOU IOTAPoU UrdpXetl pia vnoiba. Bpeite éva
TPOIT0 VA TIEPACOUV TO TIOTAJL AV

1. H Bdpxa xwpdet 1o oAU Yo dtopa.

2. 'Avbpeg kal yuvaikeg {nAevouv 10 taipt toug kat dsv Sa nBedav pe tirnote kat
oute yua Atyo va v (tov) ouv va Bpioketatl povn (Ovog) Pe KATIO0 AToHo T1g
napéag aviibstou @uiou.

‘Tbe‘l’_“ Eements
s g S

Aokrnoeilg oto Kepdldaio 2
2.1] Zuvora
‘Aoknon 486. Tlow anod ta otoxeia 2, 3, 5 avrxouv oto cuvoro {0,4,5,6,-1};

‘Acknon 487. Twg npénetl va Siadéfoune tov akéoaio k mote o apduodg 2k + 3 va

etvat otoieio tou ouvérou {0,4,5,6,-1};

‘Acknon 488. Iloieg and 11§ MApPAKAT® OXECEIS eival e0PaApéveg;

]" {CY’#’Q’B} n{*?‘?ﬂ}:{‘)/@}

2' {.7#7Q7B7v} n{#,.,ﬂ,@}:{ﬁ,ﬁ,l,V}
3. {m,a a8 30} —{em30}={a}

4. ({a, 0,0, 4} n{o,n,6})u{m} = {m}

‘Acoknon 489. Na cupnANPAOOCETE TIG 100TNTES
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1. {a,b,c}u{b,c}= 5. ({a,b,c}u{d,e})n{a,e} =
2. {a,b,c} n{b,c} = 6. ({a,b,ctu{d,e})-{a,b}=
3. {a,b,c} —{b,c} = 7. {a,b,d} - ({e,b,c}u{d,e}) =
4. {b,c} -{a,b,c} = 8. ({o,B,v}n{y,0}) u{e, v} =

‘Aoknon 490. Zto oxrjua napouctddetat éva Siaypappa Venn pe §Uo ovvoda A kat
B.

Bpeite oe mola oUvoAd aviiotolouVv Ol TEPIOXES HE TV OKiaon :

‘Aoknon 491. Ito oxrua napouciddetal éva Sidypappa Venn pe tpia ouvoda A, B
xatI'.

Bpeite oe ola oUvoAa aviiotolXouUVv o1 TIEPLOXES PE TNV OKiaon :

1.

‘Aokrnon 492. Ta [a, 3], (o, 8), (a, 8], [, B) etvat Sraotpata. Na cuprdnpooete
TG 100t TEG.
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250 5.2. Aokrjogig oto kepaiaio 2

L [a, 8] = (a, B) = 6. (a,f) nla,p] =
2. [, ] = {e, B} = 7. (o, B) —{a, B} =
3. [a, 8] - (a, 4] 8. {a, 8} - (a, ) =
4. [o,B] - [a, B) = 9. {a,B} - [a, B] =
5. (a, ) —[a, B] = 10. (o, ] =[a, B) =

‘Acknon 493. Aivetal 6t a < . Na oupnAnpoOoETE TI§ 100TNTEG

1. [a,+00] = (v, B) = 3. [, 8] N (~00,+00) =
2. (_oovﬂ)n(aa"'oo): 4. (_°°7+O°)_[O‘a6):

‘Aoknon 494. Na s€nyrioste ylati oxvet:

P20

adAd kat yati dev oxvet:

02)-(03)-(03) -0

‘Aornon 495. Na Bpeite 6Aa ta urtoovvoda tou {a, b, ¢, d, e, f } Tou éxouv tpia otot-
Xeta.

‘Aornon 496. Mciadéosig. 'Otav avadepouacte oe oUVOAd pag evBlapépouv ta
OTO1XEIA TOUG KAl OX1 KATIO1A OE1pd ITOU eVOEXO1EVRG £X0UV. Ag Se®prjooulie T0 CUVOAO
A nou anaptidetatl ano téoospa nadia:

Ag urtobéooupe twpa Ot torobstovpe ta aidid tou ouvédou A os pia oepd. Ymdap-
XOUV 0PKETOL TPOTIOL yla va yivel auto A.X. €vag eivat o:

1. Na Bpeite 6Aoug T0UG SUVATOUG TPOTIOUG JIE TOUG OIMOioUg PIopouV ta naidid
tTou ouvélou A va prouv os pia oelpd.

2. Av yla va amnavir)oste 010 MPONYyoUHEVO £p@tnpia SoKippacate 6Aoug Toug Tpo-
moug éva-éva okedBeite pnnog Sa pmnopouvcate va Ppeite v anavinon o
ypnyopa. Katd nocoug tponoug Sa propovcav va torobetnOouv oe pia oepd
ta otoixeia tou A av eiyape 5 avt ya 4 naiba;
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3.

'Eote éva ouvodo pe v otoixeia. Kabe tornobetnon 1ov otoixeiowv tTou cuvoAou oe
pia ogpd Aéyetal petabeon tov otorxeimv tou. To mAr0og tov 0A®v TV Suvatwv
petabéoenmv evog ouvolou pe v otorxeia oupBoliletat pe M,. Na arnodeiete ot
10 TAN00¢ eV petabéoeav v ototyeiov sival v! (beite kat doknon [E18l AnAabdn)
va arodeifete ot

M, (5.4)

‘Aoknon 497. Eow 2 ={1,2,3,...,100}.

1.

Eotw A 10 oUvolo tov apidpwv tou ) mou sivar aptiot apidpoi. Bpeite 10
mAn0og twv otoixeiov tou N(A).

'Eot® B 1o oUvolo tov aptBumv tou 2 rou sivat moAdarddota tou 3. Bpeite 1o
1006 tev otoyeiov tou N(B).

"Eoto I" 1o ouvodo tev apiBuev tou 2 mou eival moAdarddoia tou 6. Bpeite 1o
Af0og tev ototxeiov tou N(T).

Bpeite 10 mAr0og tov apiOpmv tou €2 mou sivatl dptiot apiOpoi 1) oAArmidoia
tou 3.

. Av 0T0 TIPONYOUEVO EPOTNHA HETPN0ATE Yia va Bpeite v andavinon egnyeiote

g autr) propet va Bpedei and v oxéon (2.16).

‘Aornon 498. Az,

1.

Y& pa oAUKatolkia Kkatowkouv 21 évoikot.

O1 £vO1KO1 TG TIOAUKATOIKIAG ouyvd e§urnpetovvial aro 81agopa Kataotpata
mov eivat tpiyupe. Mia nuépa otnv xovuvr tpaneda Ppiokoviat oe pia ogpa 7
€VO1KOL T1)G TIOAUKATOIKIAG.

Agou n nmoAukatokia £xet 21 evoikoug 9a priopovoav va Bpebouv ot pia oepa
7 atopwv ddda dropa. Emiong 9a propovcav va eivatl pev ta idia addda oe
Slagopetikn oepd. Bpeite mooeg S1aPopeTIKEG «OUPEG» PIMOPOUNE VA EXOUHE
and ta 21 atopa g nmodukatoikiag. Tia 1o 1edikd anotédeopa propeite va
«avaBéoeter Tig TIPAgelg o€ UTIOAOY10TL), KWVNTO KTA.
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252 5.2. Aokrjogig oto kepaiaio 2

2. Tevikd amod éva oUVOAO V OTOIXEI®V @PTIAXVOUNE Hia Ogpd He K Ao autd.
Kdabe tétola ospd Aéyetar pia 6artaln twv v ava k. To cuvoAiko ANn00g TV
Sratddewv wov v avd k oupBolAiletat pe AY. Na arnodeigete ot:

(A =v-(v-1)-.. (v-(r-1))| (5.5)

‘Acornon 499. Zvvbvacuol.

1. 'Eva naidakt £xet 12 nmaryvidia.

Qs <, ¥
@ i BRIGE g‘
= L “Nve

'6‘_1

S L
Ldadl

Bpeite pe moooug tpomoug propei va 81aAédet 4 ano auvtd. To oxnpa meptéxet
Kat pia unodedn.
2. Ano éva ouvolo 1ou €xel v otolxeia Stadéyoupe k. Mia té€tola ermAoyr) ovo-

paetar ovvdvaoudg v ava k. To TA00¢ 6A®V TwV cUVEUACPOV TOV ¥V avd K
oupBoAiletat pe (:) Na amobeifete o1

(:) _ % _ 1/.(1/—1)...;'(1/—(&—1)) (5.6
‘Acknon 500. Efdoknon otoug ouvdvaocuous. Na cupmAnpmoste Tov Tivaka:
14
1 2 3 4 5 6 7
0l W=1@=1@=1G=]@=]=]G-=
L@=10=-10=-16=10=10={0)-
2 G=1G=16G=1G=]6=]6)-
k|3 GB=16=1G=16G=]0-
4 D=1G=10)=10)-
5 G =1C)=106)-
6 (&)= | (&)=
7 () =
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‘Aornorn 501. Na arnodeigete 61t

()=

(5.7

Ipooradrjote va dwoete KAvete v anddeiln pe dUo TPOIoUgG.

‘Aoknon 502. Enavainmuuéc Mardeg.

1. Miua taén éxet 17 maidid.

' ‘?

d w’:yl

]341«14

Ty dapkela piag oxoAKng pépag O0Aa ta rmaidid arnaviouv O EPOTNOEIG 1)
oulnTouv yia Stadopa mpdypata. Ag urtobB£coulie 0Tt Aropovevoue 3 dragpo-
PETIKEG XPOVIKEG OTIYHEG KAl KOTAHE TTO10 TTa1di £X€1 TOV AOY0 TNV KAOE XPOVIKY)

ouypry. Mrmopei va €xoupe auty) v Kataypadr)

1] AKOHD KAl autn

Na Bpeite ooeg dradopetikég kKataypapeg eivat Suvateg.

2. 'Eva ouvolo éxet v otorxeia. Kdvoupe Kk eTAOYEG OTOLXEI®V TOU GUVOAOU

1n Emmdoyn , 2n Emmdoyy, ...,

K Ermidoyn

N.Z. Maupoytdvvng
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254 5.2. Aokrjogig oto kepaiaio 2

v pia ave§dpnta aro v dAAn dndadn xepis va pag evéiapépet av Sa e-
rmAégoupe Sava €va otoixeio mou £xet dn ermdeyel. Kdabe ermdoyr kat wov £
otoxelwv Aéyetal emavainmukn 6wataln tov v otoelov ava k. To mAf0og
OA@V TOV eMAVAANMUKGOV Siatddemv tev v otoixeiov ava x oupBoldiletat pe 6.
Na arobeifete ot:

(5.8)

‘Aoknorn 503. «To Kad1K6 dvoua ... UMOPOUcE va £xet eptd ypdpuata. I1écot ouv-
duaopol tov eptd ypappdiov yivovial av UrtoAoyiooupe Katl Td EIKOOUTEVIE Ypapupata
g aAgabrtou...;»

Ounrniépto ‘Exo, To exkpeués ov Povk®, Metdppaon E¢pn Kaddipatidn

‘Acrnon 504. [1inddpduog Avvauocuvoiouv.@ewpoune 1o oUvoro A = {a, ag, ..., oy }
rou €xel v otoixeia. [a va oxnuaticoupe éva uroouvodo tou A armdwg Stadéyoupe
karota otorxeia tou A. Mropei va pn Siadé§oupe kat kavéva orote 9a éxoups to
KEVO OUVOAO TTOU eival UooUvolo KABs GuvOAoU. LV oucia yid va oXnpaticoupe
£va uroouvolo TPETIEL va «anogacicoupsr yia kabe otoixeio tou A av 9a 1o oup-
nieptAdBoupe oto umoouvolo 1) oxtl. Ilpérel va mdpoupe v anopdoelg pia yia kabe
otoixeio tou A:

a1 Nat 'Oyt
ag Nat 'Oyt

a, Nat 'Oxt
Kabe dapopetikyy ermdoyr) ota «Naw, «Oxw» £0te Kat oe €va otoixeio tou A obnyei oe
dAlo urtoouvodo. Na arodeifete ot 1o A £xet 2¥ unoouvoda. AnAadn

To TA1|00g 6AGV TRV UTTIOGUVOAGV £vAG 0UVOAOU e v ototxeia sivar 2 (5.9)

Helmut Hasse

1898 - 1979

‘Acoknon 505. '‘Eva &wdyoauua Hasse.
H oxéon c tou nepiexecbat petadu ouvo-
AV £Xel apKeTEG avadoyieg pe v oxEon
< TV PAyHatikev aptbpev addd kat ap-
Ketég dapopég. H onpavuxotepn eivat
ot eve duUo Sradopot mpaypatikol apd-
pot etvat mavia ouykpiopot dev 1oxUveL To
1610 yla ta ovvoAa: Auvo Siagpopa cuvo- (0.5}
Aa prmopet va pnv eivat ouykpiowpa 6n-
Aadr] kavéva va pnv meplEXETal oto dl-
Ao. Zto duthavo didypappa aretkovi¢ov-
tat 6Aa, 16 tov ap1Buod, ta urnocuvoda tou
{a, B,7,0}. K&be Bedaxt kateubuvetat a-
IO €vad UTIOOUVOAO OE €va UTIEPCUVOAO TOU
6nAadn oe €éva cUVOAO TTOU T0 TIEPIEXEL.

{7.6}

Av éva ouvolo oto Siaypappa mepiExetat oe €va Ao mavia uvnapyet dadpoyur)
pe Beddxia rou odnyel og auto.
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1. Bpeite oe moa ouvolda mepiéxetat yvnoing o {5}.
2. Bpeite mola ouvola mepiéxouv yvnoing o {7, d}.

3. Bpeite mola ouvola 8e propouv va cuykpiBouv e 1o {«a,v}.
[MBavotnteg

‘Aoknon 506. Pixvoupe éva {dpt 6Uo @opég. Ti eivar mbavétepo va gépoups:
‘ABpoiopa 11 1) a6poopa 4;

‘Aoknon 507. Ané éva nuepriolo nuepodsyto Siadéyoupe tuxaia éva @uildo. Tlowa
eival n rubavotnta va avruiotoixei o pwtopnvid; (Na unobéoeste 6t 10 €10g dev eivat

6loeKt0).

‘Aoknorn 508. Pixvoups éva eupo 8U0 Qopég Kal ypddouye Tig evsitelg.

Iowa eivat n mBavotnta va €éAOel Touddyiotov pia opd 1 oW Pe v YAaUKa ;

‘Acknon 509. O nanmoug lopdavng ou-
véxela Eexvaetl. Eexvaetl kat ta 600 tedeu-
Taia yneia tou TNAedP@VOU TOU Y10U TOU.
@uudtat povo ot sivat S agpopetikda. 'O-
IOTE TOV KAAel T CUUIMANP®OVEL 0TV TU-
xn. Iowa eivat n mbavotnta va metvyet
1OV 00OTO ap1Buo;

‘Aoknon 510. Zto tuxepd nayvidt T¢o- ZOKE
Kep KAnpovovtat H apidpoi and 45 xkat 1 a=e faua
ap1Bpog amno 20 (o «t¢orep»). H mmo amin l
OUPMANP®OT piag othAng (Kat ekeivn rmou B
MANPOVETAl TO PIKPOTEPO TipnHa) eival va
ermAeyouv H+1 apOpog. Bpeite moa givat
n rmBavotnta Pe pia amdn otnArn va netu-
X€l KAT010G toug aptfpoug rmou Sa KAn- o 7 = e 7
PROOOUV.

‘Aoknon 511. Ta ta svbexépeva A, B woyvouv P(AuUB) = %, P(A") = % Kat
P(AnB)= i. Na Bpeite 1ig rubavornteg
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1. P(A) 2. P(B) 3. P(AnB')

‘Acknon 512. Mia ta&n éxet 12 ayopla kat 16 kopitowa. Ta piod ayopla Kat ta
ploa kopitola €xouv pauvpa pata. EmAéyoupe tuxaia éva atopo. Na Ppeite v

mbavotnta va givat ayopt 1) va €xel pavpa pdtia.

‘Aoknon 513. Pixvoune 6U0 {dpia. Ilowa sivar n mbavétnta va gépoupe duo Sa-
6ox1koug apidpoug;

‘Acknon 514. Tta 9¢pata @etikng-Texvoloyikng Kateubuvong otig MaveAdrvieg E-
getaoeig tou 2012 urpxav 5 epetr|oelg tunou Looto-Aadog. Ilow eival i rubavotnta

€vag pabntrg mou anavidel otV tUXn va 8O0e1 000t Ardvinor) Kdl OTi§ O EPATOELS ;

‘Aoknon 515. Mia ouykekpiévn un-
Xavn pe «@poutdxriar ( «KoOUAoxépng» 1
«Anotng pe 1o &va Xépv ) €xel 3 Tpoxoug
mou KAaBe évag €xel 10 oupBola (ta ida
oe kAOe tpox0). O1 Tpoxol MePIOTPEPOV-
Tat avedapnta o évag artd tov dAdo Kat
napouotadouv o kabe évag éva aro ta 10
oupBoAa. ITowa eival n mbavowta va ep-
@avicbouv 3 161a oupBolAa;

‘Aoknorn 516. Asite mpdta v Aoknon Tt eivat rmo mbavo:

1. Na xepdioet kaveig oto T¢OKep ypapovtag éva arAo SeAtio 1) va @epet pixvoviag
éva apt 9 popég ouvexdneveg 6;

2. Na kepbioetl kaveig oto T¢orep ypadoviag éva arAo SeAtio 1 va QEpet pixvoviag
éva fapt 10 popég ouveyoeveg 6;

‘Aoknon 517. * 1o oxfua skovidetat
éva pépog piag moAng: 100 owodopika
TEPAy®VA Kat ot yupaw dpopot. ‘Evag ka-
TO1KOG NG MOANG §eKvdetl kAbe mpwi and
10 A xat rinyaivet oo B. Kuwveitat povo
6e€1d kat mave. Ta mowdia kabe pépa
diaAéyet tuxaia v Siabpopr) TOU MPoOX®-
PWVTAG £va OIKOBOPIKO TETPAY®VO Sed1d 1)
nave. Mia ano tg roAAég Stadpopég rmou
uropet va kAavet givat onuelpévn P ta
Beddkia. IMowa eivat n rubavotnta oe pia
S1adpopr) va mepdoet and o [

Aokrnoelg oto kegpaldawo 3
[B.1] Tautotnteg

‘Acoknon 518. Na ypagoUv g YIVOHEVO TIAPAYOVIRVY Ol TIAPACTACELS

1. 4038 -2a%B% + 60233
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2. z(a-p)+y(a-p)-w(a-06)
3. 3a(z-y)-2w(z-y)-(z-y)
4. T(x+2)(y-3)-y+3

‘Aoknon 519. Na ypdyete @g YIVOUEVO TTAPAYOVIOV TI§ TTAPAKAT® TTAPACTACELS:

1. af+ay-ad 4. az’®+ B2 +a+p
2. at+au+ ft+fu 5. 23— B2 +ax - af
3. af+ay+ B2+ By 6. zy+xz+xf+ay+az+af

‘Aoknorn 520. Na ypdyete @g YIVOLEVO TTAPAYOVIOV TI§ TTAPAKAT TIAPACTACELS:

2 3_,2 5 1,3_5,..2 2 3
1. 2 +xy’ —y“r -y 4. 32° - 3za” - 2r°a + 10a
2. 2x° + 8x%y? + 3yx> + 1293 5. 2° 22 -223+2
3. 12xy - 8y2x + 15yx> — 1023y> 6. 202y + 322 +2xy + 3z + 2y + 3

‘Acoknon 521. Na ypagoUv g YIVOHEVO TTapaydVIoVY Ol TaPACTACELS :

1. ax+ By +ay + Py

2. z° -y +x2y2 —y3

4 3 2

3. 2P +x +x+1

4. 5a3b+ 10ab® + 5a2b? — 242 — 4b2 - 2ab

+I° +x

‘Acornorn 522. Na armdoroinfouv ta kKAdoparta:

1. 2B g (aB)(a®-5%)
a?-f3 . (042—52)2
232 a®-8°

2 o7-ap 5 @) B

o®+8°3 9a°-16a

3. o-B)raB 6. Ga2p7-s57

‘Aoknon 523. Na amnodeifete T1g TAUTOTTEG:
Lad= (2) - (52
2. (a+8)’+(B+7)+(v+a)? -a? - B2 =42 = (a+B+7)°
‘Aoknon 524. Na anodei§ete T1g TAUTOTNIES:
L (a+B+7)°+(B+v-a)’+(y+a-B)°+(a+B-7)°=4(a®+ 5% +4?)
2. (a+B+7) (B+y-a)(y+a-B)(a+f-7)=(208)" - (a®+ 2 —9?)°
c(@=B+(B-1 +(v-0)’ =3(a=B)(B-7) (y-a)
() (B+) (+a)=a?B+ Py + e+ af? + 77 +ya” + 20y
- (a+B+y)(af+By+qa) = (a+B)(B+7) (v+a) +aBy
- (B + By +70)” = a7 + 5797 + 470" + 2087 (a+ f+7)

o a s~ W
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Augustin Louis Cauchy
1789-1857

Abraham de Moivre
1667 - 1754

Srinivasa Ramanujan
1887-1920
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‘Aornon 525. Na anodeifete out

(P* - )"+ (2pa+¢®)" + (200 + 1) = 2(¢* + pa+p?)’
‘Aoknon 526. Na amnobeifete 6t yia k = 1,2, 3 1ox0et

(W* - )"+ (2pa+a®)" + (200 + %) =2(¢® + pa+p?)’
Ioxuet Gpaye n napanave wotnta ya k = 4;
‘Aoknorn 527. Na amodeifete 6t yia k = 1,2, 3 1ox0st

(P* - )"+ (2pa+¢®)" + (200 + 1) = 2(¢* + pa+p?)’

Ioxuet Gpaye 1 napanave wotnta ya k = 4;

‘Aoknorn 528. Eote 611
X=¢"+3pg"-p® Y =-3pg(p+q) Z=p"+pq+q°

Na arobeigete 61
X?+ XYy +v?i=2°

‘Acknon 529. O: raviomeg tov Cauchy. Na anodsixBei oti:
1. (a+8)°-a®-33=3a8(a+p)
2. (a+B)’-a®-B5=5a8(a+p) (a2 +ap+3?)
3. (a+B) —a"-B" =TaB (a+pB) (a2+a6+62)2
‘Aoknon 530. H raviougia tou De Moivre. Na anodeifete 61t
a'+t 49" -20782 26792 - 2% = ~ (a+ B +7) (a+ B-7) (B+7-a) (Y +a-f)
‘Aoknon 531. Mia ravtdmria tov Ramanujan. Na anodeifete 61t
(3% + 5ab - 56%)" + (4a2 - dab+ 6b)° + (50> - bab - 3b%)” = (6a° - 4ab + 45%)

‘Acknon 532. Terpdywvo adpoiouatog v-mpoddetéwv. 'Eva tetpdynvo apid®uou sivat
0 ap1Buodg eri tov eauto tou. Ta va Bpouvpe 1o

2
(a1 +ag + Qo+ a1 + )
bev £xoupe napd va KAvoupe Tov TIoAAAAAc1aco
(mr+as+as.. +ay1+a)(ar+as+ag.. + a1 +ay,)

ToU ektedeitatl av moAAarmlaciacoupie KaOs rpooHetéo Tou rp®Tou abpoiopatog pe
KGOt 11po0HeTEo Tou BeUTEPOU :
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(ar+ast+az+ .. ta1+w)(agt+oart+azt..+o,1+a)

Ot 6ouletég, 6nAadn ot moAAarAaotaoiiol, mou €Xouv va yivouv @aivoviat Kat oto
Saypappa:

a1 Gy O3 apy—1 Oy

Na arodeiete 6t

2
(1 +as+ag..+ap-1+a)” = a?+ad+ad.. +al  +al+

+2 (12 + 013 + .. + Q1QU-1 + Q1A + Q2. + Q2Q-1 + Q201 + oo + Q1)
(5.10)

[T160ooug ipooBetéoug £xet 1) tedeutaia apevOeon);

‘Aoknon 533. H ysvwkr) popen g taviomrag tov Lagrange. Zinv doxknon [146]
eidape v tautotnta tou Lagrange mou propei Kat va ypaget kat :

2
2 a b
(a2+b2)(:c2+y2):(afc+by) |, y
(e)a(0}V)
a b
N y‘—ay—bx

eivat n opiouca mou cuvavtrijoape otny (3.20). Na arodei§ete ot

2 b a c b ¢
(a2+b2+02)(1;2+y2+22):(ax+by+cz) + |, +
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Zv ouvéyela va arnodeifete ot:

2 2 2 2 2 2, n2, p2 2 2
(al +a5+Q3+ ...+ Q51 +aV) (ﬂl +035+ 065 +...+ 851 +ﬂl,) =

2
(a1f1 +aafla + agfis + .. + a1 By + . 3))° +

2 2 2

I I A IR A [ B B o
as asz |’ ay o o | a a |
To s |t s sa | e ol o 6
‘Aoknorn 534. IIpociEte Tov MApAKAT® TTivaxa.

1 1 1 1 1 1

1 2 3 4 5 6 7

1 3 6 10 15 21

1 4 10 | 20 | 35

1 5 15 | 35

6 21

7

1

[TpoomtaBrote va Ppeite e MO0 TPOIO0 CUPIANPGOVOVIAL Td AEUKA TETpAy®vakia. Me
aAAa Adya Bpeite éva epud (pattern) rmou av Tov akoAoubrjcoupe PIIOpoUlE va CUl-
TIANPOOOULE OAd TA TETPAYROVAKIA.

‘Acoknon 535. To piyovo tou Pascal. Av adddafoupie popdr) oTov mivaka tng aoKn-
ong [634] Sa éxoupe 10 Mapaxdte oxnua:

Zinv daoxknon (B34 pdvnke évag tpomog e Tov 0roio 9a CUPNANPEMOOUIE TOV ITivaka.
Av TOV TIPOCAPIIO00ULIE OTO MAPAITdve TPly®vo yivetat:
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Kavovag: o apiduog oe KAde TEIPAy®@VaKL eivat 10 AdPOL0UA TV APIOUDV TTOU
Bpiokovtar ota dvo terpaywvakia mov fpiokoviat tave and avior

O mivakag nipoékuye ano v doknon [500] 6rtou urtoAoyioape toug cuvéuaopoug (:)
0<k<v <7 (v+0). Apa ta otolxeia tou mivaka givar cuvbuacpiot.

MriopoUpe va oUVEXICOUHE va CUPIANP@WVOUE TOV ITivaka akoAouboviag tov rmapa-
nave xkavova. Oa eivat 6pwg Kat ot véol aplBpotl mou da mpokuPouv cuvduacpot;
ZUPMANPOOTE TV EMOUEVH] YPAPHE pe dUo tpomoug

1. AxoAouBwmvtag tov Kavova.

2. Ymodoyidovtag art' eubeiag toug cuvduaopoug (i)

Ot untoAoyiopot deixvouv ott:
D+ = O+ =061 G+E =06 G)+@ =0, O+C) -

()., O+ =) ()+() =) xat enopéveg napéxouv karnowa Evdeln

Ot 1oxUel
(1/) B vl (5.12)
k) Kl (v-r)! ’

Na anodei€ete v mapandve oxéon owmpiidopevot oty (B.7).

‘Aornorn 536. Na arnodeigete 61:

%)
() + ()

AOK1‘|0'1'| 53; . NCl Clr[0681§8 e O’ i
K )\ - )\ K A
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Sir Isaac Newton

1643-1727
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‘Aornorn 538. Na arnodeigete 6u:
()00
K A\ K
‘Acornorn 539. Na anodeifete ou

v vV—-K(V
=5
k+1 k+1\k

‘Acknon 540. To Swvuuko dedpnua tov Nevtova. Ag uniobécoupe ot 9édoupe va
UTI0AOyioOUE TO

(a+5)" = (a+B) (a+B) (a+ ) (a+f)
Ia va kavoupe Toug roAAanAaolacploug npémnet va rmoAdaniaoctdooupe Kabs ototxeio
¢ MP®ING napevOeong pe kabe otoikeio g deutepng Kat pe kabe otoryxeio g tpitng
Kat g t€taptng. ®a napouvpe KAoA yivopeva ota oroia petd 9a KAvoupe avaywyr)
opoiwv 6pwv. 'Etol 9a mdpoupe ta ywvopeva (n oeipd deixvel amod mowa mapévOeor
naipvoupe ):
acaa =a 1 0pog

aaaf = aafa = afaa = faaa = o> 4 dpot
aaff = afaf = afBa = Baa = BaBa = faaf = o*B% 6 épot
BBBa = BBap = BaBf = afpB = af® 4 épor
BBBB = B" 1 6pog
'‘Otav Kavoupe avaymyr opoiov opav Sa £xoupe
(a+B)'=1-a*+4-0°8+6-a°F +4-ap> +1-5*

Znv nepimeorn tuxovia ekOEn eivat:

(a+B)" =(a+p)(a+pB)(a+p) ..-(a+pB)(a+f)

v

Ano kdbe mapévBeon maipvoupe éva o 1) éva [ kat 9a mpokUYouv yivopeva g
HopPrig: , , , ,

Qmooe @ nnpausﬂnoaa B mipape
Ag ToUpE OTL TIPAPE K ATIO Td (v ATI0 K MApPevOEoelg. Ao TG uTtdAoireg rapevOEoelg
rou eival ¥ — kK 9a idpoupe B. Apa Sa mapoupe v — Kk and ta S. O avtiototog 6pog
9a eivar:

aH/BV*K

®a unapxouv &g 10001 IIPOCOETEDL TG MAPATIAVE POPGNS 0001 TPOITOl UTIAPXO0UV Yl
va SlaAédoupe TG k TTapevBEoelg anod tig oroieg 9a mapoupe ta «. Na arodeilete ot:

)a”"Qﬁz 4 (V)QQBU—Q " (lll)aﬁu—l " (V)ﬁu

(a+5)"=(i)a”+( v )a"_15+( v ) 0

v-1 v-2

Kal O OUVEXELW OTL

14

1)0/”16 + (g)a”’262 + ot ( v

o 2)a26”*2 + (V i 1)a6”*1 + (Z)ﬁ” (5.14)

(a+6)"=(g)al'+(
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'onqmg 541. Na Bpeite molog eival o cuvtedeotr|g ToU a®5? oto avarrtuypa tou

(a+p)’
‘Aornorn 542. Na arnodeigete 61t
v v v v v
(o) (1) () (50)+G) =
0 1 2 v-1 v
Ipooradrjote va Bpeite HUo arodeilelg.

‘Acoknorn 543. 'Eote ot

Q
|
=
=
|
)
)
|
Q

Q
+
=
NS
1
)
+
2
)
+
Q

Na arodeiete 61

(I+a)(A+y) (1+2)=(1-2)(1-y)(1-2)

‘Acknon 544. M v BorBeia g (B.13) va emBeBaithoete 1oV MApaKATe TPOIO yia
va Bpiokoupie t0Ug cuvieAeotég Tou avarrtuypatog (a + 3)7:

e O mpotog ouviedeotr|g ivat 1

e O M-0g OUVIEAEOTHG TIPOKUITTEL AV TTOAAATAACIACOUNE TOV TIPONYOULEVO CUV-
tedeotn) et v — m + 2 kat Stapéooupe 6ia m — 1.

‘Acknon 545. Zroyei0beic CUUUETPIKEG TTAapaotdoelg. OempoUle Toug v apldpoug
a1, Q2,Q3, ..., 01, 05,. OtapOpot

Sl =a1t+ta2t+az+...+tap-1+oay
So =i +a1az + ...+ 11 + 1Oy + 23 + ...+ Q20,1 + Q20 F ...+ Q1O

S3 =aiagag + ...+ @110y + ... + Qp_20,_10y (5.15)

Sy =aiasaz .. ap_10ay

ovopadovtat otoyetwdelg ouuystpms’ TAPAOTACEIS TOV (1, (12, (U3, ...y Oy, . H ST
glvat to dBpotopa v g, (g, A3, ..., Ay_1,Q,, 1 So eival 1o dBpoiopa TV YIvopivav
toug ava §uo, , n S3 eivat to ABpolopa TOV YIVOREVRVY TOUg ava Tpelg K.o.k. H .S, sivat
10 yivopevo toug. Kataypnoukda Aépe ot n S eivat 1o aBpoiopa v yIVOREVOV TOUS
ava éva kat n S, givat 1o aBpoiopa TV YIvopEVeY Toug avd Tpeig V.

1. Tloiwo eivat to mMAf0og twv pocdeténv oug S1, 52,93, ...,.5,°

2. Na arobeifete ot:

2., 2., 2 2 2 _ 2
o taz+az+..a,_+a, =5 —25

' Suppetpiée 6101 mapouoidouv v &g ouppetpia: Av oty 9¢on tou a1 PaAoupe o-
rolovdrote aptBpo amno 10ug a1, a2, A3, ..., -1, O, OV IE€0T TOU (2 OITO10VOLIIOTE AT TOUG
Q1,02,Q3, ..., Ay_1, Ay EGAIPOUHEVOU eKelvou ou Bdadape oty 9€or) ToU a1 K.0.K. 1) IAPACTAC
bev adddadel. Ztoixelwdelg 61011 OM®G ArodeIKVUETAL, SUCTUXKOG OX1 €UKOAA, KAOE OUPPETPIKT)
napdotaon TV a1, 2, A3, ..., Ay—1, Oy TIOU MPOKUITIEL ATIO AUToug pe v Borifeta tov 4 mpd-
Eewv propei va exkppaodei wg pia mapdotaon twv S1, 52,53, ..., S, MOU TPOKUITIEL ATO TG
51,852,853, ...,5, pe mv Borbeia twv 4 npdfewv.
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3. Na arobdeigete ott:

ar e o a1 oS,

‘Acknon 546. Ms ta Sp, So, ... va eivatl 6nwg oty doknor 545 va anobeifete v
MapAKAT® TaUTdTNTA IOV £ival yveotr] og tautétnta tou Nevtova :

‘ (z+a1)(z+a2) .- (z+ap_1) (z+ay) =2" + S12V  + Sox’ 2+ ..+ 8,1z + S, (5.16)
Tt ouvéxela va anodeitete v
‘ (z-a)(z-—az) .- (z—ap) =" - S1x¥ Tt + 8ot 2 -+ (—1)”71$U_1x +(-1)"S, | (.17

TéAog va dmoete aAAn pia anodeidn tou Siwvupikou Sewprpatog (B.14)

‘Aoknon 547. Asifte 6u p® = (pp372q3) + (q2p37q3) +¢3

p3+q3 p3+q3

‘Aoknorn 548. Na amodeifete 6t av

£+£+E:1ng+ﬁ+120
a B v Ty =z
te ) ) )
N

a2 + B2 A2
‘Aoknon 549. Ynobétoupe 61t o + 8+ = 0. Na anobeifete ot
(a2 + 5%+ 72)2 =2 (a4 + 54 +'y4) =4 (aQﬁQ + 322 +72)
‘Aoknon 550. Na armodeifete 6t
m(m+1)(m+2)(m+3)+1= (7712+?>7n4—1)2
‘Aornorn 551. Na anodeifete ouav a+ B+ + 4§ =0 10t
o+ 32 +~%+ 6% =3 (aBy + B0 + yda + aBS)
‘Aornorn 552. Na anodeifete dSruav a+ S+ =0 té1e
L (20-8)"+(26-7)" + (2y-)" =3 (20~ §) (26-7) (2y - a)
2. (a+B-7)’+(B+y-a)’+(y+a-B)"=3(a+B-7)(B+7y-a)(y+a-p)
3. (pa+qB)° + (PB+a7)’ + (py+40)’ =3 (pa+qB) (P8 +q7) (Py+q)
‘Aoknon 553. Na amobeifete St av zyz = T+ Yy + 2 = @ KAl TY + Y2z + 2T = 20 TOTE
a:2y2 + y2z2 +2%2% = 207
‘Acknon 554. O1 z,y,z sival avd 8Uo diapopot un undevikoi apBuoi yia toug

ortoioug 1oyUet

(z-2)°
20 -3y = ——, 20 -3z =
Y

2
(z-y)
z
Na arobeigete 61

l. z+y+z=«
2. 2(2? +y?+2%) = a?

_ (y=2)?
3. 2a-3x = —
@ _

‘Acknorn 555. Yrobitoupe 6t 5

%. Bpeite ta:
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2 2
1. B= %a 3. 7“6;'5_[;3(’
2 1325;22; 4. g z;gg (cuvaptnost @V p, q).
‘Acknon 556. Eow 6u § = 1. Na arnobeigete ot

1 ko’ 4AB% _ ky?+As° 3 o®+208+38% _ B(a=30)
raZ-\p2 Ky2-A62 Y2 +2v85+362 §(v-36)

9. Lo+y8” _ (y+0) 4, (@)(B+9) _ aB | 45
a2B+aB? T (a+B)> CatBy+s T a+B T 4+6

‘Aoknorn 557. I'a toug pn undevikoug apBpovg «, B, 7, § 1oxvet:

(a+B+y+0)(a-B-v+d)=(a-B+y-06)(a+B-v-0)

Na arnobeifete 61

7
)

| Q

‘Aoknorn 558. Yrnobitoups 61t

a?+ax+a® B2+ py+y?

a2 —ar+ax2  [2-Py+y?

Asgigte ol % = % naf =zy.

‘Aornorn 559. Asifte 6t av

x B Y _ z
K+A—p A+p—K f+r—A

01T
(k=ANz+A-p)y+(p-r)z=0
‘Aoknorn 560. Asitte 6T av
R
a=-p B-y a-v

01
A+u=v

‘Aoknorn 561. Na cuprminpwdsi o mapakdte mivakag mou avadépstal os oTol-Xeia
TE00APOV APIOPNTIKGOV TIPOOSGV

[ox ] o] v]w]

41 49119
1 13 2
3 3 5
25 20 | 8
145121 | 7

‘Acornon 562. Na cuprninpebei o mapakAat® rmivakag rmou avapepetal oe otot-
X€1a TE00APROV YEMIEIPIKOV ITP00d®V :
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266 5.3. Aokrjoeig oto kepajlawo 3

a1 | o, | v | A
1 111 2
5 6 |3

448 | 6 | 2
% |53

‘Acoknorn 563. 1. Na Bpeite 10 aBpolopa TV 7 MPOTOV 0PV NG YEDUEIPIKAG
poodou %, %, %,
2. Na Bpeite 1o dBpoopa ToV 6 IPHTOV 0PV TG YEDHETPIKNG ITpoddou —2, g, - %.

3. Na Bpeite 1o aBpoiopa 1oV 8 MPATOV 0PV TG YEDUETPIKAG ITPOOS0U %, % 3, ..
4. Na Bpeite 1o dBporopa tov 10 rmpodtev 0pev g YEOPETPIKNG Ipoddou 2, -4, 8, ...

‘Aoknorn 564. 1. Na Bpeite 10 aBpoiopa v 17 mpodteOv 0p®V TG APOUNTIKAG
nipoodou 49, 44, 39, ....
3 7

2. Na Bpeite 1o aBpoiopa tev 19 npodtev 6pev g apBpnuikng npoodou 4, %, Tg0 o

3. Na Bpeite 10 dOpotopa v 20 petev 0pev g aplOUNTIKNG Ipoddou 2, %, %, e

4. Na Bpeite 1o dBpoiopa v 16 rmpodtev 6pev g ap®pnukrg poddou 3, 75, 3,5, 3,25, ...

‘Aoknorn 565. Ztinv aplOuntukn mpoodo a;, s, ... va Ppeite to dbpotona
Qi + Qi1 + .o+ Q)
TtV TeAdK anavinor 9a mpéErnet va Umapyouy td K, A, Q, Q).

‘Aoknon 566. Aivetai n akodouBia ai,as, ... yia v onoia 1woxvel ay, = 3v + 8 ya
oAa ta v.

1. Bpeite ta a1, a9, as, aos.

2. Na amodeigete 611 1 akoAoubia eivat apiOunuky rpoodog. [Mowa eivat n Stagpopd

mg;

3. Na Bpeite 10 dBpotopa v 100 patev 6pKVv Ig.

4. Na Bpeite 1o dBpotopa aos + ... + 123.

5. Na Bpeite o10g 6pog g rpoodou eivat icog pe 6044.

‘Aoknon 567. To polot piag ekkAnoiag Krumdsl otig aképateg opeg: g 1 pia
@opa otig 2 §U0 PopPEG K.0.K. T100EG (POPEG KTUTTAEL OE £va EIKOOTIEIPAMPO ;

‘Aoknorn 568. It pia apBunuky) poodo o 120g 6pog stvat 30 xkat o 300g 6pog sivat
23. Na Bpebei o mprtog 6pog Kat n dradopd g rPooddou.
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‘Acknon 569. 1. 'Odot ot mapakdat® apidpoi eival rmoAAarddacia tou 3. Ilocot
etvat;

18, 21, 24, ..., 999

2. Bpeite nooa moAAanAdoia tou 3 repiExoviatl oto daotnua (\/ 33, 1001)

3. 'Olot ot mapakdAt® apBpot eivat moAdarAdola tou 7. ITocot eivat;

-23m, =227, -21m, ... 237

4. Bpeite ndoa noAdarhdoia tou 7 nepiéxovial oto diaotnua (17,100)
‘Aoknon 570. e pia yeopetpikn) mpoodo eivat a; = 8 xat A = —%.

1. Bpeite tov as.

2. Bpeite tov a,.

3. Bpeite mo1o1 6pot eivatl SeTikol Kat 1mo1ot apvhTiKoi.

4. Bpeite v Tpn g apactaong

‘Aoknon 571. Eote a1,as,qs, ... pia mpéodog (apOpunukn 1) yeouetpiky). Eote
Sy, 82,53, ta aBpoiopata wv v, 2v, 3V PRIV OPEV NG AVIIOTOIXKS.

1. Na arodeixBei 611 av n poodog eival apOPnTKr) 10te
SSV =3 (521/ - Su)
2. Na arodeiyBei 011 av n poodog eival YE®PETPIKI TOTE

Sl/ (S3l/ - SQV) = (521/ - Su)2

‘Aoknon 572. Na anodeiyBel 611 av akodoubia i, as, ... Eival YEQUEIPIKY PO0d0G

T01e

A—p Pk K=\ _
ag Moy a0 =1

‘Aoknon 573. Na arnodeixBei 611 av akodoubia ai,as, ... eivat ap®unukr npéodog
T0TE

A-—p)ax+(p-r)ax+(k-A)a,=0
‘Aoknon 574. Na arnodeifete 6t av o1 apidpoi a, 5, etvar Sitaboxikoi 6pot apdun-
TIKHG IP0o06dou 10t S1adoy kol 0pot apOuntukyg rpoodou eivat emiong Kat ot apibpoi:
L a® =By, B-rya, ¥*-ap
2. a?+aB+p% BE+By+v2 APevya+a?
3.

1 1 1 .
T T NGEG (o, B,y Seukoi)

4. o?, -y, 2 -4p2
‘Aornon 575. Na amodeifete ot av ot apidpoi «, 3,7 stval daboxikoi 6pot ye-

OUETPIKNG ITPoodou 10te §1adoy1kol 6pol YEMPETPIKAG MPoddou elvat ermiong Kat ot
apiBpoti:

1' a27 ﬂQ’ 72
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268 5.3. Aokrjoeig oto kepajlawo 3

1 1 1
2. L&, 5 2
3. L L L (o, B,y 9eukoi)
© Ja VB’ Vi P

2

4. Oé—%a 6_05) 7_5

1.1 1.1 1.8
5 3+ % R e

‘Acknon 576. It pia apOunukn npdéodo cupBoAiloupe pe S, To ABpolopa TV v

PRIV 0p@V TNG. Av eival yveoto ot S, = g kat Sq = p Ppeite 0 Spq-

‘Aoknon 577. Na arodsifete 611 ta 1eTpAy©va TV aplOpov
a?-2a-1,, o®+1,, a*+2a-1

etvatl Stadoyikoi 6pot ap1Bunukng rpoodou.

‘Acornorn 578. Na urodoyioete 10 dBpotopa:

1\? 1\? 1)?
(a——) +(a2——) +...+(a”——)
« a? a?
‘Aoknorn 579. Na anodsixBsi 611 av n apOunuks mpoodog o, aa, ... £Xel JeTKOUg
0OpOUG TOTE 10XVEL:
1 1 1 v-1

+ ot =
Vo /0 SOz + /o NGRS m

‘Aoknon 580. Na armodsixBei yia tnv aplOunukr mpoodo ag, ao, ... :

2 2 2 2 2 2 _ k 2 2
041—042+a3—044+...+042k_2—042k—m(al—a%)

[3.2] Avicotnteg
‘Aornorn 581. 'Eotw ot 0 < a <y ka1 0 < § < §. Na anobeifete 6m

1 1
a-=<y-=

B )
‘Acornorn 582. Na arnodeifete 6t av yia 1oug aplfpoug a, 3, ¥ 10XU0UV 01 OXE0EIG
a< B+, B<v+a, y<a+pf
10Te KAl o1 Tpelg apdpoi eival Seukoi.

‘Aoknorn 583. M: «, 3,7 9etkoug va amodeifete T1g aviodnTeg (KAMOLEg TIG £XETE

Savadei)
1. &®+ 5% >2ap 4. a+B22af
2.2(a2+,82)2(oz+,8)2 5. %BZ\/@
3. G <\ ) 6. VaB > 22
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7. +

Q=

>2 8. v+=-2>2

@R
=2 [~

[Tpooradriote twpa va arodeiete g 161eg aviodtnteg akodouboviag ta Beddxia.
KdBe @opd 9a mpérmet va KAVETE KATOWA KATAAANAL AVIIKATACTACT] OV OXECT) TTOU
Bpilokeobe yia va IpoKUYeL 1] aviodtnTa mou deixvel 10 BeAdrt

220
1
a+ 322/ @ a?+ (%2> 2ap @ %4—%22
S 1 1®
“b > Jap 2(a?+ %) 2 (a+5)* v 22
1D 1®
208 a+fp a?+32
vaB 2 355 SV
‘Aoknorn 584. Na arnodeifete out x—;,fl >

‘Aoknon 585. Na anodeifete 611 yia kdbe tp1ada pn apvnukov apdpov a, S,y
oxuet:

L af(a+pB)+pBy(B+7)+ya(y+a)>6afy
2. (a+B)(B+7)(y+a)28aby

Hermann Amandus Schwarz
‘Aoknon 586. Na anodeigete ot 1843-1921

+iey raf+ByEya>0
‘Aoknon 587. Na arnodeifete 6t (o + B)4 <8 (a4 + 54).

‘Acknon 588. H avioomra Cauchy-Schwartz-Bunyakovsky. Me v Borfsia g
tavtotnrag (B.11) tou Lagrange va amodeifete 6t:

(?+ad+ad+..+al  +a2)(BI+B3+B3+...+ B2 +B2)>
2 (5.18)
(181 + apfy +agBs + .. + a1 By + @, ,)
. . . e 2_p2_ 1
1-}01(:]011 B589. Ano ug e€etaosig ov 2004. Asite onnava >0, a > frat a® - 5 Bunyakovsky
tote 3 < 0. 1804-1889

‘Aoknorn 590. Na anobeifete 611 av ot apbpoi «, 3,7 kat z,y, z sival Setikot 161
1oXUEeL:

. (ax+ﬂy+'yz)(%+§+%)2(a+ﬂ+'y)2

. (a+ﬁ+7)(é+%+ )29

=2 =

‘Aoknon 591. Ano tov Siayevioud «@afre e EME, 1990. Av x > 0 va beifete ott:

22 +3z+3 1
R S
r+1 T
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270 5.3. Aokrjoeig oto kepajlawo 3

‘Aornorn 592. Na arnodeigete 6u:

1 1 1
(f+a3+aj+..+a+al)|—5+—5+—5+.+—5—+— |20
1 2 3 v-1 v 2 2 2 2 2
ay a5 a3 a1 ay

‘Aornon 593. H avwodtnia v Bernoulli. 'Eow a > -1 xat v > 1 @uoikog
ap1Bpog. Na arodeiete ot

1. (1+a)”—1:a((1+a)”_1+...+(1+a)+1)

2. Na arobeigete v aviodtnta tou Bernoulli:

‘(1+0¢)V>1+1/04‘ (5.19)

3. T yivetat ov napandave oxéon av naipvape v =11 a = -1;

‘Aoknon 594. Mia napaddayr g aviodmrag tov Bernoulli. Na amodeifete 611 yia
KaBe uoko v > 1 kat kabe = > 0 woxvet:

‘:c">1+1/(x—1)‘ (5.20)

‘Aoknon 595. Ttnpbeite oe kdmola ané tg avicorntes (5.19), (5.20) yia va aro-
Sei€ete O ya kAOe PuUOKS v pe v > 1 10xU0UV 01 AVIOOTNTEG:

L(1+1)">2,
2. 2¥ >1+v,
3. (1-%)'>1-1

4. (1-a)"<—2-,a¢(0,1)

l+va’

‘Aoknon 596. Sswpoupe apBpovg «a, 5 e 0 < a < S.

e 'Eote n ap®pnukr) npoodog x1, X2, T3, ... IIOU EXEL TTPOTO OPO TOV ¥ KA1 SEVTEPO
6po tov .

¢ 'Eoto 1 YEOPETPIKT IIP60S0G Y1, Y2, Y3, ... ITOU EXEL TIPAOTO OPO TOV (¢ KAl SeVTEPO
6po oV 3.

Na arodeigete 611 yia kabe v > 2 10XVeL Yy > Ty

‘Acknon 597. Osopoups T0Ug ApOPOUg a1, (g, A3, ..., Ay_1, &,y O ap1Odg

]+t +az+...+toy_1+Q
A, = - - (5.21)
v

ovopadetal apiduUnNTIiKog UECOG 1) UEON TN TRV (], (2, ('3, ..., Oy—1, (. Elval auto mou
Aépe katl pEcog 0pog: to abpoiopa v apldpov dia tou mAnboug Toug.

1. Na Bpeite 1o apOPnUKo péco v apbuov 1,2,3,....v -1, v.

2. Na arobeifete 6t av ot apibpoi aq, as, ag, ..., ,—1, 0y AVOKOUV 01O didotnpa
[m, M ] t6te kat 0 ap®untikog péoog Toug aviiket oto didotnpa [m, M.
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‘Acknon 598. O:zwpoune 10Ug JeTIKOUG APOPOUG a1, A2, (3, ..., A1, (. ETHONG
Sewpounpe (bette kat doknon B97) toug apOpnukoUg pécoug:

-1
Ay =5

_ Q1+tao
Ag = 5

L — Qatastas
Ay = atoatas

A _ ajtagtaszt...tay 1
v-1~= v—1

A _ oajtaotaz+... oy, _1+0y,
v v

Na arnobeifete o yla kabe k = 2,3, ...,V 10XU0UV:
1. KA. - (k - 1)14@_1 = Ol

K
AK,

"1

AT

TéAog beigte o1

2. > O

‘ All: > 103 " ...t (1, (5.22)

[16te oty tedeutaia oxéon 10XVEL 1] 100TNTA ;

[3.3] E¢ionoeig

‘Aornorn 599. Na Aubei nj e§iowon 2 (z + 3) + a = 0. Tog npénet va SiaAégoupe tov
@ ®ote 1) eGiowon va £xel Avor tov apepo 3;

, , . 2s-5 _ w+ll
Aoknorn 600. Na Aubei n efiowon 4 + =52 = 5=,

‘Aoknon 601. Na enaAndevoete 6t 0 apOpdg 3 — 2¢/2 sivar Avorn g ekiowong
(1-2)V2=x+1. Exel n e€iooon dAAn Avon;

‘Acknorn 602. 1. Na napayovioroiroste Vv Iapaotaort :
a?(B-7)+ 8% (y-a)+7* (a-h)

2. Na Avoete v ediowon :
a’x B2z e _
@B G- G-aG-p "

‘Acknorn 603. Na Aubei:

2(3x-2) 14
3(20-3) 9
‘Acknorn 604. Na AUoete Ti§ TAPAKAT® OXE0EIS OG ITPOG TNV AVIIOTOXN PMeTaBANTy :
1. a=*2 ognpog ¢

t—to

2. x=vpt+ %atQ ®G Tpog

N.Z. Maupoytdvvng IIpoturo [epapatko AUKel0
www.nsmavrogiannis.gr EuayyeAikng ZxoAng Zpupvng
.. _.. http://lyk-evsch-n-smyrn.att.sch.gr




Girolamo Cardano
1501 - 1576

272 5.3. Aokrjoeig oto kepajlawo 3

3. ¥ =\/F2+ F2+2F F>g og ripog F5
4. B=G2Mm, Rh)? ®g 1ipog h

(R+h
5. T =2m\/ 57 wg mipog 7
6. L2V = PV wg Tipog T

) Ipog rp.
8. V= Q(%—% ®G TIPOG T3.

9. —P% RL Rlsmgr[pogRg.

:UI

‘Aoknon 605. 'Eva mpo6Anua ano mv Ars Magna tou Girolamo Cardano. Y-
napxouv U0 ermkePaAng rou o kabévag toug poipace 48 Xpuod OTOUG OTPATIWTESG
ToU.

e O évag eixe §Uo oTpaTINTEG ITEPIOCOTEPOUG ATTO TOV AAAO.

e Exkeivog mou eixe toug Atyotepoug otpatimteg eixe va diabéoel 4 xpuoa rnapa-
nave os KAbe oTpaTidT.

Znteital va Ppebel moooug orpatinteg eixe kabe opada.
‘Aoknon 606. Ano tgc efetdaoeig tov Cambridge, 1821 . Na Aubei n) e&iowon :

12 + 2z 4:6 3 4x -1
243 2w+l w-1

0

‘Aornon 607. Ano tic eioayoyikés eCetdoerg tov Harvard, 1878. Na Aubsi 1 ekiowon :

x+13a+3b_a—2b_
5a-3b-x x+2b

‘Acknon 608. Ano tgc sioaywyikss eCetdaoels tou MIT, 1878. Na Aubsi 1 e&iowon :

4+5 12
x+1 x+2 z+3

‘Aoknorn 609. Me 6s6opévo ot o1 apibuoi «a, 3,y eivat 9etikot va Auoete v e&ioe-

on:
r-a x-f w-v = 3

+ =
B+ v+a a+f a+fB+7

‘Aoknorn 610. Ano tov siayovioud Harvard-MIT,1999. Na Bpeite 6Aeg 11g duvatég
TpéGg Tou % dote a® — 6ad +8d* =0, a # 0.

‘Acknon 611. Ta tg diapopeg Tiég Tou m va Aubei 1 e&iowon:
m2z+1l=xz+m
‘Aoknorn 612. TNa tg idpopeg Tipég Tou A va Aubei ) e€iowon:

92— A\

AT+ =4r+2
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‘Acknon 613. Ta g Si1agopeg Tiég TV K, A va Aubei n e&iowon:
KE+K=AT+ A\

‘Aoknor 614. Na AubBouv o1 e€1000e1g:

1. 22+452=0

2. 5522+ 752 =0

3. 222 -18=0

4. £2-2:-80=0

5 22-9r+14=0

6. r2+252+156=0

7. 522 -Tx+1=0

8. 222 +2x+5=0

9. 922 -6x+4=0

10. 522 +/3x-1=0

11. (1-v2)22-2(1+v2)z+3v2+1=0

12. (z+1)° = (z-1)(z+2) = -2z (z-3)
13. (x+2)(x—%)—(3x—1)(x+§):1—2x

14. 3z+1 3—x 5 _ 0

3-x x+1 3

25 2z+1 _ -3
15, 15~ %55 = 2001

16. L+L+L+L:O

‘Aoknorn 615. Na Aubei n gicaon

L1 (1«2 3
2t 2 2t
‘Aoknon 616. Na AuBouv
1. 2> ~4a®>+4a-1=0
2. (ax+b)2+(a—bx)2:2(a2+b2)

3. bx+a _ _ab

b T b2-x
+b_ 2 2 _ 32
4. g - (a -b )
‘Acknon 617. Na Bpeite 10 MARO0G TOV POV TOV MAPAKATE £E1000ERV XOPIS va T1g
Avosete:
1. 22-11x+28=0 3. 22162 +64 =0, 5. 322 +Tx+5=0
2. 22 -242+143=0 4. 22 - 17Tz +11=0 6. 822 -4z +5=0
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‘Aornon 618. Ta rnoteg Tpég ou m 1 e€iowon ma? + ma — 3 = 0 éxet pia pida;
‘Aoknon 619. Ta roieg Tipég ou m 1 efiowon (m + 1) 2% +4x -1 = 0 éxet pia pida;

‘Aoknon 620. Acite npooektikd TG e€1000e1g. Kavie éva oxoAo!

1 1
T+— ==
r T

=2+ 1
r -2 r -2

‘Aoknorn 621. O Nicholas Saunderson unr|pge Sianperig AyyAog Mabnpatikog t1ou
170U awdva oxedov ouyxpovog tou Neutova. Av Kat £€Xa0e 10 PG TOU Og NAKia evog
£€toug Katopbwoe va popdpwbei. Aidage oto Cambridge Mabnpatkd, Actpovopia kat
Ortuiky). Yrip&e £§ox0g 6Aokadog kat eirav yu autov: «jtav évag daokalog mou av Kat
be umopouvoe va xpenoyomoujosl ta udia 1oV pddatve 1ovg dijoug va yenoyonoouy
1a 6uca tougr. To €pyo tou «Ztorxeia AdyeBpag» eixe peydAn emtuyia oty moxn Tou.
IMapakate BAénete éva anoonacpia and v F'aAAiki) petappaocn tou €pyou:

Exemple 16.

615%—723% =48x: divifez le tout par x,& vous aurez 615 —72x
—48; donc 615=7xx—+ 48; donc 615 ~48=753, Ceft-a-dire,
753 =567; donc, xx=81; &x=9.

La Preuve.

L'équation originale 6152~7232=48's; £=9; ddnc s5=38r;
donc xxx=729; 7x2x¥=5103; de plus, 6r53=5535; donc 615%
—7XEX=§5535 5103 =432: enfin, 483=432;donc 6155~73%%
=48%. " -

oémou ermAvetat 1) e€lowon 6152 — 722 = 482, AVOTE TV Kal £0£iG KAl CUYKPIVETE TNV

ropeia AUong Kat v amndavinon pe eKeiveg ToU KEPEVOU. ZY0A1doTe TG H1adopEg.
‘Acrnorn 622. Na AubBouv o1 e1000e1g:

Lo(Z=2)’-7(22)+12=0

Trt+o
+ -z _
2. 241085 =7
‘Aornon 623. H sfiocwon 22 — 3z — 10 = 0 éxet pida tov apOpéd 5, Bpeite tv dAAn
pida tng xwpig va Aubel 1 e§iowon.

‘Acknon 624. Na Bpeite e&iowon dsutepou Babuou pe pideg toug apBpoUg:
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1. 2,3 4. 2-3,2+/3
2. -6,9 5. 1,2+3
3. 1,% 6. 1, p>

‘Acrnon 625. H pnia pida g e&iowong 22 + 8z + 12 = 0 eivar tpumddota g dAAng.
Na Bpebouv o1 pileg xwpig va Aubei ) eSiowon.

‘Acknon 626. Bpcite 6U0 ap1Bpovg:
1. Me a6poopa 10 kat ywvopevo 9
2. Me d6poropa 10 kat yvépevo 10
3. Me dBporopa 10 xat yvopevo 16
4. Mze dBpowopa 10 kat ywvopevo 26
‘Aoknon 627. Ta moieg Tpég tou a 1) efiowon 922 — 2 + a = 6 — ax, éxe ioeg pideg:

‘Aoknon 628. Ot cfiowon =2 + tx + 12 = 0 £xe1 U0 pideg rmou 1 lapopd Toug eivat
1. Bpeite 10 ¢.

‘Aoknon 629. Tia roiég Tpég ou a 1 efiowon 22 + ax +a + 2 = 0 éxel §Uo pideg ToU
0 Aoyog toug eivat 2;

‘Acrnon 630. YroBétoupe 6u 1 e€iowon ax? + Ba + v = 0 éxel Avoeig p1, p2. Na
EKPPACETE OUVAPTAOEL TRV @, 3, TG IAPACTACELG :

2 -
L. (p1-p2) 2. pi+p3
‘Aoknon 631. Na Auoete v giowon:
(2% +z+1)+ (2° + 22 +3) + (2% + 3z + 5) + ... + (27 + 207 + 39) = 4500

‘Acknon 632. H youvor tour). 10 60 B1BAio tev ototkeimv tou EukAeidn undpxet o
axkoAoubog oplopog (oplopog v):

v . Axgov xol uéoov Myov elfieia tetufiofion AéveTal,

Grav 1) O 1) iy teoc o ueilov Turu,

34 > e a A aie
OUTES TO UELLOY TIoOZ TO EALTTOV.

ou o€ eAevbepn arodoon onpaivet

‘Eva eubuypappo tunpa Sa €xel xoptobel oe péoo kar arxpo Adyo,

0Ttav OAOKANPO TO TUNHA IIPOG TO PeyalAutepo (amod ekeiva ota omoia £xel Xoplodei),
etvatl 600 10 peyaAutepo TR IIPOG TO PIKPOTEPO. Me dAAa Adyla av 1oy Vel 1) 100TtnTa

OAOKANPO TO TUNPA _ peyadurtepo ano ta U0 Koppdua Tou

peyaAutepo amo ta SU0 KOPPATIA TOU  PIKPOTEPO artd ta dUo Koppdtida Tou

Ag ovopdcoupe To apX1KO THHPA (¢ KAl TO PEYAAO KOPHATL Z.
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276 5.3. Aokrjoeig oto kepajlawo 3

1. Na amobeigete 6 & = —£—,
x a—x

2. Na amobeigete ot 22 + az — a? = 0.

V5-1
2

3. Na arobeifete 10 peyadutepo amno ta §Uo Koppdta sivat

3-v5
2

Q. KAl T0 PKPO-

eP0 Q.

4. Na arodeiete ot

HEYaAUTEPO KOppATL V5 +1

HIKPOTEPO KOPPATL 2

A6 v KAaown apxaotnta dempeitat 6t Adyog tov §Uo koppatiev dnladn
o @ arnoteldel 16aviko Adyo yia draotdoeig opboywviov (rou Aéyovial xpuvod

opdoywuia).

5. Z10 napakdt® @aiveral €évag Iporog diaipeong ToU THHPATOS (v O PECO Kat
axkpo Adyo.

Mropeite va tov rieptypayete ; Mropeite va arodeiete ot Oving eSaopalietat
n Swaipeon os PE0O Kat AKkpo AGYo;

[Motevetal ot Xpuod opBoywvia dndadr) ekeiva ou o1 Vo MAEUPEG TIPOKUITIOUV ATIO
Vv Slaipeon evog THHIIATOG O PECO KAl AKPO AOYO:

epgavidoviat oe TOAAEG APXITEKTOVIKEG KAl KAAAMTEXVIKES Snpitoupyieg oniwg otov Iap-
Yevova:
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O apOpog ‘/52“ =1, 618 Aéyetatl kat xpuodg Adyog kat n Siaipeon £vog TUNNATOG O

P€oO KAt Akpo Aoyo ovopadetat ypuvorn tourn. O Xpuoog Aoyog oupBoAiletat H1eOvag 1ie
¢ (mpog Tiprv tou Pedia). Etvar:

VB +1
2

(5.23)

‘Aoknon 633. H akxofoudia Fibonacci. v doxnon EI7] cuvavtjoaps toug
apBpoug 1, 1, 2, 3, 5, §,... . Kdbe évag amd autoug mpokxuriel ano toug Uo
TIPONYOUPEVOUG TOU av toug rpooBécoupie. AnAadn npokettal yia pia akoloubia

A1, 0, A3y .y Oy sy ..

ne

ar=1, ax=1, apre=a,y1+qa, yaodatw v=12 .. (5.24)

1. Xpnowonoteiote apiOpounyavn 1 unoloyiotr yia va PBpeite toug 40 mmpotoug
o0poug g akodoubiag Fibonacci.

2. dlepdter v akodoubia Fibonacci opidoviag va eivat
ar=1, as=2, ap2=0y1+q@, ywaodatav=12 ..

Kat Bpette toug 10 mpodToug dpoug g «repaypévng» akoioubiag.

3. lepdter aAt v akoAoubia opilovrag
ar=1, ae=2, apea=qu41—q, yVWoAata v=12 ..

Bpeite mtdaAt toug 10 ipotoug 6poug g akoloubiag.
4. ®swpsiote mv e€iowon 22 = 2 + 1. 'Eote p1 < pa o1 pideg tng.

(@) Na arodeiete 6T p? = p1 + 1, p3 = po + 1 wat p5 = 2p1 + 1, pi = 2py + 1.
(B) ®swpoupe v akodoubia u, = %
i. Ael€te dtiug =1, up =1
ii. Bpeite ta us, uq, us
iii. Na ouykpivete T0Ug & TIPOIOUG OPOUG NG aroAoubiag u, 1E ToUg 5
PWTOUG 6poug g akodoubiag Fibonacci. Mmopoupe va ouprnepd-
VOUHE OTL Uy, = @, Y1d OAd Ta V;
iv. Na arodei§ete 6t yia 0Ad 1a V 10XUEL Uy 42 = Uy41 + Uy.

v. Mrmopoupe va CUPITEPAVOUE OTL Uy, = ¢y, Yid OAa ta V;

‘Aoknon 634. Ta moweg Tpgg tou m 1 e€iowon 2 — x +m = 0 Sev éxel pideg:
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278 5.3. Aokrjoeig oto kepajlawo 3

‘Aoxnon 635. Bpeite 1a k yia ta omoia wyvet (k- 12)2? +2(k-12)x +2 # 0 yua

KAOe mpaypatko apopo x.

‘Aoknon 636. Ano tic efetdoeig Matriculation, Aovivo, 1894. Na napayovroroinOet
n napdotaocn :
T+y(1+2)*(1+y)

‘Aoknon 637. Bpeite toug ouvieAeotég g efiowong 22 + px + ¢ = 0 dote o1 apBpoi
P, q va givat pideg ng.

‘Acrnon 638. Ano uc serdosig STEP, 2010. H 8eutepoBddpa e€iowon t2 —pt+q = 0
£xet pideg toug a xat B. Na arodeifete 611

o’ + % =p® - 3qp
Atvetat 6t pia aro tig §Uo autég pideg eival to tetpaywvo tng aiAng. Me v BorBeia

G IapAotaong
(o= 5)(a-5%)

va Bpeite v oxéon petady v p Kat q.
Aviowoeig

‘Aoknorn 639. Na Aucete 11§ TAPAKAT® AVIGOOEIS KAl Va TIAPACTHOETE 0Tov afova
10 OUVOAO AUCE®V TOUG.

2z+1 _ 3-x
1. =5 3 > 2

3+2x

_z _
2<3$ 7

2.

3. 2 (Bz-1)+£<-Tx+10

4. 4+ 3>+ 1 (40-3)
‘Aornorn 640. Na AuBouv o1 aviowoelg:

1. a(z+2)>z-1

2. 4pPx -4z > pt -4

‘Acknon 641. Na Avocete kdBe pia and 11§ avicwoelg, va Mapactroete o éva a§ova
11§ AUOoE1g TOUG Kat va Ppeite e’ 000V UTIAPXOUV KO1VEG AUOELG TTOU TI§ oUvaAnOsuouv.

1. 62+ 2 >4z +7 ka 8553 < 27+ 25
2. 8z -5> 1528 xa12(22-3) > 50— 3
‘Acknon 642. Na Bpeite T1g KOvég AUCEIG TOV AVIOOOEDV
22 -5z >0 ka 222 - 11z <0
‘Aoknon 643. Aivetal n {10001
22 -Sz+P=0

1. @zwpeiote 10 S 6ebopévo. TMa mola P n e§iowon éxel Avon;
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2. Bcwpeiote 1o P 8edopévo. Ta mowa S n ediocwon €xet Avon;
AT101101€10TE TA CUPIEPACHATA 0AG Y1a VA ATIAVIHOETE OTd EPOTHIATA :

e To dBpoiopa Yo Setkwv petaBAntov apdpov sivat otabepo. IMNwg npénet va
ermA&goue TOUG aplBIoUg MOTE TO YIVOHEVO TOUG va YiVeEl PEYIOTO ;
e To ywopevo Yo Setkov petabAntov apbuev eival otabepod. Ileg mpémet va

ermAégoupie To0Ug aplBpoug Mote To ABpPolopa Toug va yivel eAaxioto;

‘Acknon 644. To tpiovupo ax? + B + v Sev éxet pideg Kat a + 3+ < 0. Bpeite 10
MPOCH10 TOU Q.

‘Acknon 645. TI'a noég tipég tou a n avicwon

(a+4)2® - 2ax+2a-6<0

£Xe1 oUvodo Auoesav 10 R;

‘Aornon 646. Eduvuko ITiotomomuko N. Agpikrig, Avodtepo Eminebo, 2009. Na Au-
Souv:

1. z(z-1)=30
2. 322 -5x+1=0
3. 15z -4 < 922

‘Acknon 647. Ano tov Siayovud «@ajng me EME, 2010. Na mpoodiopiocste toug
AKEPA10UG TIOU £ival AUCEIG TOU OUOTHIATOG £§1000NG-aviomong
1 22-1 z2(z-1

_r(a-1)

z? -5z = 14, x2—5x—14x_ +
2 4 4

Aoxnoeilg oto Repdlaio 4
4.1] Zuvtetaypéveg
‘Aoknorn 648. Ilowot apidpoi anéyouv and to 5 anéotaocn 3;

‘Aoknorn 649. Ta nowa tiar) Tou A ot apidpoi A + 1 kat 3\ — 1 anéxouv petady toug
anootaon §;

‘Aoknon 650. Ta z, y, z stval 61apopa tou 0. Iloteg Tipég propsi va mdpet 1
MAPAKAT® rapdotacn;

r, Y.,z
x| lyl el
Av ol z1, x2, .. tival 61agopotl Tou PNdevog TL PIMOPEite va IMelte yla TV €MOPEVH
napaotaon ;
X1 i) Ty
il fwol T

‘Acornorn 651. Ta nowa z wyvet |z + 1] = |z| + 1;

‘Aornorn 652. Na anodeifete 6t av woxvet o+ 1| = |o| + 1 xat |8+ 2| = |B] + 2 61
9a woyvet o+ B+ 3| = |a| + 5] + 3.
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280 5.4. Aokrjogig oto kepaiaio 4

‘Acornorn 653. Na amdorotjoete 10 KAdopa

13 |z] + 1222
13+ 12|z

‘Aoknon 654. Na armdonoioste v napdotacn A = |t - 1| — [t — 2| av sival yvooto
oul<t<2.

‘Aornorn 655. Na amonowoete v napdotaon A = |t - 3| - |t - 5| av eivar yvooto
out?-8t+15<0.

3 7

T1V5 10

‘Acknon 656. Na urnoloyio6si n mapdactaon ‘\/g - g

‘Acknon 657. @zwpoupe ap1Bpovg a, B e a < 3. Bpeite ta T nou, Katd nepintoon,
1KAVOIIOl0UV TG

1. |lz—a|l=|z-0]
2. |z —af+|x-p|=|a- B
3. |lr—al=2|z -7
4. |w—af =z - B +|a - B

‘Aoknorn 658. Ot x, y ouvbéovtal pe TV oxéon y =

T
1+|z|*
1. Asi&te ot:
r=0<y=0, z>0<=y>0, z<0<=y<0

2. Asigte ou |y| < 1.

, , 1
3. Asite ot . = ——.
§ =

‘Acknon 659. 1. Na oUprmAnpwoete 10 EPWINHATIKO QOTE 1) 1ooduvapia va sivat
aAnong:
“l<z<le|z|<;
2. Na amobeigete ott:

ae(-1,1) war Be(-1,1) = aBe(-1,1)

3. Na arobdeigete ott:

ofB
aec(-1,1) rar fe(-1,1 = e(-1,1
(L) xa fe(-11) = Tooe (L)
‘Aoknorn 660. Na arnodsiete T1g 1006uvanieg:
L a2+ 5220 o] +[3] =0
2. a?+B3%>0< o] +]8]>0
‘Aornorn 661. Eotw ot y # 0 xat |z| < 1. Na anodeifete 61
1 T 1
[ S — S R
yl =y " 1yl
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‘Aornorn 662. Na Bpseite 6Aoug T0UG AKEPAIOUG M Y1a TOUG ortoioug woxvet [m| < v/29.

‘Acknon 663. Na Bpsite 10 dBpoilopa 6Aov TV akepaiav aplBudv m yia Toug oroi-
oug wyuet [m - 100| < +/1000.

‘Aoknorn 664. Na arnodeifete 6t:
@® 4wyl + |=aly +yl-yl = (2] + [y]) (2] + )

‘Acrnon 665. Yriofitoupe ot i eflowon ax? + Bz + v = 0 éxel pideg ToUG ap1BOUG
p1, p2. Na ekppdoete cuvaptoel v a, £,y Vv anootacn v p1, p2. (Mropeite va

deite xat v doknon 630

‘Acknon 666. Ano ng séetdosig STEP, 2004. Na amobeifete ou av |af < 2¢/2 Sev
UTIAPXEL TIE) TOU Z yla TV ortoia va toxuvet

2 —alz]+2<0 (%)
Bpeite g Avoeig g (*) ya « = 3.
‘Acknorn 667. 'Eotw o1l a < § <y < § kat i apdotacn
A=|z-a|+|z-0l+|r—9]+|r -
Ta 1g 81agopsg TéG Tou & va ypawete v napdactaocn A xepig to oupBolo
g andAutng TIngG.

‘Acknon 668. Ano ug efetdoeig ov 1948, MnyavoAoyor, EMII. Na amnodeifete 6t av
woxve1 28 (1+|a]) =1+ a+|af tote woyver 28 - 1| < 1 xat a (1 -2 -1]) =28 - 1.

‘Aoknorn 669. GswpoUps T0UG 1N PUNdeVIKOUG aplOpuoys ag, g, ..., @, Na arodei-
Eete o 1o0)UVEL

‘ lar + a2 + .o + | = |ar] + |az| + ... + || < otar,ag, ..., qp etvat ouéonpm‘ (5.25)

‘Aoxrnorn 670. Ano g efetdoerg tov 1952, IoAwucol Mnyavikoi EMII. Me 8edopévo ot

yla Toug mpaypatkoug aptdpoug «, B, woxvet |al < [B+4], |8l < [y + af, Y] < |a+ S
va arodeikBel ou yia kabe z, y, z € R woxvet
2 2 2
a”(z-y)(z-2)+p"(y-2) (y-2)+7" (2 -2) (2 -y) 20
Na Bpeite ta ¢ yia ta oroia oxvet:
1= 1 =1 =]l =2
Zuvaptnoelg
‘Aornorn 671. Aivetar n ouvdpon ¢ () =/ (z +1)(2 - z).
Bpette 1o iebio oplopou ng.
Bpeite yila moieg Ti€g ToOU M 1 oUVAPTNOoL opiletat otov 2m — 1.
Bpeite yia moteg tipég tou z etvar ¢ () = /2.
N.Z. Maupoytdvvng IIpoturo [epapatko AUKel0
www.nsmavrogiannis.gr EuayyeAikng ZxoAng Zpupvng

o= . _.. http://lyk-evsch-n-smyrn.att.sch.gr




282 5.4. Aokrjogig oto kepaiaio 4

‘Acornorn 672. H ouvaptmon g éxel nedio oplopou 10 A = [1,5] xat woyvet g (x) =
3-z.

1. Na kdvete v ypadiky napdotaon i g.

2. Na Avoete v etiowon (g (z) + 1)2 - % =0.

‘Aoknon 673. Aivetat nj ouvapon f (z) = (z - 1)2012 (z+ 1)2013.
1. Na Bpeite ta f(1), f(-1)
2. Na Bpeite ta onpeia topng g ypadikrg g napdotacng e Toug A§oveg.
3. Na Bpeite oe nowa Saoctpata n ypadikr) apdotacn g f eivat méve ano tov

afova z'x.

‘Aornon 674. Ano ug efetdoeig tov 2001. Twa g cuvaptroslg f Kat g pe medio
optopou 1o R eivat yvootd 6u g () = - 2% yia xkéBe x. Av eivat g(z) = 1 yia kabe

x va Bpette myv f(x).

1
f(x)
‘Aoknon 675. 'Eotww n ouvapmon f (x) = 2z — 3.
1. Ava+ (=4 Bpeite 10 f (o + B).
2. Ava+ 3 =4Bpeite o f (a+ B).

3. Avz + X9+ ... + 300 = 100 Bpeite ta f (1 +x2 + ... + x300) KAt f (1) +

f(x2) + ...+ f (@300)

‘Aokrnon 676. O1 guvietaypéveg evog petaBAntou onpeiov M eivar = 3t — 1
Katy = 5 — 2t érou t € R. Apou Bpeite rola oxéon ouvdéet 1o x pe 1o Yy Heigte
ot 1o onpeio M avnkel og pia ouykekpipévn €ubeia tng oroiag va Ppeite v
etiowor).

x—1
T2+1°

‘Aornorn 677. Aivetai n ouvdptnon f (x) =

1. Na ocuprAnp®osete Tov mivaka:

x | 0]1|-1
f(x) -

2. Av kdvate o®OoTd T0UG UTIOAOY1IOP0UG 0ag OTO PO YOUHEVO epatnpa Sa ouvav-
tjoate aplOpo nou dev eival kamowo f(x) dnhadn dev eival tpr) g f. Bpeite
OAa ta y mou eivat tpeg g f 6nAadr) ekeiva ta y ya ta ornoia unapyet T oto
niebio opiopov g f dote f(z) = y.

N|=

5

alw

‘Aoknorn 678. H ocuvdptnon f eivat opiopévn oto R kat 1oxUst

fla+y)=f(@)+f(y)
yua 6Aa ta z,y. Na anodeiete ot:

L f(5)=1(2)+f()
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2. f10)+ (A1) = f3)+ f(5) + f(6) + f(T)
3. f(0)=0
4. f(-x)=-f(2)
‘Aoknor 679. ®zwpoupe v eubsia y = ax + 8 kat 1o otabepé onpeio P (p, q).

1. Na arodeigete 6 1 arvotaor) wou tuxoviog onpeiov M (z, ax + ) g eubeiag
arnd 1o onpueio P sivat

d(z)=v/(1+a2)z2+2(af-p-aq)z +q? +p?—23q + B2
2. Na amobeifete 011 1 eAdx10Tn TIHr) TOU TPIOVUHO0U
(1+a2)x2 +2(a6—p—aq)x+q2+p2—26q+ﬁ2

eivat

2
(ap-q+P)
1+ a2
3. Na arnobeifete 611 n andotaon tou onueiouv P arnod tmyv subsia sivat M.
S n n np n Nz

‘Aokrnon 680. Ano ug efetdoeig tou 2001. Ta g ouvaptroeig g (x), f () woxvet
yla 6Aa ta x ou:

g (@) (3(f (@) +2Bf (z) +7) =% 42+ 8

Ertiong 1oxvet 42 < 3. Na amnodeixBei 6t g(x) > 0 yia ke .

I2007 1

‘Aoknon 681. Ano ug efetaosig tou 2005. Na anobeifete 6t ) e€iowon 5007 = 3008

éxel akpBwg pia Avon ) onoia avrket oto (0,1).

‘Acknon 682. Ano g s€erdosic tov 2009. Tia pia ouvaptnon sival yvootod ot
f(a)>1xat f(B)>1. Na beifete 611 n e€lowon

fB-1 f-1_

r—1 xr—2

0

éxel pia touddyiotov Avon oo Sidotnpa (1,2). Mropei to «touddyiotowr va yivet
«akpBwg». Tt eival mpotiotepo;

‘Aoknon 683. Anoé u¢ e€etdoeig tou 2008. 'Eotw g (z) = 2°+23 +2+1. Na anodeifete
ouava+ S ote g(a) =g (B).

‘Aoknon 684. Na urnodoyioBouvv:

1. 497 5. -16% 9. 12575
9. 27% 6. —167% 10. 5% .53
3. 164 7. 10003 11. 8%
_1 2 3 3 _1
4. 1673 8. (5%) 12. () 7
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‘Aoknor 685. Ot apiBpoi o, 8, eival 9eukoi. Na amdornoirjoete ta:
1. V64a5 4. J/abp12
2. /1638 5. /8754
81al? 2705133
3. V/ 55 6. /%5
‘Aoknor 686. Ot apiBpoi o, 8, eival 9eukoi. Na amdornotrjoete ta:

1. /a9p11 4. /0370481

_ /a7 9413
2. 31/05101633762 5. T\/W
) 24
3. abpT8 6. (3 \/a{‘/B)

‘Aoknor 687. Eivai a >0, 8 <0 kat v > 0. Na unodoy1o6o0v ta:

1. /aty8 3. Vaspt

2. Vatp8 4. \/al634~8

:

‘Aoknorn 688. Na snainbsvoste v 10dTNTA

VOV3+11v2 = V3 +/2
‘Aoknon 689. Na arodeifers 61
L Va-VB=(a-8) 7z 7
2. Ya-B=(a-p)
3. Ya-VB=(a-p)
4. Y/a-/B=(a-p)

1

1

1
/" /@K B+ K ’(/EV_2+ ‘{/Ey_l

‘Aoknorn 690. H yeopstpik) mpoodog oy, (s, ... £xet a1 = a > 0 xat Adyo A > 0. Na
ERPPACETE OUVAPTACEL TWV (¥, A KAl V TO YIVOHEVO (1 Q23 - ... - (U TOV U TIPATOV OP@V
mg.

‘Acknon 691. Ilowa sival n peyadutepn TiPr) MOU UIopel va mdpetl 1 mapdotaoch
x+2 .
222+3x+6°

‘Aoknorn 692. And tov Siaywvioud e Kavabducric Madnuatkrc Etaioeiag, 2006 Av
fQx+1)=(x-12)(z+13) mow etvar 1o f(31);

‘Acknon 693. Ano mv OAvumdada Flanders, 1989-1990 H ¢86oun pida tou 7(77)
eivat ion pe:
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L@ 7 7(7-1) 7(6") 7(™) (V)
®) v) (6) €)

‘Acknorn 694. 1. Na Bpeite dUo apBpoug A, B této10ug wote yia kabe x 81a¢popo
v 1 kat 2 va woxvet:

1 A . B
(z-1)(z-2) z-1 z-2

Mropeite va Sokipaoete Tipeg tou T, va Bpeite ta A, B kat petd va KAvete tnv
anapaitn enaAnBesuon.

2. @zwpoupe v cuvapton f () = ax?® + Bz + v pe A = 42 — 4ay > 0 kat ovo-
paoupe p1, p2 UG pides g. Na arodeiete 611 untapyouv katdAAniot apiOpoi
Ay, As, toug oroioug kat va Bpeite £101 GOte yia KAOe T # p1, p2 va 10XVEL:

1 A B

f(z) fU—P1+$—P2

3. Bpeite apibpoug A, B £tot oote yia kabe 9etukd arépailo v va 1oXUeL

1 A B
==+
viv+l) v v+l

Kat petd va unoAoyioete 1o abpoopa:

1 1 1 1

— t— t..t—
1.2 2.3 3.4 v(v+1)

‘Aoknon 695. H auviodmia touv Cauchy (1821). Einv daoknon [B97] opicape tov
apOuNTKO PECO TOV 1, A2, A3, ..., (y—1, (. AV eTITAEOV 01 apiBpoi eivar detikoi
opiloupe TOV YEOHETPIKO PETO TAV V1, (2, A3, ..., (y—1, Oy, VA ElVAl 0 ap1OpPog

‘ G, = Yajaz0z...ap-1, (5.26)

AnAadn o ye@UEIPIKOG 1€00G V¥ aplOpov elvat n v-oot pida tou ywvopévou Toug.
ZUpgeva pe tov oplopod auvto ivat

Gi1=¥Yai=o1

G = Yaraz = \Jaraz
Gs3 = ajaszaz

Go-1= "Yajasas...0,1

G, = Yorapaz. o, 1q,

1. Na arodeigete 0t 0 péoog apOpnuKog 6o SetkeV apBuev eivatl peyaAutepog
1] 100G aTT0 TOV PECO YEMUETPIKO TOUG 6nAadn
> \/ 12

a1 + Qo
2

2. Na arobeigete 011 0 PE€00g APOPNTIKOG oIV FeUKGOV aplOpeVv eival peyaiute-
pOG 1] 100G Ao TOV PECO YEMHEIPIKO ToUg dnAadr)

> Jaiasas

a1 + Qg + Q3

3
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286 5.4. Aokrjogig oto kepaiaio 4

3. Me v BoriBeia g (5.22) va anodeifete 611 yevikd o péoog apOpnuxog v deu-
KOV aplOpwv eival peyadutepog 1) 100G aro Tov NECO YEDPETPLKO Toug dnAadn :

ar+agt.. o,
——— > Yjag ... (5.27)
124

Kdal OTL 1] 100THTa 10XUel otav ot aptdpot sivat ioot.

‘Aoknon 696. Na arnobeifere 6T av 1o yvopevo v Setikmv apduov etvat 1 t6te 10

abpotopa toug eival peyaAutepo 1) ioo and 1o mAnbog toug .
‘Aoknorn 697. Na arodeifete 611

lz1]+1 oo +1 |zy-1]+1 |z |+ 1
+ o+

lzo| +1  Jos|+1 7 |z, |+1 o+ 1

‘Acrnon 698. Na Bpsite Toug apOpPOUS T,y yia TOUg oroioug toxvel z° + y° =
6, ,6
z°+y° =1.

‘Aoknorn 699. Na armodeifete 611 1) ypadikr) MapdoTact) g GUVAPTNONG
f@)=2-@p-q)z+(p°-pa+q®), q#0
dev tépvet tov x' T

‘Aornon 700. Na anodeifete 6t av 5 < 0 < 4y < 32 11e 1 ypagiky) mapaotacn mg
f () = 2% + B + v tépvet Tov 9etik6 nuagova Oz oe So onpeia.

‘Aoknorn 701. 'Eote 1 cuvdptnon
f@)=(@-a)(z-B)+(@-B)(x-7)+(z-7)(z-a)

orou ot v, (3, y givat ava 6uo d1dagopot. Na arobeixBei 6t 1) ypagikr) g napdotaor)
ténvet tov d€ova x’'x o U0 Sragopa onpeia.

‘Aoknon 702. Eote n ouvdpnon f (z) = az?+Bz+yne a > 0. 'Eoto M (—%, —[32;—;4;”)

10 onpeto rou avtiototkel oto eddyioto g f (). Na anobeilete 6u to M avrkel otnv
ypagxr napdotaon mg g (z) = —ax? + 1.

‘Aornon 703. Ano ug efetdoeig ou 2006. 'Eote 1 ouvaptnon g (x) = 2+ (x — 2)2
optopévn oto [2,+00). Na amobeifete 6t av o + 8 tote g (a) # g (B).

‘Acknon 704. Ano ug efetdoeig tou 1954, Mnyavoddyor EMII. YrioBétoupe o1t ot
ouvieAeotég tou tplwvupou f (z) = az? + Bz + v eivar axépatot apiBpoi kar 6t ot
ap®poi f(0), f (1) eivar meprrrot. Na amodeifete 6u 1o f (x) Sev £xet axépara pida.

‘Acknon 705. Ano tov Siayevioud me Kavadikric Madnuatucic Etaipeiag, 2006 Av
f2z+1) = (x-12)(z + 13) mow etvar o f(31);
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Kepaiaw 5. Zuuninpouatkés Aoknoesig 287

‘Acknon 706. Osopoupe ta SsutepoBabula Tplovuna pe
f1 (J?) = 0411)2 + ,81.13 + 71 fg (J)) = 0421,‘2 + 621‘ + Y2

yla ta oroia urtoBgtoupe ot €xouv Kat ta §uo pieg. O apBuog

2

ay B

ay [

B m
52 Y2

a1
Q2 Y2

R(flan) =

ovopddstatl anaisipovoa twv f1, fo. Na amodsixbsi ot ta tprovupa £xouv pia tou-
Adyxiotov Kowvr) pida av kat povo av n analeipouca toug ivat pndév.

‘Aornon 707. Ano ug sfetdoeic tov 1977, IHoAuteyvucdg - Puotkouadnuatikog -
I'swmovobaocofoyucog Kukilog. 'Eotw

P(x)=ax®+pz® +yz +6

pe a > 0 kat B2 — 4oy < 0. Na anodeixBei 611 yia kaBe {euyog apBueov £, A pe kA < 0
1oxUet

P(k)-P(N) . 4oy - 2
K= I Yo"

‘Acknon 708. Ano ug efetdoeg tou 1996, Aéoun 1. Tha pia ouvdptnon f opiopévn
oto [a, 8] 10xUet
f@)+fla+pf-z)=c

yia xaBe x € [, 8] 6mou ¢ évag otabepdg apBpog. Na amodeidete dti:

)5

(3-a)f (f @)+ 1 (8)

‘Acknon 709. Ano tov Siaywviouod me Kavaducic Madnuatikric Etaipeiag, 2001 Zto
oxfjua Undpxet | ypadiky napdotaon piag ouvaptnong f(x).

25

Na npoodiopioete 1o Ar00g twv pidov tng e§icwong

lg ()] -1 = 3
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288 5.4. Aokrjogig oto kepaiaio 4

‘Aoknon 710. Ano ug efetdoeg tou 2012. Madnuatika evucric Haibeiag. Te kamowa
1

Aoknon Xpe1dodnke va Bpebouv ta [ yia ta oroia 1oxvel ﬁ < 15- Bpetlte ta.
‘Acknon 711. @zwpoupe Toug apBPoUg a1, s, ..., . Na anodeiete 6T n cuvap-
mon f(x) = (x - a1)2 +(z - a2)2 +o.+(x- a,,)2 maipvel v €Adyiotn wr g dtav

ajtaz+...+ta,

0 x yivel i00g pe Tov P€co aplOpnTKO TRV a1, 2, ..., &y, dnAadr) otav = = ”

‘Aornon 712. Ano ug sfetdoeic tou 2013. e kAmolo 9épa XpeldodnKe va amnodet-
XxO¢el 611 av yla toug pn apvhnuikoug apdpoug x, to, t1, to 10xUveL:

x3+t2x2+t1x+t0:0

Kdat
to <3, t1<3, 12<3

1ot T < 4.
Na dmoete pia anddeidn.
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Anavimoeic ong ACKHOEIG

1 2012, 20112012, a +1
2 0.58.9

3 'Ou sivat icot
4 Tlavta 9a Bpiokoupe Tov apidpoé e tov oroio Eexkviioape. Ag roupe 6t Eekvapie e 10 a. ‘Exoupe

a4 —npooBitoups 5 A + 5 —naipvoupe tov avtiBeto ~ A — 5 —npoobétoupe 5 ~@ ~>naipvoupe tov avtibeto &

B Tlpaypan 6Aot o1 aképatlol o PIopouv va mapouy my popdy o = 28 aAld yia va eivatl dptiot autd dev

eival apketo: Ipénet o B va eivat axépatog. O 13 =2 (%) Sev eivat aptiog yati o 1—23 Sev eivat aképatog.

6 V)k-2=2 p -2 v =2| pu-v |=2p=dpuog
aptuiot aképalog axepaiog AKEPA10G

20 k-A=|2 pu +1|+|2 v +1|=2u+2v=2| p+v |=2p=adpuog

—— - — ——
nieprroi axépaiog akepaiog axépaiog
7 1. TIeputtog
2. Aptiog
3. TIlepttrog
4. Aptiog

8 Av o 3 frav dptiog e 0 o 9a Hrav at autég ApTiog emopiveg o o + 1 9a fitav mepittdg (Atorno apou

eival Gptog). Apa o o 3 eivat nepitrdg.

9 Aev gépoupe av a gival aptuog 1) repttrog. Mriopouie 6peg va oupie Tt oupBaivel o KAOe pia ano autég
g 80 meputtaoelg pe ov appd a (o + 1). H wrukn ékgppaocn mou xpnowporoovpe ota Mabnpatka
eivat «dlakpivoupe MePUTIOOEIS. AlAKPIVOUNIE TIEPUTIOOELS AOUITIOV

289



290

Mepintwon 1 O apBpog « eivar aptog. Tote o apBpog a + 1 gival o endpevog evog dptiou apiBpou
Kat enopéveg rieptttdg. To yvopevo a(« + 1) etvat yivopevo tou aptiou v Kat tou mepirtov o + 1
enopévag eivat évag aptiog aptdpog.

IMepintwon 2 O apBpog a eivat reptrrdg. Tote o apOpdg o + 1 elvat o eropevog evog reptttou aptbpou
Katl enopéveg dptiog. To ywvépevo a (a+ 1) eivat yvépevo tou meptttov « kat Tou dptou ar + 1
enopévag eivat évag aptiog apbpog.

L& kdOe nepirmwon o apOpog pag a (a + 1) sival apriog.
Mropotpe va okepBoULE Kal IO ypriyopa Kat va €xoupe pia rmo ouvioun arnodeln: 'Exoupe éva
ap1Bpo v v Kat tov erdpevo tou tov o + 1. Karmotog arnd toug §uo 9a elval aptiog Kat 1o yivopevo evog

aptiou pe orowodnnote aképato eivar aplBpog Aptog Kat enopévag o apdndg « (a + 1) eivar apuiog.
10 3k+1)+(BA+2)=3k+3X+3=3(k+A+1)=3p

11 (46 +2) (4N +3) =16kA+ 12k +8A+6 =4 (4kA +3x+2X+1) +2=4p +2

12 11,42 43 44 16,+12

18 .18

14 Tapampeiote 61 ayB = Bya.

15 'Oxt. To ywopevo tov péowv eival yivopevo 8U0 MEPITIOV Apa IEPITIOS KAl TO YIVOHEVO TOV AKPOV

eivat ywopevo aptiov dpa aptiog. Enopévag autd ta §o ywvopeva 6e prmopouvv va eivat ioa.

16 O povog poémog yia va eivat évag pridg icog pe pndév eivat o apBpPnIg 10U KAACHATOG IOV TOV

ekppadet va eivat pndév. Enopévag npénet z — 3 = 0 kat apa x = 3.

17 O napovopaotég sivar puotkoi apiBuoi onéte apkel va ouykpivoupe ta yvopeva 11 - 94 xat 28 - 33.
Eivat 11-94 = 1034 xat 28 - 33 = 924. A®oU 10 IP®TO Y1vOEVO elval Kat To PEYAAUTEPO O TIPMTOG PITOS

9a eival kat o peyadutepog. Ernopévag % > %

18 E&6 ot napovopaoctég dev etvat etvatl puotkol apiBpol Kat MPEMet MP®TA va KAVOUPE Jid HETATPOTTL).

Eivat 2 = S xat 9a ouykpivoupe toug T kat 3. Eivat (~11) - 83 = —913 xat (-50) - 17 = -850
enopéveg apou —913 -850 eivat _1—117 < %-
19 1. A=108

2. B=1

3. I=-1

4. A=1%

22 zuviopog tpoérog: 1+ 671 +999 = (1 +999) + 671 = 1000 + 671 = 1671

12 7 12 7 19
23 1—9+3+1—9:(1—9+1—9)+3=1—9+3=4
24 3A+3B=3(A+B)=3-7=21

25 1. 6(z+2)

2. a(38+1)
26
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1. zy+xz—at 3. ray+zraz—-zat
2. zy+zz—at+oay+az-at 4. ak—-al+ap+Pr—-LBA+Bu—YE+yA—vu
13 a+f
27 1. E 3. w
5 y—x—3
2 13 4 @DED
4
28 1. 1 2. -&
29 1. 2. ¥ 3. 4. 2
© 15 Bz T T ozy
31 1. (B-5)(a-3) 4. (a+5)(b+6)
2. (c+d)(p+q) 5. (a-5)(b-6)
3. (b+e)(a-d) 6. (2a+3)(b-5)
32 1 a+f 4 z+3
Toy+0 T 2z-3
+y+8 atB
2. % 5. P
3. ab 6. L5

a+

<

<
F
sy

33 Agpou (y-1) (y-2) (y - 3) = 0 xarnoiog amé oug y — 1, y — 2, y — 3 eival pndév kar ernopévag o y
propet va eivat karowog ané toug 1, 2, 3. Apa n napdotaon (y + 1) (y +2) (y+3) 24 1) pe

e f9acivarionpe (1+1)(1+2)(1+3)=24
e 1 9acivationpe (2+1)(2+2)(2+3) =60
e 1 9acivationpe (3+1)(3+2)(3+3) =120

35 ©a ofuawe a+ (B-7) = (a + B) - (e + 7). H oxéon auty 8 uriopei va aAndevet yia dda w a, 3, 7.

Aoxkpddoviag yia apadetypa a = 1, 8 = 0, v = 2 kataAryoupe 0to Atorno cuprnépacpa ot 1 = 3.
36 4

37 12.2:3.4=(12-2):3-4=24:3-4=(24:3)-4=8-4=132

46
38 o
303
39 -3
40 1. 16 4. 25
1
2. 16 5. 35
3. 32 6. 9
41 o =ata¥ =5-625=3125 otV = 4 = L
a” ~ 125
1 1
42 Eivat O‘:: = ol = gl = o, ANAG O‘:; = %. Apa o = %.
43
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2 3. -2
28 4. 2
44 1. o8 4 o
a2 5 ol
ab 6. ot
45 1L -4 3. 0
1 4. 0
46
it v v
48 1. (a+z)(za-pB) 4. a3b!! (1 -ab)
2. (z-8)(a+z) 5. (22 +a*) (y* +b3)
3. aty® (z+y) 6. (48-0a?) (402 -B)
9 1ok 5
= 4. m
50 1. 20
2. =22
3. 190
51 1. aZa%l
2. al?p®

3. ajas —aife + Bras - B1B2

6,.10,.8
4. x5 T3
B2 = = A A A

53 Eivaib<d.

B4 'Oxi. Avz = 10 ka1 y = 5 wavoroovviat ot urobéoelg Kat ivat & > y. Av & = 5 kat y = 10 rdA

1KAVOITol0UvTal ot Urtoféoelg aAdd autr) ) popa 1oXvel & < Y.

56 01 (a), (v). (6).

57 §<%<%<%<%
61 01 (a), (¢')
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63 +-,-,—-,—,-

64 1—79 = 2,7142857 (n ypapnt) Snddvet v nepiodo)
65 03,23

66 1221

67 3

68 O apbpdg éxer pn eppatidpevn Sexkadiky Mapdotacr. Av UMOBLCOUNE 0Tl UIPXE KATOWA £Ita-
vadapBavopevn rniepiodog g oroiag 6ev nrav 0Aa ta yneia pndevikd ag ovopdacoupe m to MANO0g TV
otoixeiov mg. Tote autd ta m ynoia rou Sev eivat oda pndév Sa émperte va eravadlapBdavoviat. Autd
onpaivel Mg ard KArolo onpeio Kat petd m av dradégoupe m orowadrnote cuvexdpeva yneia avtd dev
9a eivat 6Aa pndév. 'Opwg oty Sekadikr mnapdoctaon oe karow 9éorn 9a eppavicbouv onwodrirote m

ouvexopeva pndevikd (atoro).
69 9630

70 ©a Bpiokete dvia 1089
71 13,14,15 3, 18

72 Mia npootyyion sivat V3=1,73
73 01135

74 01135

75 'OAeg ektdg G 2.

76 Movon 1.

77 011,23

78 01234

79 01245

80 011.45

81 B={Z| -3<2<20}

82 Av cupBodicoupe e A 10 oUvodo v aptiov e A = {a € Z|a = 2v, v € Z}. Av cupBodicouns pe

IT to ouUvodo v neprttov wie [ = {a e Z|a=2v + 1, v e Z}.

83 {1,-1,2,-1,3,-3,4,-4,6,-6,12,-12}
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84 {6,-6,12,-12,18,-18,24,-24,30,-30,...}
85 Ipénet 2 = —4 kat y = +£3.

86 TG TPELS TTPWTES.

88 Ta 6vo eAeutaia.

89 (o, {p}, {a}, {r}, {p.a}, {p. 7}, {a, 7}, {p.a,}}

90 g, {a}, {b},{c},{a,b},{a,c},{b,c},{a,b,c}

91

92 'Oleg extég amd v tedevtaia.

93 H npém kat 1 iy,

97 'Oleg extdg g 2.

98 Taxz=2

99 T xapia.

103 2v2, 32, 42, 5v/2, 6v/2, V2

104 To kev6 civoro

105 1. {1,4}

107 Taz=142z=3z=5.

108 {-1,4,5,7}
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110

2.

111

2.

3.

112

113

115

2.

3.

117

118

119

120

121

122

123

124

125 =

126

128

129

130

1. (2,5]

R

‘Aoxnon 713. Na arobeifete oun AuB=B < AcCB.

1. {3}
{1,2,3}

(5,6]
To ouvolo tev appnIev.
(=00, T) U (7, +o0)
1. 2012

2000

101

11

0,1,2,,...,11

)

11,12,13, ...

23

=
=

0,9
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136 o2+ 32 ++%2 -208 +26y -2y
137 7

139 22

143 1. a?+6aB+982
2. (2z-1v)?
144 (z-a)®+(y-b)?
147 Xpnowonoeiote v tautéta tou Lagrange.
148 (a+8)% =14, +V/14.
149 o?+32=52-2P
150 14

154 o3 +33=53-35P
158 1. 48«

2. 4z (z+y)
159 1. z+y

2. a®+b?

161 2(3+7\/§)‘ 14(\2%2)‘ ﬁgﬁ

162 (z-1)(22+z+1)

163 a?+ap+82

a+f

167 1+(-2)+(-2)%+...+(-2)° = L2 _ 343

168 1. 1658931
2. 2025078

3. 366147

169 2D _ 45 200041 _ 4o95
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174 -1k 29

176 474 711 948 1185

178 >

179 alz%agzl,og:%,az;:g,as:—

[S

180 a1=\/§,a2=1,a3=

183 app=agall = 1_16 2ol =

2|
I\
2
=
I
%)
2
[
—
%)
®

185 a1 =-3,as=-1,a3=1, a4 =3, a5 =5

186 a1 =taz=fias=diar=tas=1
189 «a12=19

191 -511

192 300

193 Eivai o d6poopa tav 40 ripdtev dpev piag apldpnTkeg mposddou g oroiag o mpotog 6pog sivat

2, n Sagopa 2. Epappdloviag tov turo Sa Bpoupe 1640.

194 mpoxerat yla d0potopa ye@petpikng nmposdou. O rpotog 6pog eivat 3 - (—2), o Adyog eivar —2 kat
10 mAn0og eivat 10. Epappdlovrag tov tiro Sa Bpoupe 2046.

205 z-4,y=2
206 z-y=6
207 a=-1,8=0

214 Mnopoupe va gudagoupe 60eg TP1Adeg TEToWOV aptOpdV 9édoune. Atadéyoupe Toug SU0 ag rmovpe 2
Kat 1—75 KAl oav TPpito naipvoupe Tov aviiotpodo ToU YIVOPEVOU TV dAA@v duUo: 3—70.

215 Nau. Avov frav pndév 1 apvnuikog aképailog o oupnépaocpa dev woxvet. Ta napddeypa ag
napoupe v 2 < 3. Aev woyver 20 < 39 agou kat ta 5Uo pédn sivat ioa pe 1. Ermiong Sev woxvet 271 < 371

agou 271 = % ka1 371 = % Kat ot apiOpoi autoi cuvedeoviat pe aviodtnta addd aviibetng @opdg ano v

apxwy: 271 > 371,

218 Eivat (1-5)" < (2-v5)°

221 Ano 298,25m? ¢wg 301, 75m2.

229 Avuoctoixeg ota B, A, D,C

232 Moévo étav o1 a, B eivat 8o ion pn apvnuikoi apdpot 1 dtav a > 0 = .

234 A=ap® B=a'y’.T =afy. A=a?5y°Vapy

k 2_3
235 A--2 B:j_fﬁ,r:g_j,AJM

B2~3° 78
238
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1. 3 4. -3
2. 3 5 3-3
3. -3 6. V3-1

241 1 2--4 R
2. x=7 4. z=-ta

242 1. =8 3. x=4
2. Aduvau. 4. x:%

243 1. x=-48 3. le—ll
2. z=11 4. ©=0

244 1.1:3,x=—3,x=g

245 1. z=42

3. z=-1,z=2

246 T )\ # 5 éxel Avon © = A4 g ) = 5 eivan abuvarn.

A5
247 Twa)=1.
248 t=2
_aX _ _ A
249 r=75.y=a-z=a- {5 =15
250 1. x:—%,x:—% 4. x
2. x=-19,z=-4 5 x
3. z=-17,z=-6 6. x
251 1 g ovoelids 4

2 z--asl/Ia? 738 5. =

3. z=2a,z=-03 6. x
252 1. z=(VZ-1)yz=(-1-v2)y

2. y=(V2+1)z.y=(1-V2)z
253 @) A=1@)A=-1+1V13

254

5 x—ﬁ
6 x—%
5. x=-8
6. r=-3
5 x=-2
6. Aduvart.
:—% r=4
——%,x:’Y
:—4a,x:%a
—ui\/QMQj
_ =BxV/B2-day
2y
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Kegpadiaw 6. Araviioeig otig Aoknogig

299

256 1. $=29,P=6

2. §=-1500, P = -2
257 1. 28

[e3

258 1. 22 +52+4=0

2. 2422 +7x-5=0
259 1. —-465

260 1. 14 xarl

2. —-T7xat-12,

261 1. pia 9etky), pia apvnukn

2. pia Seukr), pia apvnukr)

262 1 i<o

263 1 i<z

2. z< =
264 1. b<zx
265 i< %

266 xuvodo Micewv:
1. Qg mnipog x: (%, +c>o)

2. Qg mpog y: (—oo, 2”33—’1)

. <

. <

r=-2, x=-1
r=-4, ©=3
T = g%%, T = Z:B
z=0
r=-2,x=1
r=2,x= %
S=a, P=3
S=2,P=t
20-8
aty=f

. 32%-2-1=0

1222 - 162v/3+12=0

. 8192
. 6++v33 ka1 6 -+/33
L a+B,a-8

. 6Uo Setikég

. 8Uo apvnukég

3

2 <z
1
1 <z

_3
) <x

atl
2a-1

3+2c
a?+B2+1

267 TMpénel n Sakpivouoa g efiowong A = (—3)2 -4-2-(m+1) =1-8m va eivat peyaAutepn 1 ion

tou pndevdg. Bpilokoupe ot autd cupbBaivet yia m < é.

268 1. 6<zx
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269 3 <x<i
270 :<x<1
271 Eivai-.
272 Eiva +.

273 'Exoupne v akéAoubo rivaka:

z —00 —% % 3 +o00
3 - + + 0 -
5 + 4x - 0 + +
3z - 1 - - 0 +
B-z)(5+4z)(3z-1) + 0 - 0 0 -
274 1 (oo, 5)io (5, 2) 14, (B 0e0)
2 (oo, 3) o, (4 vee) o
3. (-o00,1):+,(1,2): —,(2,3) : +,(3,+00) : —
275 (—oo,—S):—,(—3,—%):-#,(—%,%) —,(%,+oo) +

276 1. 2z-1)(z-2)
2. (2x+1)2

3. (z+3)(xz-11)

277 1. 2138

z+15

2(a+9)
2. 3(2—7)

b=Tx
z+b

278 Av énapve auty) my popry 9a sixe pideg.

279
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Kegpadiaw 6. Araviioeig otig Aoknogig

301

1. Pideg -7, 1, 9euxo ektdg, apvnuxo petadu.

2. Piceg —%% 9eKO eKTAG, ApvUKO petadu.

3. Pileg —8,1 9etkd petagy, apvnuko eKTOG.
280 Acite 1g MAPACTAGEIG GAV TPIGVURA GG TIPOG ¢

282 -+

283 1. 2<x<2

285 1. z<-39n4<z
1
2. -3 <zxr<l1

3.x<%r']%<x6r])x06r']x¢%
4.;r<1f]%<;r

286 1 -l<z<i-4VBnt+3vhca<2
2. Kabe x eival Avon.

4.1 1 1,1
3. z<-3n5-53Vo<z<0n5+5Vo<w

287 2<y<?2

288 y<-8-2V1519-8+2V15<y

289 1. A< 35T 35T o)
2. 0<x<i

i<>\

4. -2/2<A<2v/2

290 1. z<1f2<z<3nd<z

4. 3<z<0ni<z<ln<z

5. z<-2-1l<zx<ln2<zx

4. Oeuko ya 6Ad ta x.
5. ApvnTiko yia 6Aa ta .

6. Mia &utAn pida o % OeuKO ya OAa ta T
1a 81agopa tou %

NN
|
Njw
IN
8
IN
ol

5. ;r<—5r']—%<;r

5 < —1—8\/17 ) —1+8\/17 <z

6. Abuvatn

7. x=

=

8. kabe x € R

6. V3<zx<-/2-1<z<1V2<z<
V3

7. O0<xz<1

- x<%—%\/gr']1—%\/§<x<
- +% 5<x<1+%\/§

V5 <
NG

ISIENIE
[

1
+ 2
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291 1. 7 4
2. % 5.
3.2 6

292 1. 0 4
2. I 5
3. 6

293 1. a-fB+1 3.
2. o2 +af8+ B2 4.

295 -1

296 -2:+13

297 2z +16

299

—2x -2 av
2-z|+[4+z|= 6 av
2x+2 av

300
22 +z+4
(x-2)|z+2|-|z|]={ 22+z-4
z?2-x-4
301 1. 2=3,x=-3 5
_ __r
2. x=3, x=-3 6.
3. x=4 g=--1U
5 5 7.
4. Abuvatn

302 r1=-2,x2=1

303 z-1
304 1. ;rzl—;,:v:—l 5.
2 x:—%
6.
3. x=-1-5, z=v/5-1
4. ©=4-+/15, x=4++/15, x =4-/17 7.
305 1. 1<xz<5 3.
2. -b<xr<-1 4.
306

. 32000_5
11
4111 ~ 8111
.22 +3
4(a-p)
«
<-4
-4<x<2
T >2
av < -2
av -2<x<0
av T>2
1 -1 - _
z=3, r=-3, r=2, x=-2

r =-1ratkdBe x >0

r=1x=2
4<xr<12
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Kegpadiaw 6. Araviioeig otig Aoknogig

303

307

308

312

314

318

319

323

325

327

328

329

330

331

@z=3-3

@z=2f2=-6@)z=+a?-a

la ta pn apvnuxda.

1. |z + |z +1]

LT+ |z-1]

|x2—3:t+2|+12

|| 2?
6,0,3,1,1,2
xr=2
r=3katx =11

Eivat 6ot o1 apiBpoi tou Sactipartog [a, 1.

T1# T2 Y1 * Y2

-T<x<7 4. z<-3nz2>3
~12<x<12 5. |a|< 3
Lrx<-1lpz>11 6. |z|>8
1. -ld<z<8 3. 0<z<?
l<zhz<-% 4. -2<q
1. :v<—%1’11—§<:v 4. %<x<2
.x<lpd3<e 5. kabe x eivai Avorn
<3 6. -1-V2<z<1-V2HV2-1<z
1. 8 4. 8
16 5. 5
8 6. BT
'Oxt. Metagu dAdev «xaddsr av emmAégoupe va stvat |B] > |a.
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332 1. Qgmpog z'xz: A1(-2,-4), og pog y'y: A2(2,4).
2. Asz(2,-4)

3. Qg mpog v 1n dixotépo: A4(4,-2), wg rpog v 1n dixotopo: As(—4,2).
333 z=2+2v/3,2=2-2V3

334 B(3-3v3.3+3V8)nB(5-3V3

N
|
N
S
~

335 (z+2)%+(y-3)%=9
336 (z+4)?+(y+2)%2=34
337 z+3y-10=0

338 z-y-2-=0

339 Mm(1,%)

341 L 11 3. 4 5. 2%+ 7z +11
2. -1 4. 3+3V2 6. 2% -z-1
342 13 3. &2 5. &t
2. 2 4. 22 6.
343 a-9

345 Na sooete oupgdeva pe g odnyieg:
1. fx)=3x 3. fx)=xx 5. f(x)=3x+4
2. fx)=3x 4. fx=x" 3 6. f(x)=-3(x+4)
346 Na saoete oUupgeva pe Tig 0dnyieg:
1. fx)=(x+2)/(x+3) 3. fx)=x"3-2x
2. fx)=xx+3x+3 4. f(x)=x/(1+1/x)
347 1. A(2,2)
2. Aev unapyet
3. Bpeite onpueia g ypagikig napdotaong g f nou £xouv tetaypévn B (%,3)
4. Aev unapyet
348 1 a-2
2. p=-1
349 1. z<0fl<z

2. Ta onpueia topng pe tov =’z eivat ta A (0,0) xat B (1,0). To A sival ouyxpéveg xat to onueio
Toung pe tov daova y'y.

350
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Kegpadiaw 6. Araviioeig otig Aoknogig 305

1 R-{-1) 4. [1,+o00)
2. R-{-1,-2} 5. x<-2fl<z
3. R 6. r>-1
351 1. 2%<2! 4 (22)' (2n)
2 (3)°>(3) 5. (1+]a])2012 > (1 + [])20%0
3. (v2-1)¥ > (va-1)* 6. 1+(2)" >14(2)"

352 1. 0<z?<zx
2. HoMAamacidoviag tv avicémta 0 < 2

< e x Bpiokoupe 0 < 23 < z2, nioAAardaoiadoviag pe
x éxoupe 0 < 24 < 23 k.0.x. Tedkd:

2

O<azV<..<zt<..<z<x<1

353 1. Y1296=6

2. Val0 = g2
4/16 _ 2

3 Var=3

4. Vart=at

5. ¥ ¥/a36 = 4

6. V8¥8=2

354 Agpov Yo =3 9a sivar o = 3% = 81. Agot /B = 5 9a eivar 3 = 5% = 625. Enopéveg o+ 8 = 81 +
625 = 706

361 A-2¥3+3%3, B=342+243° T=2¥2+2%3 +2¥2°

363 A=Oé2ﬂ4"/11, B :Ot453’75, F:a25372, A = %769’76

364 1. 2pd? 2. 23y7 3. ¥z 4. o ¥B
365 3
366 1. 396 3. -945

2. & 4. A

=
=
=
=

367 Wai, /7, W7

369 1. ¥6< Y11 4. ¥8> 'R
2. /&> /T 5. VV2-1< WV2-1
3. ¥3E>1 6. YV VT< V7T

371
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372

373

374

376

378

379

380

382

383

384

385

386

387

388

390

4.

391

=2 3. z=-1%
T =-2 4. x:—%
1. 2 2. -2
1
1. 4 4 3
1
4 5. &
32 6. 9
2 3 36
1. as 4. a°p
1 5 %aﬁQ
T 6. 256
2
A=6
Tovac’aco-toA(—%,O)tovy’yotoB(O,?).
_ 7 13
Yy=-3r+g
y:\/§x+2—\/§
Tovx':tmoA(—%,O)tovy’yOToB(O,Q),
y=z+lny=-z-3
-1
t=3
__13
t=-%
y=-3T
1 21
y=-grty
1. =3
z=0
1<z
-l<x<3
Zuvolo AUcewV g aviowong eivat to (-2,4).
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Kegpadiaw 6. Araviioeig otig Aoknogig 307

392

393

394

397

398

403

404

407

410

411

412

413

414

415

f(z)=-22+x+2

LY

Tpériet 1o 2m — 3 va unv urepBaivet o eAdyioto g 422 — 8z + 5 mou eivat o 1. Apa mpénetm < 2.
_%_i\/m<x<—%+i\/m

2yvaaz=1.

yvnoing @bivouoa oto (—oo, %] xat yvnoiog avgouoa oto [2, +oo)

3

23 yax =2.

—
[

[N}

alo
[SJ[e]

yazx =

17

O14-3=1,44-33=11,0-0=0,33-33=0.

Ta33:11=3,0:33=0,84:12=7, (232-233) : 233 = 232.

15 xat 21
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416

17172727 + 72727171 = 89899898

417 233

418 1. 120 xat 720.

2. 3.628.800 xat 39.916.800.

234490 + 094432 = 328 922

328922 + 229823 = 558745

558745 + 547855 = 1106600
1106600 + 0066011 = 1172611
1172611 + 1162711 = 2335322
2335322 + 2235332 = 4570654
4570654 + 4560754 = 9131408
9131408 + 8041319 = 17172727

420 Orot ot autoBoypadikoi apbpoi sivar 1210, 2020, 21200, 3211000, 42101000, 521001000,

6210001000.

421 1. 12

2. -14

6. —17
7. 15
8. -1
9. -3
10. -17
3. -T2
4. -40

423 11,42, 44,45, +10, £20, £25, +50, +100

11.

12.

13.

14.

15.

24

-38

60

-22

-10

425 Eivai apuog otav kat ot 500 apBpol sival dptiot Kat eivat repittog ot GAeg TG UITOAOIITEG TEPUTIO-

oE1G.

426 zuveetog.

427 Kai otg 800 neputthoetg 9a £xoupie GUVOETO apiBuo.

429 28=1+2+4+T7+14,496=1+2+4+8+16+31 +62+ 124 + 248

23

432 1 3
11
2; %
3. 2

V]
-
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Kegpadiaw 6. Araviioeig otig Aoknogig 309

25 9 27
10. 5 11. 10 12 5
13 a+f
433 118 3. 4
5 y—x—-3
2. 13 4. (z+1) (y-2)
434 1. =3 3. v=28
2. 9= 4. ©=110
4
435 1.1 2. —37
436 1. 22 8. 6
2. 19 9. 34
3. 89 10. 39
4. 564 11. 6
5. 274 12. 5
6. 10 13. 9
7. 10 14. 5
14 ay ay
437 L 35 2. 3% 3. & 4 =
438 60
439 -60
440 7
441 126
2_1,1 2_1,1
443 2-1. Lam2-14 L
444 H ayopd pe éxriwon 30%.
445 3
446 a< f
-5 1 5
447 -3 -5
448 1. o2 +12a+35 3. k?+3k-28
2. m? +3m - 108 4. 6za+9zb - 8ya — 12yb
449 1. Y
2. -17
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9009 _
450 1. -2909 = 72,072

2. 703

454 23

455 1. 223 - 722+ T2 -2
2. 8a®+10a% -7a-6
3. 2ab% — ab + b8 — ot

4. 15m* - 32m3 + 50m? - 32m + 15

456 1. 42¢7 3. a?p®

2. 45y7 4. 14x2y82°
457 1. 2z 3. -2c

2. 2a* 4 y323
458 2z+1
459 1. 5

2. 1
460 1. -bn+p 3. 4z

2. -4 4. —a? +8b% -9¢2
461 Z

462 6zy + 322
463 3 (a2 + 52) - TaBy
464 o-B+v

465 y--

Njor

466 1.1

467 -3m - %n
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468 1. 2a®+a*-35+ 24 -4
a a
2. 3x2ay—a+1 _ Sy—a—l _ ya+1 + x—Qaya—l

469 1. 0

472 1. 8
2. 12

473

474 3+ (-v2)=0

475 92

476 9

477 H rpdu kat i) tétapt.

478 'Oleg extdg g Seutepn.

479 H rpom xat 1 tpim.

480 Acv propouvpe va Saypdyoupe o 0.
481 H tedevtaia.

482 O)eg extdg g Sevtepng.

483 H 6cutepn kat 1) it

484 H ropra wou odnyou eivat and v aAAn mAeupd dpa Kiveitatl mpog ta aplotepd.
486 To 5.

487 -8,-2,1,4

488 H teheutaia. Erperte va ypaget ({a, ¢, 9, 4} n{0,n,4})u {m} = {m, 0}

489
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1. {b,a,c} 5. {a,e}
2. {b,c} 6. {c,d,e}
3. {a} 7. {a}
4. @ 8. {n,e,9}
490 1. A-B 2. B-A 3. AnB
491 1. 2. (B-A)-T = ('-B)-A 6. (BnT)-A
(A-B) -T = (B-T)-A
(A-T)-B 4. (AnB)-T
3. I'-A)-B = 5. (AnT)-B 7. AnBnT
492 1 {8} 6. (,p)
2. (a,8) 7. (a,8)
3. {a} 8. {a,0)
4. {B} 9. ¥
5 @ 10. {B}
493 1. {a}u[B,+00) 3. [, 8]
2. (avﬁ) 4. (_oova)u[ﬂv"'oo)
495
{a,b,c},{a,b,d},{a,b,e},{a,b, f},
{a’ C? d}’ {a’ C7 6}7 {a7 c’ f}1
{a7d7e}7{a7d7f}7
{a7e7f}7
{b7c’d}7{b’c7e}7{b1c7f}7
{b7d7€}7{b7d7f}7
{b7e1f}1
{C7d7e}7{c7d7f}7
{c7e7f}7
{d,e, f}
496 1. Eivai 24. Ag oupBoAicoupe yia Adyoug eukoriag ta abid pe a, b, ¢, d. Tote Aot o1 Tpdrot
o [a, byc,d], [a,b,d,c]. [a,c,b,d], [a,c,d, b], [a,d, byc], [a.d c,b],
[b,a,c,d],[b,a,d,c],[b,c,a,d],[b,c,d,a],[b,d,a,c],[b,d,c,a],
[C7a‘7b7d]7[C7a‘7d7b]7[c7b7a7d]7[C7b7d7a]7[c7d7a‘7b]7[C7d7b7a’]7
[d7a7b7c]7[d7a7c7b]7[d7b7a’7c]7[d7b7c7a]7[d7c7a'7 ]7[d7c7b7a’]
2. 120
497 1. 50
2. 33
3. 16

4. Av ovopdaocoupe A 10 0UVoAo OV apBuev tou §2 nou sival dptuot apidpoi 1 moddamddola ou 3
we = AnB, A = Au B xat eropévag N(A) = N(AuB)=N(A)+ N(B)-N(AnB) =
50+33-16 =67

498 Mropovv va dnpoupynBouv 586.051.200 rapopetikég oupég.
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Kegpadiaw 6. Araviioeig otig Aoknogig 313

499 495
14

1l2[3]a] 5] 6] 7
o111 1] 11
1l1]2)3]als5]6] 7
500 | 2 | 1136 ]10]15]21
3 114 |10] 20|35
4 | 1] 5 |15 35
IER 1|6 |21
T 1 7
7| 1

502 1. 173 =4913

503 257 =6.103.515.625

505 1' {Oé,ﬁ},{B,’Y},{6,5},{OJ,B,’Y},{OJ,B,5},{6,7,(5},{0{,6,7,5}.
2. {a,7,9},{8,7,9},{a, B,7,6}.
3. {8}, {0}, {e, B}, {0}, {B,7},{B,6}, {7, 9}, {a, 8,0}, {B,7,6}.

506 H mlavotnteg eivat aviotoixwg % = %8 Kat % = % ITI10avotepo Aowrtov eivar va €éABet dBpotopa
4.
507 i

365

508 0 seypankosg xopog wou nelpdpatog anaptietar ané {evyn evéeiewov 1n piyn - 20 piyn:

BAérnoupe 011 UTIAPXOUV TPELG EUVOTKEG TIEPUTIMOELS OTIG OI0ieg 0 KArowa piyn (1) kat oug §Uo) eppavidetat

n ydavka. Apa n mbavouta eivat %,

509 1 -1,1%

510 L

24.435.180

511 1.

N
Wl
w

|~

1
3

=
N

512

Il

513 =

514 3—12 8nAadn niepirou 3%.
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10 _ 1
515 1000 ~ 100
516 1. Na @épet 9 popég ouvexdpeveg 6

2. Na kepbioel kaveig oto Teoxep.

15.876 _
517 Toes = 0,34

518 1. 2a2B(38% - B +2a)

2. (a-B)(z+y-w)
3. Ba-2w-1)(z-vy)

4. (y-3)(7Tx+13)

519 1. a(B+v-9) 4. (22 +1) (a+B)
2. (a+B)(t+u) 5. (x2+oz)(x—ﬁ)
3. (B+7v)(a+pB) 6. (y+z+B8)(z+a)
520 L (z+9%) (z-y?) 4, %(—6a+x) (-5a2 + 2?)
2. (3y+2x2) (x3+4y2) 5. (z-1) (;v2+:v+l) (;r2—2)
3. (3y+2x2) (x3+4y2) 6. (x2+x+1) 2y +3)
521 1. (x+¢)(a+p) 3. (22 +1) (2% +2+1)
2. (22 -y) (v? +2) 4. (5ab-2)(2b% +ab +a?)
1 a2+o¢B+B2
522 1. a_—/B 4; T
azfaBJrBz
2. 28 5 s
a(3o¢2+4)
3. a+p 6 —28
526 ‘Oxt.
527 ‘Ot
528 ‘Oxt.
532 To B pédog £xer ouvodikd 2 mpooBetioug ornéte 1) rapévleon éxel v2 — v Hia o SrAady @
TIPOCOETEOUGS.
N [
Bk JE ;
1 ﬂnﬁ 10 | 15 | 21
10 35
| 1 5
1 G 21
1 7
1
534
e kaOe tpia teTpaymvakia oxnparog L:
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woYXvELT + Yy =2

541

542

545
555

559
561

562
563

564

565
566

567

568
569

>

576
578
583

(180) _ (120) _ 10-(120—1) - 45

pts

Z |

Mua AYon sivat pe urtodoyiopo tou (1 + 1)Y. Mia dAAn propeite va kavete pe v Bor0sia g (5.9)

Y10 T0 TIPATO EPATNHA ('I) =v, (

1. -5
3
2
wzg,uzll,al,:177,a1=5.
o, =1024, oy = To3. 01 = 14, a1 = 14.
2059 1281
1 1458 2. 512
1. 153 2. 0

(ag+ay)(A-k+1)
2

1. 11, 14,17, 77

Loyl —Qpy =3=w

15950

. @23 + ...+ a3 = 22927

. O a2012.

156 @opég

104 . _ 7
3 W= "1g

ay =
1. 328
332
47
26

1. a5 =

N[

o =8 (-1)"

®cukoi eivatl ekeivol mou €xouv, otnv npoodo, mepttery tdn dndadn ol a1, as, as, ..

_ (vr-1)v

2

T

4.

€KEIVOL TIOU £X0UV MEPTTI TATN : (2, (U4, UG, -...

(22mo )+ (2rm ) - 5580

Sp+q=—(P+q)

a?*2_(2v+1)a?Y 2+ (2v+1)a?V -1
w2 (aZ-1)

IMa to devtepo epdpua. Ot apBpol avagpépoviat ota Peddxia

() =1

3.

wlw

2p-3q
2p+3q

]
(=]
at

9]
oot
9

4.

-682

.. Apvnuxkot

N.Z. Maupoytdvvng
Wwww.nsmavrogiannis.gr

IIpoturo [epapatko AUKel0
EuayyeAikng ZxoAng Zpupvng
http://lyk-evsch-n-smyrn.att.sch.gr



316

1. oouxz 0 a—f3 5. 8wapovpe pe 4 kat peta naipvoupe pideg
2. omou a, B 1a /a,/B 6. omou a, B ta 7,1

3. &lapovpe pe o8 7. dmov o, B 1a éy %

4. Supoupe pe 2 8. Buapouvpe pe 4 kat petd naipvoupe pideg

593 3 Ioyuetl oav wootnta.

597 10 apOunukog péoog v 1,2, 3, ..., v — 1, v eivat 1+2+3+"';(V71)+V = % = ”T“
598 H 100t ta 10YUeL 6tav 6Aot ot apBpoti eivat icot
599 --3- % Kat yla va €xet Avon 1o 3 npénet o = —12.
600 »=-2
601 Oy Eival tedika wmg poperg ax + f=0pe o = V2+1%0.
602 1. 2 (B-N+L(v-a)+7(a-B)=-(a-B)(B-7)(v-a)
2. x=afy
603 z=3
604 1. t=Stotbto
2. t= i (—21}0 + 24 /vg + 2a:v)
3. Fh=-Fiovvp + \/(F12 (o'vz/gp)2 - F12 + 22)
4 h=-— BRﬁ:\/E}?GTm
5. 1=+ ¥2VT2GM
6. T1 = PiTopiiz
7. a1 = dx /allaal
8. ro = kQ—inl\/rl
9. R = 7, s
605 6 xa14
606 z=-0rz=37
607 Ava =0, éb, 2b €xe1 Avoeig toug = —3b + %a katz = —-b-5a.
608 :v:—% nx=3.
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609 z=-a+5+7

11
610 1 1
611 T m + +1 éxer pia povo Avon x = 1~ Nam = -1 eivat advvar kat yia m = 1 éxet kabe
TPAYHRATIKO &G Avor).
612 Ia ) # 1 éxet pia poévo Avon = 3 (A;_ﬁl) . Ta A =1 sivat aduvarn.

613 Ia k # ) éxet pia povo Avon z = —1. Ta k = A £xel oUvodo Auceav 10 R.
614 1. =0, z=-5

2. z=0zx=1

4. z=-8, =10
5. x=2,2=7

6. v=-13, x=-12

_ 7+V/29
7. = 10
8. Abuvartn
9. Aduvam

10, @ = =Y/3/T3

11. z=1,x=-

12, z=1,3=-32¢1

13. =0, z=+5V2
14. z=1,x= %
15. Abuvatn

16. z=-3, =1

17. z=-12 g=-13

615 t=3,t=1

616 1. x=-2a+1,x=2a-1

2. Av éva touddyiotov amnod tw a, b eivat diapopo tou pndév Avoeig eivat ot z = £1. Av kat ta §vo eivat
undév Avon eivat kabe mpaypaukog aptopdg.

3
3. x:O,xsz’“

4. Evvoeftat 6t a # b. Av eivat kat a # —b t6te Avoeig eivat ot ¢ = = (a —b). Av opag eivat a # —b
tote KAOe mpaypatikog apdpog eivat Avon.

617
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618 m=0xaim=-12
619 m=-1, m=-5

620 Eivai adtvateg kat ot Suo.

622 1. Av « =0 1 e§iowon eivat advvat. Av o # 0 ote £xe1 Avoelg © = —2a KA1 & = —%a,

2. Av « = 0 1 g§iowon eivat aduvat. Av a # 0 tote €xel Avoeg T = %a KAl T = %a.

623 To abpotopa v pwov eivat 3 kat apou n pia eivat 5 n aAAn eivar —2.

624 1. 22-52+6=0 4. 22 -4x+1=0
2. 22 -32-54=0 5. 22 - (3+V3)z+2+v3=0
3 xQ—%x+%:0 6. xQ—(u+u2)x+u3:0

625 To abpoiopa wv pigav sivar —8. Ot pigeg eivar p kat 3p dpa 4p = —8 kat Ppiokoupe 611 ot pideg

eivat —2 xat —6.

626 1. 1xat9
2. 5+V15 kat5-+15

3. 2xat 8

4. Aev umiapyouv.

627 a=20+6V5

628 t==x7

629 6, -3

630 1. She o, Alec?)

631 xz—% katz = 10

634 1<m

635 12<k<14

636 1+y(1+2z)%(1+zy)= (;ry+y+1)(ac2y+:vy+1)

637 p=0,q=0np=1.g=-2np=-3.q=—-3.

638 p3-3gp-¢*-¢q=0
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-1 0 1 2 3 4 5 53 7 8 9 10 " 12 13
42
639 1 2, 1
7
1
1
-1 05 0 ©05 1 15 2 25 3 35 4
2. i <z
135
/.2
15 -1 05 0 05 1 15 2 25 3 35 4
35
3. < 59
147
) ——=-7,35
% 20
-105 -10 95 -9 -85 -8 -7.5 -7 -85 -5 55
147
4 —59 <%
640 1. Av a = 1 ouvodo Auvcewv eivat 0 R. Av a > 1 t6te 10 0Uvodo AUcE®V givatl to (—oo, 21“:;1 )
Av a < 1 ovvodo Avoewv eivat To ( 21“:;1 ,+00).
2 _ 2 . . . 202 . pre? 2 _ 2
2. Av p“ = v* n avioworn eivat aduvat. Av g > v tote Avoeig eivat ta T > Ve av p < v
2 2
Avoeig eivat ta x < %.
641 1. % <z RAlL X < % ouvaAnBevouv ota % <x< %
-
Bax+3 o -
R R IR
-1 0 1 2 3 29 4 5 6 7 8 9 10 1147 12 13 14 15
- 22 47 T
i 4
— < r < —
7 4 |
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642

643

2<zxratx < —%, 6ev ouvaAnBevouv
3 152 -8
22z —-3) > - >
(2a ) > ba 1 )
9 5 7 i 5 4 3 2 -1 4 5
21
4
b<x< %
1. P<S

2. Av 1o P eival pikpdtepo 1y 100 tou pndevég 1 etioworn éxet Avor yia 6Aa ta S. Av to P eivatl 9etikd

1 e€lowon éxet Aon yia S < —2v/P 4 2V P < S.

INa ta adia gpotpata: Kat otig 6Uo mepuntaoeig ot apiOpoi mpenet va ermAeyouv Oote va gtvat ioot.

TV Pt MEPineorn 100t pe 1o Pioo6 tou otabepou abpoiopiatog Kat otnv SeUtepr) 1001 PE TV TETPAYOVIKT

pi¢a tou otabepou yivopévou.

644

645

646

647

648

649

650

651

653

654

655

656

Eivat a < 0.

O 2 kat 8

A=5,A=-3

-3, -1, 1, 3 Zuv yevikr) nepimwon 1) apdotaocn propet va aperug upég + (v — 2p),, 0< p < %

TNatw x> 0.

13|z|+12x2 = ||
13+12[z]

A=(z-1)-(2-z)=2z-3

A=[t-3|-|t-5|=(t-3)-(5-t)=2t-8
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659 s 9o oU epeIATIKOV MPénet va et 1o 1.

662 0, +1, +2, +3, +4, +5

663 6300
665 VI -ho .3

666 O1Avosigcyiaa=3eivarl <z <2kat—2<z < —1.

667
4z +(a+B+v+d) av r<a
2+ (—a+B+v+9) av a<z<f
A= —a-B+y+0 av f<z<y
20+ (—a-B-v+d) av ~y<x <4
e+ (-a-B-v-9) av d<x
669 =15

671 1. [-1,2]

2. 0<m<

Njw

3. z=0ratz=1

672 1.
2. x=4- %\/ﬁ

673 1. f(1)=f(-1)=0
2. Metov 2’z ta A(-1,0), B(1,0). Me tov 'y 1o I'(0, 1).

3. Zua (-1,1) xat (1, +00).

674 f(z)= #
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675 1. f(a+B)=f(4)=5
2. fa)+f(B)=2(a+B)-6=2
3. f(xl +12+...+x300) =f(100) =197,

f(:vl)+f(:v2)+...+f(;ry) = (2;181 —3)+(2x2—3)+...+(2xy—3) :2(431 +ac2+...+:v300)—
300-3=2-100-300-3 =-700

. : . ; _1.,1 _ 1 5 . .
676 Atvovtag tig 800 oxéoelg wg rpog t Bpiokoupe ¢ = 3 + 3T K t=— sY+3. E§iowvouyie kat €xoupe
% + %ac = —%y + % Autr) 1 oxéorn rou ouvdéel ta T, Y ypapetal Kat y = —%ax + 1—33 rou pag rinpogopet
ot 1o M avrketl og eubeia pe avty v egiowon.

_ 1 ol ;
677 L ZlVE )< 13 T 0 1 1 3 21 5 | Aevundapxet
: 2 =J="2 2 3
f@) | -1 0| -11|- £ - 5

2007

681 Soor = —20108 <= 22007 = —gggg =z = 2007/ —5885 Kat agov o apifpog —gggg avrket oto (0,1) kat
: 2007 .

n pida 2997/ S00g Qviket oto (0,1).

682 H ctiowon éxet pia povo Avon x = W rou ermiaAnBevetat 6u aviket oto (1,2). Apa

HIOpPOUHE va MOUHE «aKp1BmG» IOV eival MPOTIHOTEPO ATO TO «TOUAAX10TOV» adou pag MANPOPopet 06Xt 1OVO

yia v unapén piiov addd kat yia tov apibpo toug.

684 1.7
2. 3
3. 2
1
4 3
5 -2
1
6. -3
7. 100
8. 25
1
9. 3
10. 5
11. 4
3
12. 5
685 1. 4a? 4. o?p*
2. 2432 5. 2418
3a8 3178
3 55 6. 3
686
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687

690

691

692

693

694

698

705

709

710

. 04262 4/a63 4. a12614'\/16§/’7
03 By /B B2 5. afy?
aBy ¥ aB?y? 6. a'p?
1. an? 3. —a?p
of3? 4. —aBB2yA
a’ Vv (v-1)
1
3
84
6
2 7(7°)
1. A=-1,B=1
) |, )
_ 1 _ 1 _ o(p1-r2 a(p2-p1
A= o BT et " aGm@en T e T (eom2)
1 _1 1 1 1 1 1 _ (1 1) =
m_;_V_-%-IOHOISE+T3+37+"'+m_(T_/]ﬁ/)+(/g_]]§/)+"'+(/%/_u_+—l)_
1 _
s iy
zoy=lny z=1

84

B<-10130< 8
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